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Abstract: In the paper, a selection of statistical tests for median are presented. In particular, para‑
metric and nonparametric significance tests are considered. In the case of parametric tests the critical 
regions are constructed on the basis of the known population distribution and the form of the alter‑
native hypothesis. For chosen distributions the critical values are presented. In the case of nonpara‑
metric tests we consider tests for which the sample median dispersion is estimated based on order 
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1. Introduction

The population median is a measure of location and can be applied to population 
description. The sample median is used in statistical inference, particularly in the 
verification of hypothesis about the population median. Information about the pop‑
ulation distribution allows for the application of the parametric tests of the medi‑
an. The application of the parametric tests to verify hypotheses about the medi‑
an of symmetrical distribution, i.e. the Cauchy, logistic and normal distribution, 
is presented in the article. Statistical inference about the median of the Cauchy dis‑
tribution is very important, because this distribution does not have finite moments 
of order greater or equal to one, in particular, if the expected value is infinite. 

Nonparametric tests are used when no information is available about the pop‑
ulation distribution. In papers by Olivie (2005) and Bloch, Gastwirth (1968) the 
nonparametric confidence intervals for the median are presented. The construction 
of statistical test for the median may be performed in the same way. The test sta‑
tistic is based on the sample median and its dispersion. The median dispersion can 
be estimated based on the values of order statistics of appropriate ranks. Other non‑
parametric test proposed is the test in which median dispersion is estimated by the 
bootstrap method. Apart from theoretical considerations, the simulation studies 
of nonparametric tests’ properties have been carried out. The research results al‑
low for the formulation of conclusions about the sizes of the tests considered.

2. Parametric tests for median

Let X be a random variable with a continuous distribution F and M be the median 
of X. 

Let us formulate the null parametric hypothesis:

	 H0: M = m0, 

and its alternative hypothesis:

	 H1: M < m0 or H1’: M > m0 or H1’’: M ≠ m0,

where m0 is a fixed real value. 
Let X1, X2, …, Xn be a simple random sample drawn from the population 

of a symmetrical distribution F(x) about the median M and α be a fixed signifi‑
cance level.

In view of the classical median estimator properties we assume that n is an 
odd number (see Zieliński, 2011).
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The test statistic has the following form:

	 FBM = Me – m0,	 (1)
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for the hypotheses H1: M < m0 and H1’: M > m0, respectively, and for the alterna‑
tive H1’’: M ≠ m0:

	

3 
 

where F0(x) is the distribution of the random variable X – M and B–1(p; a, b) is a p quantile of 

the beta distribution with parameters a and b. 

For the alternative H1', from equation P(FBM > x1–α(Me)) = α we obtain the critical value: 

   













 
 

 2
1,

2
1,111

01
nnBFMex   (3) 

and for the alternative H1'' the critical region is determined by two values: 

 
 

 

























 
















 









.
2
1,

2
1,

2
1

,
2
1,

2
1,

2

11
0

2
1

11
0

2

nnBFMex

nnBFMex









 (4) 

Let us consider two symmetrical distributions of the random variable X: the Cauchy and 

logistic distribution and let us find the critical regions. 

For the random variable X with the Cauchy distribution Ca(m, λ), the critical values for 

the test of the median m are defined by the following formulae: 

   






















 

 

2
1

2
1,

2
1;tan 1 nnBMex   (5) 

and 

   






















 

 
 2

1
2
1,

2
1;tan 1

1
nnBMex   (6) 

for the hypotheses H1: M < m0 and H1': M > m0, respectively, and for the alternative H1'': M ≠ 

m0: 

 
 

 


































 


























 









.
2
1

2
1,

2
1;

2
tan

,
2
1

2
1,

2
1;

2
tan

1

2
1

1

2

nnBMex

nnBMex









 (7) 

For the random variable X with  the  logistic  distribution  Lg(μ, s) the critical values of 

statistical test for median have the following forms:  

  

























 




1

2
1,

2
1;

1ln
1 nnB

sMex


  for H1: M < m0, (8) 

	 (7)

For the random variable X with the logistic distribution Lg(μ, s) the critical 
values of statistical test for median have the following forms: 

	

3 
 

where F0(x) is the distribution of the random variable X – M and B–1(p; a, b) is a p quantile of 

the beta distribution with parameters a and b. 

For the alternative H1', from equation P(FBM > x1–α(Me)) = α we obtain the critical value: 

   













 
 

 2
1,

2
1,111

01
nnBFMex   (3) 

and for the alternative H1'' the critical region is determined by two values: 

 
 

 

























 
















 









.
2
1,

2
1,

2
1

,
2
1,

2
1,

2

11
0

2
1

11
0

2

nnBFMex

nnBFMex









 (4) 

Let us consider two symmetrical distributions of the random variable X: the Cauchy and 

logistic distribution and let us find the critical regions. 

For the random variable X with the Cauchy distribution Ca(m, λ), the critical values for 

the test of the median m are defined by the following formulae: 

   






















 

 

2
1

2
1,

2
1;tan 1 nnBMex   (5) 

and 

   






















 

 
 2

1
2
1,

2
1;tan 1

1
nnBMex   (6) 

for the hypotheses H1: M < m0 and H1': M > m0, respectively, and for the alternative H1'': M ≠ 

m0: 

 
 

 


































 


























 









.
2
1

2
1,

2
1;

2
tan

,
2
1

2
1,

2
1;

2
tan

1

2
1

1

2

nnBMex

nnBMex









 (7) 

For the random variable X with  the  logistic  distribution  Lg(μ, s) the critical values of 

statistical test for median have the following forms:  

  

























 




1

2
1,

2
1;

1ln
1 nnB

sMex


  for H1: M < m0, (8)  	 (8)

	

4 
 

  

























 




 1

2
1,

2
1;

1ln
1

1 nnB
sMex


  for H1': M > m0 (9) 

and  

 

 

 











































 




























 







,1

2
1,

2
1;

2

1ln

,1

2
1,

2
1;

2

1ln

12
1

12

nnB
sMex

nnB
sMex









 for H1'': M ≠ m0. (10) 

In the same way we can construct critical regions for  the  test of the median for random 

variable with the normal distribution. 

In  the  case  of  an  even  sample  size,  the median  estimator  is  the  arithmetic mean of  the 

middle two order statistics and it is not an unbiased estimator. Thus,  in this case, we ignore 

one element, or, if possible, we draw one additional element and use the procedure presented 

above or we choose one of two order statistics 






 nnX

:
2

 or 






  nnX

:1
2

 (see Zieliński, 2000).  

 

3. Nonparametric tests for median 

The application of the parametric tests is  not  always  possible,  because the population 

distribution is not always known. Then nonparametric test for the median has to be used.  

In  papers by Olivie  (2005), Baszczyńska, Pekasiewicz  (2010) the nonparametric 

confidence intervals  for  median  are  given.  In  the  construction  of  one of the intervals, the 

dispersion of the sample median is determined by the following formula: 

    ),(5.0 :: nlnkMe nn
XXs   (11) 

where     nlnk nn
XX :: ,  are order statistics with ranks:   

   142 



 nnln , (12) 

 .1 nn lnk  (13) 

	 (9)

and 

	

4 
 

  

























 




 1

2
1,

2
1;

1ln
1

1 nnB
sMex


  for H1': M > m0 (9) 

and  

 

 

 











































 




























 







,1

2
1,

2
1;

2

1ln

,1

2
1,

2
1;

2

1ln

12
1

12

nnB
sMex

nnB
sMex









 for H1'': M ≠ m0. (10) 

In the same way we can construct critical regions for  the  test of the median for random 

variable with the normal distribution. 

In  the  case  of  an  even  sample  size,  the median  estimator  is  the  arithmetic mean of  the 

middle two order statistics and it is not an unbiased estimator. Thus,  in this case, we ignore 

one element, or, if possible, we draw one additional element and use the procedure presented 

above or we choose one of two order statistics 






 nnX

:
2

 or 






  nnX

:1
2

 (see Zieliński, 2000).  

 

3. Nonparametric tests for median 

The application of the parametric tests is  not  always  possible,  because the population 

distribution is not always known. Then nonparametric test for the median has to be used.  

In  papers by Olivie  (2005), Baszczyńska, Pekasiewicz  (2010) the nonparametric 

confidence intervals  for  median  are  given.  In  the  construction  of  one of the intervals, the 

dispersion of the sample median is determined by the following formula: 

    ),(5.0 :: nlnkMe nn
XXs   (11) 

where     nlnk nn
XX :: ,  are order statistics with ranks:   

   142 



 nnln , (12) 

 .1 nn lnk  (13) 

	 (10)

In the same way we can construct critical regions for the test of the median 
for random variable with the normal distribution.

In the case of an even sample size, the median estimator is the arithmetic mean 
of the middle two order statistics and it is not an unbiased estimator. Thus, in this 
case, we ignore one element, or, if possible, we draw one additional element and 
use the procedure presented above or we choose one of two order statistics 







 nnX

:
2

 
or 







 + nnX

:1
2

 (see Zieliński, 2000). 



Selected Statistical Tests for Median and Their Properties  147

www.czasopisma.uni.lodz.pl/foe/  FOE 4(330) 2017

3. Nonparametric tests for median

The application of the parametric tests is not always possible, because the popu‑
lation distribution is not always known. Then nonparametric test for the median 
has to be used. 

In papers by Olivie (2005), Baszczyńska, Pekasiewicz (2010) the nonpara‑
metric confidence intervals for median are given. In the construction of one of the 
intervals, the dispersion of the sample median is determined by the following for‑
mula:
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The critical region for this test is determined by critical values of the t Stu‑
dent distribution.

4. Simulation studies

In the simulation analysis we considered: 
1)	 two nonparametric tests:

–– test I – with statistic (14),
–– test II – with statistic (15),

2)	 parametric test – with statistic (1), for symmetric population distribution.
Some properties of the median test for selected classes of distributions, among 

others: Cauchy (Ca), logistic (Lg), normal (N), exponential (Exp) have been stud‑
ied by means of the Monte Carlo method carried out in the Mathematica environ‑
ment.

We started the simulation experiment by attempting to estimate the distribu‑
tions of the test statistics defined by formulas (14) and (15). To this end random 
samples were drawn from the populations (n ≥ 100) and the null hypothesis H0: 
M = m0 was verified against the alternative H1’’: M ≠ m0, where m0 was the true 
value of the population median. 
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Each of these tests was applied to the verification of hypotheses R = 10 000 times. 
For test II the number of generating bootstrap samples was fixed as N = 1000. 

The distributions of nonparametric test statistics were approximated by the 
t‑Student distribution with degrees of freedom equal to Df = kn – ln (see (12), (13)). 
For the population with the Cauchy distribution Ca(2,1) and the random sample 
n = 100, 300 results of the approximations are presented in Figure 1 and Figure 2. 

a) b) 

Figure 1. Density functions of test statistic (14) for sample size n and density distribution 
of t‑Student distribution with Df = kn – ln degree of freedom: a) n = 100, b) n = 300

Source: own investigations

a) b) 

Figure 2. Density functions of test statistic (15) for sample size n and density distribution 
of t‑Student distribution with Df = kn – ln degree of freedom: a) n = 100, b) n = 300

Source: own investigations

We observe the divergence between the empirical distribution and the theo‑
retical one, especially near the mode, but we are more interested in the tail of dis‑
tribution.

The results may raise doubts about the use of the test, so further simulations 
were carried out. In the next steps the test power and size of these nonparametric 
tests were studied. 
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Figure 3 presents the estimated power of these tests for H0: M = 2 against H1’’: 
M ≠ 2, for the population with the Cauchy distribution Ca(2,1). The significance 
level was equal to α = 0.05 and sample size was n = 100.

a) b) 

Figure 3. Estimated power of test I and test II: a) n = 100, b) n = 300

Source: own investigations

Table 1. Estimated sizes of nonparametric tests for selected population distributions and selected 
sample sizes

Distribution Sample size (n) Test I Test II 

Ca(2,1)
100 0.0753 0.0463
300 0.0559 0.0453

Ca(2,4)
100 0.0768 0.0517
300 0.0553 0.0434

Lg(2,1)
100 0.0795 0.0545
300 0.0588 0.0460

Lg(2,4)
100 0.0761 0.0547
300 0.0603 0.0502

N(2,1)
100 0.0782 0.0560
300 0.0570 0.0480

N(2,4)
100 0.0732 0.0489
300 0.0574 0.0450

Exp(1/3)
100 0.0843 0.0566
300 0.0620 0.0503

Exp(1)
100 0.0739 0.0538
300 0.0606 0.0479

Source: own calculations

Sizes of the nonparametric tests I and II, for selected population distribution 
and selected sample sizes are presented in table 1. 

Test 1
Test 2
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Table 2. Estimated test sizes and critical regions of parametric tests for selected population 
distributions and sample sizes

Distribution Sample size (n)
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Comparing the sizes of the nonparametric tests with the size of the appropriate parametric 

test, we notice that the size of test II is approximately equal to the size of the parametric tests. 
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test, we notice that the size of test II is approximately equal to the size of the parametric tests. 

Then, the bootstrap method of the median dispersion estimation improved the properties of 

the nonparametric non‑bootstrap test. 
 

5. Conclusions 

In  the  paper  significance  parametric  and  nonparametric  tests  for  the  median  were 

considered. The bootstrap test was one of the tests considered, but the bootstrap approach was 

not  associated  with  the  critical  value  estimation  (percentile  bootstrap  test),  but  with  the 

median dispersion estimation. This test was proposed by the authors and  it  is  the subject of 

this research. The simulation analysis involved nonparametric tests in which the dispersion of 

the sample median was estimated by  the order  statistics of appropriate  ranks (non‑bootstrap 

and  bootstrap  methods)  and  parametric  test  (for  comparison).  The  test  with  the  bootstrap 

estimation of  the  sample median dispersion has proven  to be effective due  to  its  size being 

smaller than the size of the non‑bootstrap, nonparametric test. For bigger sample sizes the size 

of proposed  test  is  comparable with  the  size of parametric  test  for median  (for  the Cauchy, 

logistic  and  normal  distribution  of  populations). Other bootstrap tests for median, not 

considered in this paper, are presented in Domański et al. (2014). 

Test size

Ca(2,1)
100 –0.3139 0.3139 0.0482
300 –0.2198 0.2198 0.0470

Ca(2,4)
100 –1.2557 1.2557 0.0468
300 –0.8793 0.8793 0.0473

Lg(2,1)
100 –0.3923 0.3923 0.0498
300 –0.2773 0.2773 0.0499

Lg(2,4)
100 –1.5690 1.5690 0.0496
300 –1.1091 1.1091 0.0487

N(2,1)
100 –0.0245 0.0245 0.0488
300 –0.1417 0.1417 0.0480

N(2,4)
100 –0.9806 0.9806 0.0491
300 –0.5669 0.5669 0.0492

Source: own calculations

The bootstrap method of the median dispersion estimation (test II) improved 
some characteristics of the nonparametric test for median. The size of test II is low‑
er than the size of test I and the test powers are similar.

For symmetric distributions the parametric test with statistic (1) was applied 
to verify the hypotheses about median. We considered the Cauchy, logistic and 
normal population. For each of the distributions the critical regions are determined 
analytically, in particular the formula (7) defines the critical values for the Cauchy 
distribution and formula (10) – for the logistic distribution and alternative hypoth‑
esis H1’’: M ≠ m0. The parametric procedures of verification of the hypothesis H0 
against H0’’ was repeated R = 10 000 times. The sizes of the parametric tests are 
shown in table 2. Additionally, for α = 0.05, the critical values for the parametric 
tests are presented.

Comparing the sizes of the nonparametric tests with the size of the appropri‑
ate parametric test, we notice that the size of test II is approximately equal to the 
size of the parametric tests. Then, the bootstrap method of the median dispersion 
estimation improved the properties of the nonparametric non‑bootstrap test.

5. Conclusions

In the paper significance parametric and nonparametric tests for the median were 
considered. The bootstrap test was one of the tests considered, but the bootstrap ap‑
proach was not associated with the critical value estimation (percentile bootstrap 
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test), but with the median dispersion estimation. This test was proposed by the au‑
thors and it is the subject of this research. The simulation analysis involved nonpa‑
rametric tests in which the dispersion of the sample median was estimated by the 
order statistics of appropriate ranks (non‑bootstrap and bootstrap methods) and pa‑
rametric test (for comparison). The test with the bootstrap estimation of the sam‑
ple median dispersion has proven to be effective due to its size being smaller than 
the size of the non‑bootstrap, nonparametric test. For bigger sample sizes the size 
of proposed test is comparable with the size of parametric test for median (for the 
Cauchy, logistic and normal distribution of populations). Other bootstrap tests for 
median, not considered in this paper, are presented in Domański et al. (2014).
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Wybrane testy statystyczne dla mediany i ich własności

Streszczenie: W pracy rozważane są wybrane testy pozwalające weryfikować hipotezy o wartości 
mediany populacji, w szczególności parametryczne i nieparametryczne testy istotności. W przypad‑
ku testów parametrycznych obszary odrzucenia hipotezy zerowej konstruuje się w oparciu o znany 
rozkład populacji oraz postać hipotezy alternatywnej. W pracy zaprezentowane są testy dla mediany 
(statystyki i obszary odrzucenia hipotezy zerowej) dla wybranych rozkładów populacji: Cauchy’ego 
i logistycznego. Rozważania dotyczące testów nieparametrycznych obejmują testy, w których zróż‑
nicowanie mediany z próby szacowane jest w oparciu o statystyki pozycyjne odpowiednich rzędów. 
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Zastosowanie metody bootstrapowej do szacowania zróżnicowania mediany i konstrukcja statystyki 
testowej przy jej wykorzystaniu stanowi autorską propozycję. Wyniki symulacyjnej analizy własności 
testów nieparametrycznych wskazują na lepsze własności testu wykorzystującego bootstrapową es‑
tymację zróżnicowania mediany. 

Słowa kluczowe: kwantyl, mediana, test istotności, parametryczny test, nieparametryczny test

JEL: C12, C14, C15
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