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1. Introduction

The problems presented in this paper refer to the issues related to spring balance 
weighing designs. According to the standard works on this subject, any spring 
balance weighing design is defined as a design in which we determine unknown 
measurements of p objects in n measurement operations according to the model 
y = Xw + e, where y is a n × 1 random vector of the recorded results of measurements, 
X = (xij) ∈ Φn×p(0, 1). Φn×p(0, 1) denotes the class of matrices with elements xij = 1 
or 0, i = 1, 2, …, n, j = 1, 2, …, p, and w is a p × 1 vector of unknown measurements 
of objects. For an n × 1 random vector of errors e, we shall make the standing as‑
sumptions on the maps under consideration: E(e) = 0n and E(ee’) = σ2G, G is known 
as a positive definite matrix. A more complete theory on applications of the spring 
balance weighing design may be obtained from Raghavarao (1971: 319–321), Ba‑
nerjee (1975: 33–48), Shah and Sinha (1989: 1–15). Our purpose is to determine un‑
known measurements of p objects in n measurement operations. Statistically speak‑
ing, we determine the vector ( )'

1 2ˆ ,ˆ ˆ, , ˆ pw w w= ¼w  by the least squares method with 
the use of normal equations yGXwXGX 11 'ˆ' −− = . In the case when X is of full 
column rank, the least squares estimator of w is given by ( ) yGXXGXw 111 ''ˆ −−−=  
and the covariance matrix of ŵ  is equal to ( ) ( ) 11'ˆV −− XGXw 2ó= σ( ) ( ) 11'ˆV −− XGXw 2ó= . Moreover, here 
we are concerned with determining an estimator of w having the product of its var‑
iances of its components as small as possible. Subsequently, the D‑optimal criteri‑
on as the function of the matrix ( ) 11'

--X G X  is considered. The standard approach 
of determining a D‑optimal design can be easily found (see Jacroux, Notz, 1983: 
213–230; Jacroux, Wong, Masaro, 1983: 213–240; Shah, Sinha, 1989: 1–15; Masa‑
ro, Wong, 2008a: 1392–1400; 2008b: 4093–4101; Ceranka, Graczyk, 2014: 12–14; 
2018: 476–481; 2019). From these papers, we get that the design Xd ∈ Φn×p(0, 1) 
is D‑optimal if det (Xd’G

–1Xd)
–1 = min{det (X’G–1X)–1: X ∈ Φn×p(0, 1)}. The cru‑

cial fact is that not in any class Φn×p(0, 1) we are able to determine a D‑optimal 
spring balance weighing design.

An attempt has been made here to expand the theory of optimal designs. The 
aim of this research is to develop the results concerning new methods of deter‑
mining optimal designs in classes in which they have not been determined in the 
literature so far. From now on we make the assumption that G = In.
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2. Highly D-efficient design

Let us consider the class of spring balance weighing designs Φn×p(0, 1).Some in‑
vestigations of a regular D‑optimal design for even p are dealt with by Neubauer, 
Watkins and Zeitlin (1997: 2–8). They have provided the conditions under which 
any spring balance weighing design X ∈ Φn×p(0, 1) is optimal.

Theorem 1. Let p be even. Any non‑singular spring balance weighing design 
X ∈ Φn×p(0, 1) is regular D‑optimal if and only if
a) ( )' 'p p pt= +XX I 1 1
b) each row of X contains 0.5p or 0.5p + 1 ones.

According to the conditions given above, in any class Φn×p(0, 1), a regular D‑op‑
timal design does not exist. In such a case, a highly D‑efficient design is consid‑
ered. For details, we refer the reader to Bulutoglu, Ryan (2009: 17–20). Ceranka and 

Graczyk (2018: 477–478) gave the definition of D‑efficiency as ( )
( )

1

det '
D ,

det '

p

eff

æ ö÷ç ÷ç= ÷ç ÷÷çè ø

X X
Y Y

 

where Y is the matrix of the regular D‑optimal spring balance weighing design 
given in Theorem 1. We indicate the highly D‑efficient design when Deff ≥ 0.95.

Therefore, the aim of the study presented here is to provide a highly D‑efficient 
design in the class Φn×p(0, 1). The advantage of using the highly D‑efficient design 
lies in the fact that the product of the variances of obtained estimators is second best 
compared to the regular D‑optimal design. Simultaneously, we determine highly 
D‑efficient designs in classes in which a regular D‑optimal design does not exist.

Ceranka and Graczyk (2018: 478–479) gave the following Theorem.
Theorem 2. Let p be even. In any non‑singular spring balance weighing de‑

sign X ∈ Φn×p(0, 1) having 0.5p ones in each row ( ) ( )
( )

det ' 1
4 1

p
npp
p

æ ö÷ç ÷ç£ - ÷ç ÷÷ç -è ø
X X . 

An upper bound is attained if and only if 
( )

( )( )' 2 1 1'
4 1 p p p

n p p
p

= + -
-

X X I , where 

0.25np(p – 1)–1 and 0.25n(p – 2) (p – 1)–1 are integers.
The design X ∈ Φn×p(0, 1) of the form given in Theorem 2 is considered 

as highly D‑efficient.
In classes in which regular a D‑optimal spring balance weighing design 

does not exist, highly D‑efficient designs are determined. In the presented paper, 
we study the designs with uncorrelated experimental errors according to the de‑
sign matrix in the form
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 ( )( )

1
'
1
'

n n n2
'
3
'
4

1G g 1 I 1 1' , 0,
n 1

g

é ù
ê ú
ê ú
ê ú -ê ú= = -r +r > < r< 0ê ú -ê ú
ê ú
ê ú
ê úë û

X
x

X x
x
x

, (1)

where X1 is the matrix of the highly D‑efficient spring balance weighing design 
Φ(n–4)×p(0, 1) and xh, h = 1, 2, 3, 4, are p × 1 vectors of 0 and 1. The problem is to for‑
mulate the relations between X1 ∈ Φ(n–4)×p(0, 1) and vectors xh and to determine 
the replacing of one of the elements in xh. In order to determine the highly D‑ef‑
ficient design X ∈ Φn×p(0, 1), we have to give the upper bound of ( )det ¢X X . Thus, 
for X ∈ Φn×p(0, 1) in the form (1) we calculate

 ( ) [ ][ ]( )1 1 1 2 3 4 1 2 3 4det ' det ' '= + =X X X X x x x x x x x x

 ( ) [ ]( ) [ ]( )1
1 1 4 1 2 3 4 1 1 1 2 3 4                      det ' det ' '-+X X I x x x x X X x x x x ,

see in Harville (1997: 416, 419). We assume that the vectors xh are of the form

 ' ' '

,

x

' 1, 2,

1
x x x x u

4

'
' '

3, , '

h

h h h h hh

p h

h h h

t

h

ìïïïï =íïïï = ¹ïî

=
=

 

( )' '

0
0 min ,

h

hh h h

t p
u t t

< £
£ £

For 1X ∈Φ(n–4)×p(0, 1), we have ( ) ( )
( )
( )1 1

4
det ' 1

4 1

p
n p

p
p

æ ö- ÷ç ÷ç= - ÷ç ÷÷ç -è ø
X X

and 

 
4 1

2 1 1'p p= + -(
( )( )1 1

4' p p p
n
p
-
-

X X I

and here 0.25(n – 4)p(p – 1)–1 and 0.25(n – 4)(p – 2)(p – 1)–1 are integers. Moreover, 

 
( )

( )
1

1 1

4 1 2' 1 1'
4 4 1p p p

p pp
n p

-
æ ö- - ÷ç ÷ç= - ÷ç ÷÷ç- -è ø

X X I .
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Consequently,

 ( ) ( )
( )
( )

( )
4

det ' 1 det
4 1

p
n p

p
p

æ ö- ÷ç ÷ç£ - ÷ç ÷÷ç -è ø
X X T ,

where

 ( )
[ ][ ]'4 1 2 3 4 1 2 3 4

4 1) 2 1 1'
14 p p p

(p
(n )p

æ ö- - ÷ç ÷ç= + - ÷ç ÷÷ç -- è ø
T I x x x x I x x x xp

p p
.

The matrix T has the diagonal elements equal to

 ( )
( ) ( )

24 1 21
4 1h h

p pt t
n p p p

æ ö- - ÷ç ÷ç+ - ÷ç ÷÷ç- -è ø

and off‑diagonal of the form

 

( )
( ) ( )
4 1 2

4 1 hhh h

p pu t t
n p p p¢ ¢

æ ö- - ÷ç ÷ç + ÷ç ÷÷ç- -è ø
, ' ', 1, 2,3, 4, h h h h= ¹ .

Next,

 
( )

( )
( )

( )
4

4 1
det A 2B D C 2E

4
p

n p

æ ö- ÷ç ÷ç= + - + -÷ç ÷÷ç -è ø
T ,

where

 ( )
( ) ( )

4
2

1

4 1 2A 1
4 1h h

h

p pt t
n p p p=

æ öæ ö- - ÷ç ÷ç ÷÷ç ç= + - ÷÷ç ç ÷÷ç ÷ç- - ÷ç è øè ø
Õ ,

 

( )
( ) ( )

( )
( ) ( )

4
2

,1

4 1 4 12 2B 1  
4 1 4 1h h sz s z

s zh

p pp pt t u t t
n p p p n p p p=

æ öæ ö æ ö- -- -÷ç ÷ ÷ç ç÷÷ ÷ç ç ç= + - +÷÷ ÷ç ç ç÷÷ ÷ç ÷ ÷ç ç- - - -÷ç è ø è øè ø
å Õ ,

 , 1, 2, 3, 4, , s z s z h s z= ¹ ¹ < ,
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( ) ( )

2 2

1 1, ,

2 2C
1 1h h sz s zh s z

p pu t t u t t
p p p p

æ ö æ ö- -÷ ÷ç ç÷ ÷ç ç= - -÷ ÷ç ç÷ ÷÷ ÷ç ç- -è ø è ø
å ,

, , 2, 3, 4, , h s z s z h s z= ¹ ¹ < ,

( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

2
, , ,

2
' '

4 1 2D 1
4 1

4 1 4 12 21
4 1 4 1

h hh h s z

h h sz s z

p pt t
n p p p

p pp pt t u t t
n p p p n p p p

¢

æ öæ ö- - ÷ç ÷ç ÷÷ç ç= + - ÷÷ç ç ÷÷ç ÷ç- - ÷ç è øè ø
æ öæ ö æ ö- -- -÷ç ÷ ÷ç ç÷÷ ÷ç ç ç+ - +÷÷ ÷ç ç ç÷÷ ÷ç ÷ ÷ç ç- - - -÷ç è ø è øè ø

å

,

'1, 2, 3,  2, 3, 4,  , 1, 2, 3, 4,  ',   ,  'h h s z s z h h s z h h= = = ¹ ¹ ¹ < < ,

( ) ( ) ( )12 1 2 34 3 4 13 1 3
2 2 2E
1 1 1

p p pu t t u t t u t t
p p p p p p

æ öæ öæ ö- - -÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç= - - -÷ ÷ ÷ç ç ç÷ ÷ ÷÷ ÷ ÷ç ç ç- - -è øè øè ø

( ) ( ) ( )24 2 4 14 1 4 23 2 3
2 2 2
1 1 1

p p pu t t u t t u t t
p p p p p p

æ öæ ö æ öæ ö- - - ÷ç ÷ ÷ ÷ç ç ç ÷÷ ÷ ÷çç ç ç- + - - +÷÷ ÷ ÷çç ç ç ÷÷ ÷ ÷ç ÷ ÷ ÷ç ç ç- - - ÷çè ø è øè øè ø

( ) ( ) ( ) ( )13 1 3 14 1 4 23 2 3 24 2 4
2 2 2 2
1 1 1 1

p p p pu t t u t t u t t u t t
p p p p p p p p

æ öæ öæ öæ ö- - - -÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç- - - -÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷÷ ÷ ÷ ÷ç ç ç ç- - - -è øè øè øè ø .

As we want to maximise det(T), we simultaneouslydetermine the maximum 
values of

( )
22

1h h
pt t

p p
-

-
-

(2)

and the minimum values of

( )

2

'
2
1hh h h

pu t t
p p ¢

æ ö- ÷ç ÷ç - ÷ç ÷÷ç -è ø
. (3)

The maximum values of (2) are all attained if and only if th = 0.5(p + 2) and 
in that case

( ) ( )

3
22 8

1 4 1h h
p pt t

p p p p
- +

- =
- - .
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If p = 0 mod 4, then the minimum values of (3) are equal to

( )
( )

22

22

8

16 1

p

p p

+

-
.

In this case

( )
( )

3 3 2

2

1 3 32det 1 1
4 4

p p p
n n p

æ öæ ö- + + ÷ç÷ç ÷ç= + +÷ç ÷ç÷ç ÷÷è ø ç- -è ø
T

and

( ) ( )
( )
( ) ( )

3 3 2

2

4 1 3 32det ' 1 1 1
4 1 4 4

p
n p p p pp

p n n p

æ öæ ö- æ ö- + + ÷÷ çç ÷ç ÷÷ çç£ - + +÷ç ÷÷ çç ÷ç ÷÷÷ ÷è øç ç- - -è ø è ø
X X . (4)

The equality in (4) holds if and only if th = 0.5(p + 2) and uhh’ = 0.25(p + 2).
If p + 2 = 0 mod 4, then the minimum values of (3) are equal to

( ) ( )
( )

2 2

22

2 4

16 1

p p

p p

+ -

-
.

In this case

( )
( )( )

( )
( )( )

( )

3 2

2

2 5 161 2
det 1 1

4 4

p p pp p
n p n p

æ öæ ö + - +- + ÷ç÷ç ÷ç÷ç ÷= + +ç÷ ÷ç ÷ ç ÷÷ç - - ÷è ø çè ø
T

and

( ) ( )
( )
( )

( )( )
( )

( )( )
( )

3 2

2

2 5 164 1 2
det ' 1 1 1

4 1 4 4

p p p pn p p p
p

p n p n p

æ öæ ö æ ö + - +- - + ÷ç÷ ÷ç ç ÷ç÷ ÷ç ç ÷£ - + +ç÷ ÷ ÷ç ç÷ ÷ ç ÷÷ ÷ç ç- - - ÷è ø è ø çè ø
X X . (5)

The equality in (5) holds if and only if th = 0.5(p + 2) and uhh’ = 0.25(p + 4).

3. Example

Our examples demonstrate rather strikingly the manner of construction of the 
highly D‑efficient design. The choice of these cases seems to be the best adapted 
to our theory. We want to determine unknown measurements of p = 4 objects using 
n = 10 measurements. We are interested in determining the design having the best
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sented theory, we take the design matrix of the highly D‑efficient spring balance 
weighing design X1 in the class Φ6×4(0, 1) and we add four measurements where

1

11  0 0 
1 01  0
1 0 01 
01 1  0
01  01 
0 01 1 

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç= ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷è ø

X .

Thus, the design matrix

1

11 1  0
11  01 
1 01 1 
01 1 1 

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç= ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø

X

X  ∈ Φ10×4(0, 1)

is highly D‑efficient.
We are interested in determining the design having the best statistical prop‑

erties in the class X ∈ Φ14×6(0, 1). So, according to the above‑presented theory, 
we take the design matrix of the highly D‑efficient spring balance weighing design 
X1 in the class Φ10×6(0, 1) and we add four measurements where

1

11  0 01  0
11  0 0 01 
1 01 1  0 0
1 01  0 01 
1 0 01 1  0
01 1 1  0 0
01 1  01  0
01  01  01 
0 01  01 1 
0 0 01 1 1 

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç= ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷÷çè ø

X .

statistical properties in the class X ∈ Φ10×4(0, 1). So, according to the above‑pre‑
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is highly D‑efficient.
The problem of estimation of unknown measurements of objects in the model 

of spring balance weighing design is presented. Of particular interest is a new con‑
struction method of the design matrix X which allows us to determine the optimal 
design in the class of matrices Φn×p(0, 1) in the cases not considered in the literature.

4. Conclusions

In the paper, the theory and practice of the spring balance weighing design is pre‑
sented. It is not possible to determine the D‑optimal spring balance weighing de‑
sign in any class Φn×p(0, 1). So, new construction methods of highly D‑efficient 
designs in such classes are given. In the above‑presented examples, the methods 
of determining highly D‑efficient designs in classes in which D‑optimal spring 
balance weighing designs have not been determined so far in the literature are in‑
troduced. It is worth noting that in the highly D‑efficient spring balance weighing 
design we are able to determine unknown measurements of object with the mini‑
mal product of variances of their estimators.

It is worth emphasising that spring balance weighing designs can be applied 
in all experiments in which the experimental factors are on two levels. Let us sup‑
pose that we study the real estate market and we are interested in the influence 
of the following factors: population density, the type of occupation, salary, and 
the location (each on two levels coded with 1 or 0). From the statistical point 
of view, we are interested in determining the influences of these factors using 
twenty different combinations. In the notation of weighing designs, we determine 
unknown measurements of p = 4 objects in n = 10 surveys, so we consider the 
class Φ10×4(0, 1). The scheme of determination of the measurements, i.e. the design 
matrix, is given in the above‑presented example. Possible applications of the dis‑
cussed designs should be searched wherever the measurement results can be writ‑
ten as a linear combination of unknown object measures with coefficients equal 
to 0 or 1. The examples of such applications are given in Beckman (1973: 561–565), 
Banerjee (1975), Ceranka and Katulska (1987: 98–108).

So, the design

1

11 1  0 0 0
11  01  0 0
1 01 1  0 0
01 1 1  0 0

ççç
æ ö÷÷÷÷ççç

÷÷÷÷÷= ççççççççç

÷÷÷÷÷÷÷÷øè

X

X  ∈ Φ14×6(0, 1)
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Wysoce D‑efektywny sprężynowy układ wagowy dla parzystej liczby obiektów

Streszczenie: W artykule zaprezentowano problemy związane z wyznaczaniem nieznanych miar 
obiektów w modelu sprężynowego układu wagowego. Układy te badano przy założeniu, że błędy po‑
miarów są nieskorelowane i mają równe wariancje. Relacje między parametrami układów wagowych 
rozważano z punktu widzenia kryteriów optymalności. Analizowano takie układy, w których iloczyn 
wariancji estymatorów jest możliwie najmniejszy, czyli układy D‑optymalne. W klasach, w których nie 
istnieją układy D‑optymalne, wyznaczono układy wysoce D‑efektywne. Podano warunki konieczne 
i dostateczne, przy których spełnieniu układy wysoce efektywne istnieją, oraz ich przykładowe me‑
tody konstrukcji.

Słowa kluczowe: sprężynowy układ wagowy, układ wysoce D‑efektywny
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