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Abstract: In this paper, properties of nonparametric significance tests verifying the random field isot-
ropy hypothesis are discussed. In particular, the subject of the conducted analysis is the probability
of rejecting the null hypothesis when it is true. A potential significant difference of empirical rejection
probability from the assumed significance level could distort the results of statistical inference. The
tests proposed by Guan, Sherman, Calvin (2004) and Lu, Zimmerman (2005) are considered. A simu-
lation study has been carried out through generating samples from a given theoretical distribution
and repeatedly testing the null hypothesis. Isotropic distributions are considered, among others, those
based on a multidimensional normal distribution. The main aim of the paper is to compare both con-
sidered nonparametric significance tests verifying the random field isotropy hypothesis. For this pur-
pose, the empirical rejection probabilities for both tests have been calculated and compared with
the assumed significance level.
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1. Introduction

In spatial statistics, observations of the study variables are treated as realisations
of the spatial stochastic process, understood as a collection of random variables
X =(X, )leT indexed by a coordinate vector 7 < R" . In this paper, weakly station-
ary spatial processes are considered. These are processes for which the expected
value is constant and the covariance function depends only on the shift vector, i.e.

Cov(X,.X,)=C(s—t)=E((X, - E(X,))(X, - E(X,))). One of the basic tools
used to study the variability structure of studied phenomena is the variogram. It is

a measure defined in locations shifted by the vector 4 as 2}/(11) = Var(X =X t) ,
where 4 =s5—1. An important assumption used in the estimation of variograms
is random field isotropy (Sherman, 2010).

The aim of the article is to investigate the properties of nonparametric
significance tests verifying the random field isotropy hypothesis. The subject
of the analysis will be the empirical probability of rejecting the null hypothe-
sis estimated by percentage of null hypothesis rejections recorded in a simula-
tion. A potential significant difference of empirical rejection probability from
the assumed significance level could distort the results of statistical inference.

2. Isotropy

Isotropy is a property of the stochastic process that occurs when covariance de-
pends only on the distance between locations. In other words, the covariance be-
tween realisations of the spatial stochastic process in locations shifted by the vec-
tor (x1 3 Xgseen s X, ) depends only on the length of the vector (xl,x2 seer s X, ), (in this
work,understoodasthe Euclideannorm)i.e. C (x1 3 Xgpeen s X, ) =C (|| (X, %5500 ,X,) ||),
where C” is the covariance function of a one-dimensional random process. How-
ever, in reality, anisotropy is common. It is a situation in which the covariance be-
tween realisations of the stochastic process in any fixed location and realisations
in at least two other locations away by the same distance is different. Anisotropy
is a subject of research in many areas, such as computer graphics, chemistry, ge-
ology, or physics. In physics, anisotropy in cosmic blackbody radiation is a good
example (Smoot, Gorenstein, Muller, 1977). Figures 1 and 2 respectively show ex-
amples of the isotropic and anisotropic function of covariance, where C (x, y)

represents the covariance between realisations in locations shifted by the vector

(x.).
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Figure 1. C(x, ) :exp(—x2 —y2)

Source: own calculations
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Figure 2. C(x,y) = exp(fx2 - Syz)

Source: own calculations
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3. Simulation

The purpose of the simulation was to estimate the empirical rejection probability.

The simulation was carried out in the following steps:

—  generation of the realisation of a random field using a given isotropic theoreti-
cal distribution on a 16 x 16 square grid;

— verification of the null hypothesis about random field isotropy;

— repetition of the first two steps 10,000 times;

— calculation of the empirical rejection probability.
Three isotropic theoretical distributions were used to generate the realisations

of the random field:

— 256 — dimensional normal distribution with mean 0 and covariance between
locations shifted by the vector (x, y) given by the formula

C(x,y) :exp(%«/xz +y° ) :

— 256 — dimensional normal distribution with mean 0 and a unit variance-co-
variance matrix;

—  for each location, a realisation was independently generated from the uniform
distribution over the range (-1, 1).
The spTest package (Weller, 2015) in the R environment was used to verify

the hypothesis H,:3C" V(x,y) C(x,y)=C" (H(x,y)”) . The two tests used were

proposed by: Guan, Sherman and Calvin (2004) and Lu and Zimmerman (2005).
Four p-values were calculated. In the first test, those were p-values calculated
on the basis of the asymptotic distribution of test statistics, taking into account and
excluding the correction for the finite sample size. Let /" be a set of lags which

is used in the estimate of the variogram. Define G = {2;/(h) thell } Consider

a sequence of increasing index sets T, with {X (s):seT, } Let 27(h) and let

G, = {Zf(h):h EF} be the estimators of 27(h) and G be obtained over 7,

n*

Moreover, if I is true, then there exists a full rank matrix A such that AG =0
(Lu, Zimmerman, 2001), where 0 is the zero matrix. Then the test statistic is giv-

en by the formula: 7S, = |Tn |x(AGn ) (Af‘,nA')f1 (Aén ), where in is an estimator

of the variance-covariance matrix and |7,| is the cardinality of the index set 7, .
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According to multivariate Slutsky’s theorem (Ferguson, 1996), the test statistic has
an asymptotic chi-square distribution with d degrees of freedom, where d is the
row rank of A. In the Lu and Zimmerman test, symmetry tests were used to study
isotropy. The p-values were calculated by verifying the hypothesis about reflective
symmetry and complete symmetry (Hoeting, Weller, 2016). They are defined
as follows:

Definition 1
A weakly stationary spatial process on a grid is reflection symmetric if

V(x,y)C(x,y) = C(—x,y).

Definition 2
A weakly stationary spatial process on a grid is completely symmetric if

V(x,y)C(x,y)zC(—x,y): C(y,x) = C(—y,x).

Both symmetries are field properties weaker than isotropy. Therefore, by re-
jecting the null hypothesis of symmetry, we have reasons to reject the hypothesis
of isotropy. Lu and Zimmerman (2005) used the periodogram as an estimator of the
spectral density. They took advantage of the fact that under certain conditions and
at certain frequencies and when the null hypothesis of reflection or complete sym-
metry is true, ratios of periodogram values at different frequencies follow an
F(2,2) distribution, where F(2,2) means Snedecor’s F-distribution with param-
eters 2 and 2. To calculate the p-value, it is preferable to use a Cramér—von Mises
goodness-of-fit test (Csorgo, Faraway, 1996) using the appropriate set of periodo-
gram ratios.

4. Results of experiments

The first of the distributions used is a multidimensional normal distribution with
exponential covariance.

4.1. Multidimensional normal distribution — exponential covariance
Figure 3 shows an example of realisation. This realisation was generated using

the mvtnorm package.

www.czasopisma.unilodz.pl/foe/  FOE 5(350) 2020


http://www.czasopisma.uni.lodz.pl/foe/

58  Krzysztof Szymoniak-Ksigzek

15
1
0
10
-
1
5
2

Figure 3. Multidimensional normal distribution — exponential covariance

Source: own calculations

Empirical rejection probabilities depending on the significance level for Guan,
Sherman, Calvin and Lu, Zimmerman tests were calculated (10,000 realisations
were used). The results are shown in Tables 1 and 2 respectively.

Table 1. Empirical rejection probabilities — Guan, Sherman and Calvin test

Significance level 1% 2% 5% 10%
Empirical rejection probability (correction) 0.0037 0.0126 0.0556 0.1404
Empirical rejection probability 0.0344 0.0541 0.1056 0.1794

Source: own calculations

Table 2. Empirical rejection probabilities — Lu and Zimmerman test

Significance level 1% 2% 5% 10%
Empirical rejection probability (reflective symmetry) 0.0075 | 0.0178 | 0.0464 | 0.0978
Empirical rejection probability (complete symmetry) 0.0264 | 0.0444 | 0.0901 | 0.1558

Source: own calculations

Empirical rejection probabilities significantly differ from the assumed signif-
icance level. Empirical rejection probability values greater than the significance
level mean that the test rejects the null hypothesis more often than the user is will-
ing to accept.
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4.2. Multidimensional normal distribution - lack of correlation

Figure 4 shows an example of a multidimensional normal distribution with mean
0 and a unit variance-covariance matrix.
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Figure 4. Multidimensional normal distribution — lack of correlation

Source: own calculations

Empirical rejection probabilities depending on the significance level for Guan,
Sherman, Calvin and Lu, Zimmerman tests were calculated. The results are shown
in Tables 3 and 4 respectively.

Table 3. Empirical rejection probabilities — Guan, Sherman and Calvin test

Significance level 1% 2% 5% 10%
Empirical rejection probability (correction) 0.0003 0.0017 0.0181 0.0629
Empirical rejection probability 0.0081 0.0151 0.0396 0.0837

Source: own calculations

Table 4. Empirical rejection probabilities — Lu and Zimmerman test

Significance level 1% 2% 5% 10%
Empirical rejection probability (reflective symmetry) 0.0109 | 0.0204 | 0.0474 | 0.0995
Empirical rejection probability (complete symmetry) 0.0079 | 0.0166 | 0.0463 | 0.0918

Source: own calculations
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It is worth noting that in the case of the Guan, Sherman and Calvin test, the
empirical rejection probabilities are lower than the significance level in each sim-
ulated case. This may suggest that it is possible to shift the critical value increas-

ing the test power.

4 3. Uniform distribution

Figure 5 shows an example of a realisation created by independently generating
(for each location from a 16 x 16 grid) realisations from a uniform distribution

over the interval (—1.1).
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Figure 5. Uniform distribution
Source: own calculations
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Empirical rejection probabilities depending on the significance level for the
Guan, Sherman, Calvin and Lu, Zimmerman tests were calculated. The results are

shown in Tables 5 and 6 respectively.

Table 5. Empirical rejection probabilities — Guan, Sherman and Calvin test

Significance level 1% 2% 5% 10%
Empirical rejection probability (correction) 0.0060 0.0123 0.0411 0.0982
Empirical rejection probability 0.0153 0.0295 0.0620 0.1164

Source: own calculations
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Table 6. Empirical rejection probabilities — Lu and Zimmerman test

Significance level 1% 2% 5% 10%
Empirical rejection probability (reflective symmetry) 0.0095 | 0.0186 | 0.0499 | 0.0967
Empirical rejection probability (complete symmetry) 0.0110 | 0.0215 | 0.0534 | 0.1033

Source: own calculations

The difference between empirical rejection probabilities and significance lev-
els is smaller than in the normal distributions case.

5. Conclusions

In the case of the Guan, Sherman and Calvin test, including correction for the fi-
nite sample and the Lu and Zimmerman test (complete symmetry), relative per-
centage errors were calculated as

irical rejecti bability — signifi level
empirical rejection probability — significance level | -, -

significance level

The results are shown in Tables 7 and 8 respectively.

Table 7. Empirical rejection probabilities — Guan, Sherman and Calvin test — correction

Significance level 1% 2% 5% 10%
Multidimensional normal distribution — exponential | —63% —37% 11% 40%
covariance
Multidimensional normal distribution — lack of cor- | —97% -92% —64% 37%
relation
Uniform distribution —40% —39% —18% —2%

Source: own calculations

Table 8. Empirical rejection probabilities — Lu and Zimmerman test — complete symmetry

Significance level 1% 2% 5% 10%
Multidimensional normal distribution — exponential | 164% 122% 80% 56%
covariance
Multidimensional normal distribution — lack of cor- —21% —17% 7% —8%
relation
Uniform distribution 10% 7% 7% 3%

Source: own calculations

Empirical rejection probabilities significantly differ from the assumed signifi-
cance level. For the Lu and Zimmerman test and the multivariate normal distribution
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with exponential covariance, the percentage relative error is up to 164%. A down-
ward trend is visible — the higher the level of significance, the smaller the percent-
age relative error is. It is advisable to be extremely cautious when using the tests
presented in this work.

Acknowledgements

This paper was presented at the MSA 2019 conference which financed its publica-
tion. Organisation of the international conference “Multivariate Statistical Anal-
ysis 2019” (MSA 2019) was supported from resources for popularisation of scien-
tific activities of the Minister of Science and Higher Education in the framework
of agreement No 712/P-DUN/202019.

References

Csorgo S., Faraway J.J. (1996), The exact and asymptotic distributions of Cramer-von Mises sta-
tistics, “Journal of the Royal Statistical Society”, Series B, vol. 58(1), pp. 221-234, https://doi
.org/10.1111/j.2517-6161.1996.tb02077.x

Ferguson T. (1996), A Course in Large-Sample Theory, Chapman & Hall, Boca Raton.

Guan Y., Sherman M., Calvin J.A. (2004), A Nonparametric Test for Spatial Isotropy Using Sub-
sampling, “Journal of the American Statistical Association”, vol. 99(1), pp. 810—821, https://
doi.org/10.1198/016214504000001150

Hoeting J.A., Weller Z.D. (2016), A Review of Nonparametric Hypothesis Tests of Isotropy Prop-
erties in Spatial Data, “Statistical Science”, vol. 31(3), pp. 305-324, http://dx.doi.org/10.1214
/16-STS547

Lu N., Zimmerman D.L. (2001), Testing for isotropy and other directional symmetry properties
of spatial correlation, preprint.

LuN., Zimmerman D.L. (2005), Testing for directional symmetry in spatial dependence using the
periodogram, “Journal of Statistical Planning and Inference”, vol. 129(1-2), pp. 369385,
https://doi.org/10.1016/j.jspi.2004.06.058

Sherman M. (2010), Spatial Statistics and Spatio-Temporal Data: Covariance Functions and Di-
rectional Properties, John Wiley & Sons Ltd., New York.

Smoot G.F., Gorenstein M. V., Muller R.A. (1977), Detection of Anisotropy in the Cosmic Black-
body Radiation, “Physical Review Letters”, vol. 39(14), pp. 898-901, https://doi.org/10.1103
/PhysRevLett.39.898

Weller Z.D. (2015), spTest: An R Package Implementing Nonparametric Tests of Isotropy, “Journal
of Statistical Software”, vol. 83(4), http://dx.doi.org/10.18637/jss.v083.104

Moc wybranych nieparametrycznych testéw izotropii

Streszczenie: W artykule zbadano wtasnosci wybranych nieparametrycznych testow istotnosci, we-
ryfikujacych prawdziwos¢ hipotezy o izotropii pola losowego. Przedmiotem analiz byto w szczegol-
nosci prawdopodobienstwo odrzucenia hipotezy zerowej w przypadku, gdy jest ona prawdziwa.
Ewentualna znaczna réznica empirycznego prawdopodobienstwa odrzucenia od zaktadanego po-
ziomu istotnosci testu mogtaby Swiadczyc o znieksztatceniu wynikéw wnioskowania statystycznego.
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Testy, ktore rozwazono w badaniu, to testy zaproponowane przez Guana, Shermana i Calvina (2004)
oraz Lu i Zimmermana (2005). W artykule przeprowadzono symulacje polegajaca na wygenerowaniu
ciagow realizacji pola losowego o zadanym rozktadzie teoretycznym, dla ktérych testowano hipote-
ze zerowg stanowigca o izotropii. Rozwazano procesy izotropowe — miedzy innymi oparte na wielo-
wymiarowym rozktadzie normalnym. Gtéwnym celem artykutu byto poréwnanie obu rozwazanych
nieparametrycznych testow istotnosci, weryfikujgcych hipoteze izotropii pola losowego. W tym celu
wyznaczono empiryczne prawdopodobieristwa odrzucen dla obu testéw i poréwnano je z zakfada-
nym z gory poziomem istotnosci.

Stowa kluczowe: izotropia, anizotropia, testy istotnosci
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