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Abstract

We show that partially ordered sets, lattices, semilattices, Boolean algebras,
Heyting algebras with a further coarser or finer partial order, or a linearization, or
an auxiliary relation have the strong amalgamation property, Fraissé limits and,
in many cases, an w-categorical model completion with quantifier elimination.

The same applies to causal spaces, introduced by Kronheimer and Penrose
in connection with foundational problems in general relativity. Our main tool
is the superamalgamation property, thus we provide arguments suggesting the
usefulness of the superamalgamation property also in pure model theory, not
only in algebraic logic.
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2 Paolo Lipparini

1. Introduction

The amalgamation property has proved a very useful tool in algebra [18, 20,
24], algebraic topology [26], logic [14, 19, 22|, particularly, algebraic logic
[15, 23, 33, 34], and is deeply connected to category theory, e. g. [4, 24].
It has also been considered in some philosophical arguments [35, 38]. In
particular, the amalgamation property is a key ingredient in the proof of
the existence of Fraissé limits, which are countable universal homogeneous
structures, relative to some class of models [14, 19]. For example, the
Fraissé limit of the class of finite linearly ordered sets is the ordered set of
the rationals, the Fraissé limit of the class of finite graphs is the random
graph. A carefully compiled list of references about the amalgamation
property can be found in [9, Section 3].

Ordered structures with a further binary relation are ubiquitous in
mathematics [1, 8, 6, 12, 13, 30, 36], with connections to physics [27, 37]
and computer science [5, 17], just to state a few examples. In particular,
auxiliary relations are an important tool in the theory of continuous lattices
and domains, with many applications to the theory of computation, to the
semantics of programming languages and to other branches of mathematics
[17]. Auxiliary relations in ordered sets with further structure arise also
in different contexts, related to topological dualities, algebraic logic and
various generalizations of topology. See [6] for a survey. Causal spaces
have been introduced in [27] in connection with foundational problems in
general relativity. In an equivalent formulation, a causal space is a poset
with an antireflexive auxiliary relation.

Because of the mentioned abundance of examples, we believe that it is
interesting to study the amalgamation property for ordered structures with
additional relations. As a further motivation, let us recall that there are
many methods which can be used in order to combine theories which are
already known to have the amalgamation property, in such a way to get
further theories with the property. See e. g. [16, 32] and further references
there. The examples we present might be useful in order to evaluate exact
boundaries for such combining methods.
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$\mathbf D$


$e \ll _D f$


$e \ll _E f$


$g=f$


$f \in D$


$e \ll _E f$


$e \ll _ { D} g \leq _ { E} f$


$g \leq _ { D} f$


$(E, {\leq _E})$


$(D, {\leq _D})$


$e \ll _ { D} g \leq _ { D} f$


$e \ll _ { D} f$


$\mathbf D$


$\ll _ { D}$


$\ll _ { E}$


$\mathfrak {r} \notin Q$


$e \ll _ { E} e$


$e \in D$


$\ll _ { D}$


$\leq _ {D}$


$\ll _ {E}$


$\leq _ {E}$


$\leq _ {E}$


$\ll _ { E}$


$e \ll _ { D} g \leq _ { E} f \ll _ { D} h \leq _ { E} k$


$e,g,f,h \in D$


$e \ll _ { D} h$


$\ll $


$\mathbf D$


$e \ll _ { D} h \leq _ { E} f$


$e \ll _ { E} f$


$\ll _ { E}$


$\mathfrak {as} \in Q$


$e \ll _ { E} f \ll _ { E} e$


$e \ll _ { D} g \leq _ { E} f \ll _ { D} h \leq _ { E} e$


$e,g,f,h \in D$


$e \ll _ { D} g \leq _ { D} f \ll _ { D} h \leq _ { D} e$


$\leq _ { E}$


$\leq _ { D}$


$e \ll _ { D} f \ll _ { D} e$


$\mathbf D$


$e=f$


$\ll _ { D}$


$A1 \in N$


$A2 \notin N$


$A1 \in N$


$A2 \in N$


$e \ll _ { E} f$


$\mathbf E$


$h,g \in D$


$e \leq _ { E} h \ll _ { D} g \leq _ { E} f$


$\mathfrak {r} \in Q$


$e \ll _ { E} e$


$e \in E$


$\ll _ { E}$


\begin {equation}\label {witt} e \leq _ { E} h \ll _ { D} k \leq _ { E} f \leq _ { E} p \ll _ { D} q \leq _ { E} g\end {equation}


$k \leq _ { E} p$


$k \leq _ { D} p$


$k,p \in D$


$h \ll _ { D} k \leq _ { D} p \ll _ { D} q$


$h \ll _ { D} q$


$\ll _ { D}$


$e \leq _ { E} h \ll _ { D} q \leq _ { E} g$


$\mathfrak {ar} \in P$


$e \ll _ { E} e$


$e \in E$


$e \leq _ { E} h \ll _ { D} g \leq _ { E} e$


$h,g \in D$


$g \leq _ { E} e \leq _ { E} h$


$g \leq _ { E} h$


$g \leq _ { D} h$


$h \ll _ { D} g \leq _ { D} h$


$h \ll _ { D} h$


$\ll _ { D}$


$\mathfrak {ar} \in P$


$\ll _ { E}$


$\ll _ { D}$


$e \ll _ { E} f \ll _ { E} e$


$g=e$


$k,p \in D$


$k \leq _ { E} p$


$k \leq _ { D} p$


$h \ll _ { D} p$


$h \ll _ { D} k \leq _ { D} p$


$p \ll _ { D} h$


$h=p$


$\ll _ { D}$


$h \ll _ { D} p=h$


$k=q$


$g=e$


$k=q \leq _ { E} g=e \leq _ { E} h$


$k \leq _ { D} h$


$h \ll _ { D} h$


$k \ll _ { D} h$


$h \ll _ { D} k$


$h=k$


$\ll _ { D}$


$e \leq _ { E} h = k \leq _ { E} f \leq _ { E} p = h = k= q \leq _ { E} g=e$


$e=f$


$\leq _ { E}$


$\relax \square $


$\mathcal K$


$\leq $


$\mathcal K$


$Q \subseteq \{ \mathfrak {r,ar,as} \}$


$N \subseteq \{F, C, A1, A2 \}$


$A1 \notin N$


$A2 \notin N$


$F \in N$


$\{ A1, A2 \} \subseteq N$


$\mathcal K _{Q,N}$


$\mathcal K$


$\ll $


$\ll $


$\ll $


$Q$


$N$


$\mathcal K _{Q,N}$


$\leq $


$\mathcal K$


$\mathcal K _{Q,N}$


$T^-$


$T$


$P= \{ \mathfrak {r,as} \}$


$\relax \square $


$Q= \emptyset $


$N= \{ F, A1,A2 \}$


$Q= \{ \mathfrak {ar} \}$


$\relax \square $


$\ll $


$T_{uc}$


$T_{uc}$


\begin {equation}\label {uc} \forall xyz (x \geq z \,\&\, y \geq z \Rightarrow x \geq y \text { or } y \geq x),\end {equation}


$T_{uc}$


$\mathbf C$


$\mathbf A$


$\mathbf B$


$\mathbf C$


$\mathbf D$


$\ll $


$T_{uc}$


$\ll $


$\leq $


$C= \{ c,d,e \}$


$\leq $


$\ll $


$\leq $


$\ll $


$A=C \cup \{ a \}$


$d \leq a$


$d \ll a$


$c \ll a$


$a \ll a$


$\ll $


$e \ll a$


$B=C \cup \{ b \}$


$d \leq b$


$d \ll b$


$e \ll b$


$b \ll b$


$c \ll b$


$\mathbf D$


$\leq $


$a$


$b$


$\leq $


$a\leq b$


$\ll $


$\leq $


$\mathbf D$


$b\ll a$


$\ll $


$e\ll a$


$\mathbf D$


$\mathbf A$


$\mathbf D$


$e\ll a$


$\mathbf A$


$T^-$


$T_{uc}$


$T$


$\ll $


$\leq $


$T$


$\mathcal K$


$N$


$T$


$\ll $


$\mathbf C$


$\leq $


$c$


$\ll $


$\mathbf A$


$\mathbf B$


$a$


$b$


$c$


$a$


$\ll $


$A$


$b \ll 1$


$\mathbf B$


$\iota (a)= \kappa (b)$


$\iota (a)$


$\iota (1)$


$\iota (a)= \kappa (b) \leq \kappa (1)= \iota (1)$


$T$
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In detail, we show that if some theory of partially ordered sets, possibly
with further operations and predicates, has the superamalgamation prop-
erty, then superamalgamation is maintained by adding a further coarser or
finer partial order, or a linearization, or an auxiliary relation; see Theorem
2.2. In particular, this applies to the theories mentioned in the abstract; see
Theorem 2.1. Recall that the superamalgamation property is a strength-
ening of the amalgamation property which applies to classes with at least
a partial order relation. So far, the main applications of the superamalga-
mation property have been found in algebraic logic, e. g., [15, 23, 33]. Our
results show that the superamalgamation property has also some model-
theoretical interest. A similar situation occurred in [32], where the reader
might find a more in-depth discussion.

While, as we mentioned, we deal with widely studied theories, the re-
sults presented here are new, to the best of our knowledge, namely, the
amalgamation property for such theories has not been considered in the
literature. On the other hand, amalgamation properties have been dis-
cussed for other theories of ordered structures with additional relations. As
a result which might be somewhat connected with the present note, Celani
[7] proved a version of the superamalgamation property for quasi-modal
algebras. Quasi-modal algebras are not first-order structures, in that they
are endowed with an operator sending elements of some structure to ideals,
not to other elements. However, quasi-modal algebras are in a one-to-one
correspondence both with Boolean algebras with a subordination and also
with Boolean algebras endowed with a pre-contact [11], [2, Remarks 2.5
and 2.6], [6, Sect. 8.3]. Moreover, the amalgamation property for Contact
(Boolean) Algebras has been proved in [12] and [3]. As another example,
in [30, Theorem 5.14] we have proved the strong amalgamation property
for the class of semilattices with a “specialization”.

We leave as an open problem whether the methods here and the just
mentioned results share a common generalization. It seems that our results
here can be easily generalized to contact relations, if one forgets about
additivity (or distributivity), Condition Cy on [12, p. 346]. Generally the
expression weak contact is used for such relations. In this connection, a
comparison with [32] might be relevant. In [32] we proved results similar
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to the present ones, but dealing with further operations, not relations.
Again, the superamalgamation property turned out to be relevant, but the
results in [32] do not apply to additive operations; in particular, we have
recently shown that the superamalgamation property alone is not sufficient
in order to deal with additive operations [31, Example 7.2]. So the question
of the right hypotheses appropriate for additive contact relations is still
completely open.

In conclusion, the main motivations for our study are the following.

(A) It is safe to say that contemporary algebraic logic and model theory
are full of new sophisticated techniques and astonishing results. However
the amalgamation property, though a classical notion, still maintains its
importance.

(B) Most of the theories we are dealing with have been widely stud-
ied and are relevant to various fields, even outside mathematics, including
physics and computer science. The proofs we present provide uniform re-
sults which apply to many more theories, by the way, possible candidates
for further applications.

(C) As a motivation only just hinted above, B. Jénsson [21] asked
whether there are characterizations of amalgamable theories just in terms
of the forms of their axioms. It seems that Jénsson problem has solution
only in extremely rare cases. On the other hand, there are many methods
which can be used in order to combine theories which are already known
to have the amalgamation property, in such a way to get further theories
with the property. See e. g. [16, 32] and further references there. A further
motivation for our study is to try to evaluate exact boundaries for such
combining methods; this is also the reason why we state some results in
their possibly most general form.

(D) As in [32], here we provide model-theoretical applications of the
superamalgamation property, while, so far, to the best of our knowledge,
the applications of the superamalgamation property have been essentially
limited to algebraic logic. As hinted above, in [31] we showed that in
certain situations the superamalgamation property is not adequate for get-
ting preservation results. The main point of the present paper, together
with [31, 32], seems to be an exact evaluation of the relevance of the su-
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peramalgamation property, when dealing with results about preservation
of amalgamation in expansions.

2. Statements of the main results

In what follows theory is always intended in the sense of a first-order theory.
We say that a relation < is finer than another relation < on the same
domain if a < b implies a < b, for all a,b in the domain; in this situation
we also say that < is coarser than <. Note that some authors use this
terminology the other way round!. Recall that if S is a set with a partial
order < (henceforth, poset, for short), an auziliary relation [17, Definition
I-1.11] is a binary antisymmetric and transitive relation < which is finer
than the order and satisfies the following condition: w < z < y < z implies
w <L z.

In order to have the joint embedding property, we assume that Boolean
algebras and Heyting algebras are nontrivial (that is 0 # 1) and that auxil-
iary relations in Boolean algebras and Heyting algebras satisfy 0 < 0 and
1 < 1. The definition of the superamalgamation property will be recalled
in the next section.

Our main results are the following.

THEOREM 2.1. Suppose that T~ is either the theory of partial orders, or
lattices, or join semilattices, or meet semilattices, or Boolean algebras, or
Heyting algebras. In a language with an added binary relation <, let T be
any extension of T~ obtained by adding one of the following axioms:

(1) < is an order relation coarser than <, or

(2) < is a linearization of <, or

(8) < is a reflexive order relation finer than <, or
(4) < is an auziliary relation.

IThe terminology we adopt is particularly common when dealing with equivalence
relations. In the present terminology < is finer than < if (the diagram of) < is contained
in <. Apparently, this contrasts the topological notion, where a topology 7 is finer than
o when 7 O o. However, note that if 7 is finer than o and K denotes closure, then
p € K,z implies p € Ky, namely, the adherence relation in 7 is finer—in the present
sense—than the the adherence relation in o.
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Alternatively, let T be the theory of causal spaces.

Then T has the strong amalgamation property, more generally, the
superamalgamation property with respect to <.

The class of finite models of T has a Fraissé limit M. FExcept possibly for
lattices and Heyting algebras, the first-order theory of M is w-categorical,
has quantifier elimination and is the model completion of T'.

The next theorem provides a more general result which applies to ar-
bitrary theories with the superamalgamation property. Note that lattices,
semilattices, etc. have the superamalgamation property. See Theorem 3.2.

THEOREM 2.2. Suppose that T~ is a theory of ordered structures. If T~
has the superamalgamation property, then T has the superamalgamation
property, where T is any theory obtained from T by adding one of the
azioms (1) - (4) in Theorem 2.1.

Both in the above statement and in Theorem 2.1, we still get superamal-
gamation if we simultaneously add any family (<%);c; of further relations
satisfying possibly distinct azioms among (1) - (4).

Parts (1) - (3) of Theorems 2.1 and 2.2 will be proved at the end of
Section 3. When T~ is the theory of partial orders, Theorem 2.1(4) is a
special case of Theorem 4.2 which will be proved in Section 4. The same
applies to the theory of causal spaces. The remaining cases follow from
Theorem 5.2 in Section 5. Details are given at the end of Section 5.

The superamalgamation property is necessary in some arguments: the
strong amalgamation property alone is not enough. See Remark 6.1 below.

We can merge Theorems 2.1 and 2.2 with [32, Theorem 4.1 and Corol-
lary 4.3], under the corresponding hypotheses. Namely, we still get supera-
malgamation if we also add families of operations satisfying the conditions
(Ale)—(C3) listed in [32], with respect to <, for example, isotone, idem-
potent, closure operations. This is because, in both cases, the relevant
assumption is the superamalgamation property.
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3. Ordered structures with the superamalgamation
property

In this section we give a proof of Parts (1)—(3) of Theorems 2.1 and 2.2.
The section is a good introduction to the methods which will be used in
the subsequent sections.

We first recall the basic notions. Models are intended in the classical
model-theoretical sense [19]. An ordered structure is a model with a partial
order < and, possibly, further relations, functions and constants. A class
K of models of the same type has the amalgamation property (AP) if,
whenever A,B,C € K, 11: C — A and k1: C — B are embeddings, there
are a model D € K and embeddings t: A — D and x: B — D such that
t1 0t = K1 o k. If, in addition, D, ¢ and k can be always chosen in such
a way that ((A) N k(B) = (t1 0 ¢)(C), then K is said to have the strong
amalgamation property (SAP).

D
/% \\

Suppose further that K is a class of ordered structures with order <.
Then K has the superamalgamation property with respect to <, or simply
the superamalgamation property, when < is understood, if, in addition,
for every a € A\ 11(C) and b € B\ k1(C), if «(a) <p k(b), then there
is ¢ € C such that a <4 t1(¢), k1(c) <p b, and also the corresponding
conclusion holds when ¢(b) <p k(a). Note that, since < is transitive, the
superamalgamation property determines < uniquely on ¢1(A)Uxk1(B). The
superamalgamation property has found many applications in algebraic logic
[15, 23, 33]. We sometimes use the definition also for an arbitrary binary
relation R in place of the order <. This generalization has some use,



8 Paolo Lipparini

as well [33]. A first-order theory T has the (strong, super) amalgamation
property if the class of all models of T has the (strong, super) amalgamation
property.

LEMMA 3.1. Suppose that (D,<p,<p) is a set with two partial orders
and < p s coarser than <p. If (E,<g) is a poset extending (D,<p), then
there is a partial order <g on E such that <g is coarser than <g and
(E,<p,<g) extends (D,<p,<p).

PrROOF: Let e g f on E if e <p f, or there are h,k € D such that
e <gp h <p k <g f. By construction, <g is coarser than <g. Moreover,
(E,<g) extends (D,<p). Indeed, if e, f € D and e <p f, then e g f
by the second clause in the definition of < and since <pg is reflexive. In
the other direction, if e, f € D and e <g f is given by e <g f, then
e <p f,since e, f € D and (F,<g) extends (D, <p), thus e <p f, since
by assumption < p is coarser than <p. On the other hand, if e, f € D and
e g fisgiven by e <gp h <p k <g f, then e <p h <p k <p f, since
e,h,k,f € D. Thus e <p h <p k <p f, since <p is coarser than <p,
then e <p f by transitivity of <p.

We now check that < g is transitive. If e g f <g g is witnessed by

e<ph<pk<p f<pp<pq<gpy, (3.1)

then k <g p, by transitivity of <g. Since k,p € D, we have k <p p, hence
k <p p, since <p is coarser than <p. Hence h <p k <p p <p ¢, thus
h <p q, by transitivity of <p. Then (3.1) reads ¢ <p h <p ¢ <g ¢,
which means e < g by definition. The other cases are immediate from
transitivity of <g.

It remains to check that < g is antisymmetric. Suppose that e <g
f <g e is witnessed by (3.1) with ¢ = e. We have proved above that
h <p k <p p <p q. Moreover, ¢ <p g = e <g h, hence q <g h,
q <p h and q <p h, since q,h € D and <p is coarser than <p. Thus
h <p k <p p <p q <p h, hence h = k = p = ¢, by transitivity
and antisymmetry of <p. Finally, from h = k, p = ¢ and (3.1) with
g=ewegete<ph<g f<gp<ge hence e = f, by transitivity and
antisymmetry of <g. The other cases are much simpler. For example, if
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e<ph<pk<g f<gpe thenk<p f<pe<gh, hencek <gh, k<ph,
k <p h, thus k = h by antisymmetry of <p. Hence e <p h <p f <g e,
thus e = f. O

The next theorem collects some classical results, sometimes not ex-
plicitly stated in the literature. The theorem follows from some proofs
in [15, 20, 25]. See the proof of [32, Theorem 2.4] for full details. Note
also that there are many situations in which amalgamation automatically
implies superamalgamation, e. g. [15, 28].

THEOREM 3.2. Partially ordered sets, meet semilattices, join semilattices,
lattices, Boolean algebras and Heyting algebras have the superamalgamation
property. The same applies to the classes of finite such structures.

Remark 8.3. For later use, we recall the arguments from [20] relevant for
the case of partially ordered sets. Without loss of generality, assume that
A, B and C are posets such that C C A, B (here C means substructure)
and AN B = C. A superamalgamating structure is D with D = AU B
and <p equal to <y U<pU (<40<p)U(<po<4), where, say, (a,b) €
<4 o0 <p means that thereisc€ AN B = C such that a <4 cand ¢ <p b.
Superamalgamation holds by construction; the arguments on [20, p. 203]
(there C is used in place of D here) show that if both <4 and <p are
transitive, then <p is transitive and the inclusions from A and B to D are
embeddings. Note that the argument, so far, works generally for transitive
relations, not necessarily order relations.

Then the arguments on [20, p. 204] go on proving that if both <4
and <p are transitive and antisymmetric, then <p is transitive and anti-
symmetric, thus an order relation, since reflexivity is straightforward (note
that Jonsson uses the term “asymmetric” for what nowadays is commonly
called antisymmetric). Some further elaborations can be found in [29].

We now give the proof of Parts (1)—(3) of Theorems 2.1 and 2.2. Recall
that the theorems deal with a theory T~ with the superamalgamation
property and state that superamalgamation is preserved by adding a new
relation < satisfying certain properties. We will recall these properties in
the course of the proof.
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PRrROOF: (Theorems 2.1 and 2.2, Superamalgamation, Part (1)) This is
the case when < is supposed to be an order relation coarser than <.

Without loss of generality, assume that A, B, C are members of T" such
that CC A,Band ANB =C. Let A=, B~ and C~ be the reducts of A,
B and C to the language of T~. By Theorem 3.2, or by the assumption
in Theorem 2.2, there is a model E~ superamalgamating A~ and B~ over
C~ in the appropriate class (posets, semilattices, etc.). Because of SAP
(a consequence of superamalgamation), we may assume that E~ extends
both A~ and B™. Let D = AU B.

Since partial orders have the superamalgamation property, the {<, <}-
reducts of A and B can be superamalgamated over the {<, <}-reduct of
C by an amalgamating structure (D, <, <) over D. Here we are using
superamalgamation for two orders at a time, but the argument recalled
in Remark 3.3 applies to this case, as well, and coarseness conditions are
preserved. In particular, say, (4, <) embeds in (D, <).

Since the superamalgamation property determines the order on AU B
uniquely, (D, <) is a substructure of (F,<). By Lemma 3.1, there is an
order g on E such that (D, <, <) embeds in (F,<,<g) and <g is
coarser than <g. If we expand E~ by adding < g, we get a model E of
T. Since (A, <) embeds in (D, <) and (D, <) embeds in (E, <g), we get
that (A, <) embeds in (F, <), and the same for (B, <). On the other
hand, since E~ extends both A~ and B™, this takes care of the language
of T~. Thus E superamalgamates A and B over C.

(Part (2)) Recall that this is the case when < is supposed to be a
linearization of <.

If <« is a linearization of < in A, B, C, then, in particular, < is an
order coarser than <. We can thus apply (1) in order to get a model E
amalgamating A and B over C, where < g in E is a (not necessarily linear)
order coarser than <pg. Let F be obtained from E by replacing <g by a
linearization <z of <. The only thing to be checked is that F extends A
and B. If a,b € A, a # b and a < b, then it is not the case that b <4 a,
since < extends <4, and <y is antisymmetric and coarser than <.
Since < 4 is a linear order, a < 4 b. The case a # b € B is treated in the
same way. Thus F amalgamates A and B over C.
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(Part (3)) This is the case when < is supposed to be a reflexive order
relation finer than <.

Given A, B and C, argue as in (1) to obtain a model E~ superamal-
gamating A~ and B~ over C~ and extending both A~ and B~. De-
fine < on E by setting e <« f if either e = f, or (e, f) belongs to
KAaUKLpU(Kygo0<kp)U(Kpo<ky). The arguments in Remark 3.3
show that <« is a partial order extending both <4 and <jpg. Since, by
assumption, <4 is finer than <4, and similarly for B, we get that < is
finer than < in F| since < is transitive on F. Expanding E~ by adding <,
as defined above, we get a superamalgamating model.

In each of the cases (1)—(3), the last statement in Theorem 2.2 follows
from the fact that in the above arguments the definition of <g does not
depend on the construction of <« g, so that we can perform the construction
simultaneously for each <, observing that no axiom ties together such
relations.

(Theorem 2.1, Fraissé limits, quantifier elimination and model-com-
pletion, Parts (1)-(3)) The remaining statements in Theorem 2.1(1)—(3)
follow from the just proved amalgamation property using standard model-
theoretical arguments. In the cases of partial orders, semilattices and lat-
tices, the joint embedding property for T follows from the amalgamation
property, since we are allowed to consider C as an empty structure. In
the cases of Boolean and Heyting algebras, by the assumptions stated right
before Theorem 2.1, there is a unique @-generated structure, which can
be taken as C, thus the amalgamation property for T provides the joint
embedding property in such cases, as well. Note that if A, B and C are fi-
nite, then, in view of the last statement in Theorem 3.2, the above proof of
superamalgamation provides a finite amalgamating model E in each case.
Hence the class of finite models of T" has the amalgamation property and
the joint embedding property.

Then use [19, Chapter 7], specifically, Theorems 7.1.2 and 7.4.1 therein.
As far as the statement about the model completion is concerned, see [22,
Fact 2.1(3)]; the proof here does not apply to lattices and Heyting algebras,
since such theories are not locally finite. O
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4. Posets with an auxiliary relation; causal spaces

If S = (S, <) is a poset, an auziliary relation [17, Definition I-1.11] on S is
a binary relation < finer than the order and satisfying

w <z <Ky < zimplies w K z, (A)

for all w,x,y,z € S. Since < is finer than < and < is antisymmetric, < is
antisymmetric, as well. Note that the definition neither requires < to be
reflexive, nor to be antireflexive. Since < is assumed to be reflexive, (A) is
equivalent to the conjunction of the following two conditions.

w < z < y implies w < y, (A1)
r <y < zimplies z < z. (A2)

Since < is finer than <, it follows that < is transitive.

If one further requires that < is antireflexive, then the structure (.5, <,
<) is a causal space in the terminology from [27]. If this is the case, <
is a strict partial order. Causal spaces should not to be confused with
the different notion of a causal set [40]. In [27] another relation — is
considered, but it can be defined in terms of < and <« by a quantifier-
free formula, hence — does not modify the notion of an embedding. The
formal similarities between the theory of posets with an auxiliary relation
and the theory of causal spaces might have a deeper meaning; see [37] for
a discussion.

Condition (A) has been considered in models with further structure, as
one of the defining properties for a subordination relation, e. g., clause (S4)
in either [1, Definition 2.1], [8, Definition 9], or [6, Definition 1]. Partial
orders with a further binary relation satisfying (A) have been considered
also in [10], in connection with Conway theory of combinatorial games. See
the quoted papers for credits to original sources and further references.

We now embark on the proofs of some generalizations of Theorems
2.1 and 2.2. The proofs will occupy this section and the next one. The
present section essentially deals with posets with a further binary relation,
which might be a comparable order, an auxiliary relation or, possibly, a
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relation satisfying a set of distinct properties. In the next section we will
first prove an extension of Lemma 3.1, according to which an additional
binary relation on a poset P can be lifted to a poset extending P. The
superamalgamation property for all the theories considered here then allows
us to prove Theorem 2.2 in a slightly more general form in which the
additional relation < is allowed to satisfy a range of possibilities.

CONVENTIONS 4.1. We will consider the following properties of a binary
transitive relation R.
t. R is reflexive; ar. R is antireflexive; as. R is antisymmetric.
We will consider two binary relations <« and <. By F and C, respec-
tively, we mean the conditions that < is finer, coarser, respectively, than
<. Al and A2 will refer to the conditions in equations (Al) and (A2).

In what follows we will consider various combinations of the above prop-
erties. Notice that, for certain combinations, we get a trivial conclusion,
or a trivial class of structures. For example, if both F' and C hold, then
necessarily < is equal to <, hence all the results we prove reduce to corre-
sponding results for a single relation. If < is reflexive and Al or A2 holds,
then necessarily < is coarser than <, thus if also F’ holds, then again < is
equal to <. On the other hand, we cannot have both t and at for the same
relation (unless the domain is empty). Similarly, we cannot have < reflex-
ive, < antireflexive and C. In order for the statements of the following
theorems to be formally true we must allow structures with empty domain.

THEOREM 4.2. Suppose that P,Q C {v,ar,as} and N C {F,C}.

Let T = Tpg,n be the theory asserting that < and < are transitive
binary relations, that < satisfies the properties in P, < satisfies the prop-
erties in ) and that the properties in N are satisfied.

Then T has the superamalgamation property with respect to <. The
class of finite models of T has a Fraissé limit M. The first-order theory of
M is w-categorical, has quantifier elimination and is the model completion
of T.

PROOF: Superamalgamation follows from the arguments in [20] recalled
in Remark 3.3, since possible coarseness relations are preserved by the
construction. The last two sentences in the theorem are proved as in the
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final part of the proof of Theorem 2.1(1)—(3) in Section 3. O

THEOREM 4.3. The conclusions in Theorem 4.2 still hold under the as-
sumptions P,Q C {v,av,as} and N C {F,C, Al, A2}, provided that

(b1) F € N and
(b2) as € P, orar € Q, or as ¢ Q.

PRrROOF: The proof is divided into cases, according to whether Al, A2
belong to V.

(0) A1 ¢ N and A2 ¢ N. This follows from Theorem 4.2.

(I) A1 ¢ N and A2 € N.

Define <p over D = AU B as in Remark 3.3, thus (D, <p) supera-
malgamates the <-reducts of A and B over C. Recall that <p has been
defined as the union of <4 <p <4 0<p and <o <y4.

Define < over D = AU B to be the union of €4, <p, €4 0 <p and
< p o <4, and consider the model D = (D, <, «). In order to lighten
the notation, from now on unsubscripted relations are always meant as
interpreted in D.

We first show that, say, A is actually a substructure of D. The <-
part follows from the mentioned Remark 3.3. If a,a’ € A and a <4 @,
then a < a’, by the definition of <. In the other direction, suppose that
a,a’ € A and a < o' holds in D because, say, (a,a’) belongs to <4 0 <p,
that is,

a<sc<pd, (4.1)

for some ¢ € D. Then ¢ € A, because of the < 4 relation, and ¢ € B,
because of the <p relation, thus ¢ € C, since C = AN B. Also, by the
<p relation, a’ € B, thus @’ € C. Since both ¢ and o’ belong to C, we get
¢ <¢ d, since B extends C. But also A extends C, thus ¢ <4 a’. Then
(4.1) reads a <4 ¢ <4 a’. By (A2), which holds in A by assumption, we
have a <4 a/. The other cases are similar or simpler. Similarly, B is a
substructure of D.

We now show that (A2) holds in D. The proof can be given by analyzing
all possible cases, but we will provide a more uniform argument. Suppose
that * < y, y < z and, say, z € A. In any case, x < y is witnessed by a
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relation of the form x <4 w, for some w € D, possibly followed by some
<4 or some < g relation added on the right. For example, if z < y is given
by x g c<a w, for c € C, then z € ANB = C, hence also x < 4 ¢, since
C embeds both in A and in B. Moreover, y < z is witnessed by <4 and <p
relations only. Thus if < y < z, then x and z can be connected by a chain
of relations starting with <4 and with possibly further occurrences of <4
and <pg on the right. Now we show how to reduce the length of such chains
of relations. If x <4 w <4 v, then z <4 v by (A2) in A, thus we may
assume that no <4 appears immediately after < 4. If z <4 w <p v <p u,
then z <4 w <p u by transitivity of <p in B. If <4 w <p v <4 wu,
then w,v € AN B, hence, by an argument usual by now, w <4 v. The
above relation then reads © <4 w <4 v <4 u, hence v <4 u by (A2) in
A. Tterating the above reductions, we get that if z € A and z < y < z,
then * <4 z, or * K4 w <p 2. The case x € B is symmetrical. In each
case T < z, by the definition of <.

Since, by the assumption F' € N, < is finer than < in both A and B,
and < is transitive in D, we have that < is finer than < in D. Transitivity
of < then follows from the already proved condition (A2) in D.

If < is antireflexive in A and B, then < is antireflexive in D, since
D = AUB and both A and B embed in D, as we have already shown. For
the same reason, if < is reflexive in A and B, then < is reflexive in D.

Assume that as € @, that is, < is supposed to be antisymmetric; in
particular < is antisymmetric in A and B. By the assumption (b2), ar € @,
that is, < is antireflexive, or as € P, that is, < is antisymmetric. In the
former case < is necessarily antisymmetric, since it is both transitive and
antireflexive. In the latter case, if * < y, y < x, then x < y, y < x, since
< is finer than <. Thus x = y, by antisymmetry of <.

(IT) A1 € N and A2 ¢ N. This case is symmetrical to (I).

(III) A1 € N and A2 € N. This case follows from the next theorem,
whose proof refers to the above arguments, but does not use the statement
of Theorem 4.3 itself. O

THEOREM 4.4. The conclusions in Theorem 4.2 still hold under the as-
sumptions P,Q C {r,av,as} and {Al, A2} C N C {F,C, Al, A2}.
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PRrROOF: Recall that we need to prove superamalgamation for the theory
asserting that < and < are transitive, that < satisfies the properties in P,
< satisfies the properties in @ and the properties in N are satisfied.

The proof is similar to the proof of case (I) in Theorem 4.3. However,
the definition of < in D must be adapted to this case, and we need to show
how to get by without the assumptions (b1) and (b2).

Similar to the proof of Theorem 4.3, define D and < as in Remark 3.3.
In the present case define < over D = AU B to be the union of < 4, <,
Ky0<Kp, Kpo<ky, K40<p, <40<Kp, Ko<y and <po<y.

The proof that D extends both A and B is not significantly different
from (I) in 4.3. If, say, a,a’ € A and a < ' in D, then this is witnessed
by a <4 @ (and there is nothing to prove), or by a <p a’ (and then
a,a’ € C, hence a <4 a’, again), or by relations of the form a <4 ¢ 4p d
or a g c 44 d, for appropriate <, 4. In any case, c € C and, say, in
the former case, a’ € B, hence a’ € C, thus the relations can be evaluated
in A, providing again a <4 a’, since (A1) and (A2) hold in A and <4 is
transitive.

The proof that D satisfies (A1) and (A2), too, presents no significant
variation with respect to the proof in case (I) in 4.3 that D satisfies (A2).
If, say, © < y and y < z, then these relations are witnessed by chains of
relations of the form u <x v or u <y v, for X and Y either equal to A
or to B, and at least one <« x appearing among the relations witnessing
y < z. Then a reduction similar to the one used in the proof of (A2) in (I)
shows that we can reduce to at most two relations, with < x appearing at
least once. Indeed, adjacent A-subscripted relations can be evaluated in A,
hence can be reduced to a single relation, using (A1), or (A2), or transitivity
of <4 or of < 4. Similarly for adjacent B-subscripted relations. If we have
a chain of the form

w<yv A ulyt, (4.2)

then necessarily v,u € AN B = C, hence v €4 u can be evaluated in A,
hence (4.2) reduces to a single relation in A. Since in the above reductions
we use (Al), (A2) and transitivity of <, at least one < appears in the
reduced expression, since, as we mentioned, at least one < appears in the
original relations witnessing y < z.
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The proof in the above paragraph also gives transitivity of <. We now
comment on the difference between the present proof and case (I) in the
proof of 4.3. In case (I) we used (b1) in order to prove transitivity of <; we
now explain why the additional assumption (b1) is not necessary when we
have both (Al) and (A2) at our disposal. The typical example is given by
r,z€A,ye B,withz <y zgivenbyr <4 c<pyandy<gd<y z.
Note that if we want (A2) to hold in D, the above relations imply = < y
and y < z; in other words, the satisfaction of (A2) necessarily requires that
<4 0<pand <p o <4 appear in the definition of < in D. On the other
hand, from the above conditions we get ¢ <p y <p d, and we need (A1)
(not (A2)!) in B in order to get ¢ <p d, hence, as usual, ¢ <4 d. Now
from z <4 ¢ €4 d <4 z we get x < z by transitivity of < and (A2) in
A. However, we needed (A1) in order to perform the above computations,
hence the argument cannot be carried over in case (I) in 4.3.

Now we deal with antisymmetry. Suppose that < is antisymmetric
in A and B and z < y < z. If both z and y are in A, then x = y
by antisymmetry of < in A, and similarly for B. Hence suppose, say,
x € Aand y € B. We first deal with the case when z < y < z is
witnessed by * €4 c Kpyand y <p d <4 z, for ¢,d € C, then we will
show that all the other cases can be reduced to the preceding case. From
c Kpy <p d we get ¢ <p d by transitivity of <p and then ¢ <¢ d.
Symmetrically d <¢ ¢, hence ¢ = d, by antisymmetry of <. Thus
T Ky c=d <y x, hence z = ¢, by antisymmetry of < 4. Symmetrically,
y = ¢, thus = y. Now consider the general case in which x <4 ¢ might
appear among the relations witnessing z < y. Since we have already proved
that < is transitive, x < z, and this relation can be evaluated in A, since
we have already shown that A embeds in D. From z <4 = <4 ¢ we get
x K4 cby (A2) in A. Symmetrically, if d <4 z, then d <4 z <4 x, hence
d <4 z, by (Al). Performing the symmetrical computations with respect
to y, we can reduce all the < relations to < relations. This means that we
always can reduce to the case we have already treated.

If <« is finer (coarser) than < in all the models to be amalgamated,
then, by the definitions, < is finer (coarser) than < in D. O
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5. Ordered structures with the superamalgamation
property (continued)

In this section we show that versions of Theorems 4.2, 4.3, 4.4 apply, more
generally, to classes of ordered structures, provided the superamalgamation
property holds. The proofs in the previous section are heavily used here.
Recall the conditions (A1), (A2) and the Conventions 4.1 from the previous
section.

LEMMA 5.1. Suppose that Q C {v,av,as} and N C {F,C, Al, A2}.

Let (D,<p) and (E,<g) be posets, and suppose that (E,<pg) extends
(D,<p). If <p is a binary transitive relation on D satisfying Q, and N
is satisfied in (D,<p,<p), then there is a transitive relation <g on E
such that Q and N are satisfied in (E, <g,<g) and moreover (E,<p,<g)
extends (D, <p,<p).

PROOF: Again, we will consider various cases.

(0) A1 ¢ N and A2 ¢ N. This case is divided into two subcases. (0i)
C ¢ N. The subcase is elementary; it is enough to let e < g f on E if and
only ife, f € Dand e <p fin D (if vt € @, in addition we let ¢ < e, for
all e € F). By construction, < g extends < p. Since <p is transitive on
D, the new relation < is transitive. Similarly, if <p is antisymmetric,
then < g is antisymmetric. Suppose that F' € N, that is, < is required to
be finer that <. If this holds in D, then it holds in E, as well.

(0ii) C € N. This is essentially the content of Lemma 3.1. Just note
that antisymmetry of <p is used there only in the proof of antisymmetry
of €.

(I) A1 ¢ N and A2 € N. First, note that if C € N, that is, < is
assumed to be coarser than <, then (A2) (and also (A1)) are automatically
verified, if < is transitive. Hence, in view of (0ii) above, in what follows
we may assume that C' ¢ N.

Let e g f on E if e € D and there is g € D such that e <p g <g f
(again, if v € @, we additionally let e < g e, for all e € E). Condition (A2)
is verified, since <g is transitive. We have that E actually extends D, since
if e <p f, then we get e <p f by taking g = f. In the other direction,



Structures with Two Partial Orders and the Amalgamation Property 19

if fe D and e <g f, as witnessed by e <p g <g f, then g <p f, since
(E,<pg) extends (D,<p). Thus e <p g <p f, hence e <p f by (A2)
in D. In particular, if <p is antireflexive, then < g is antireflexive, since
then v ¢ Q and if e g e, then e € D. If <p is finer than <p, then <p
is finer than <p, by transitivity of <g.

We now check transitivity of <g. If e <p g <g f <p h <g k, then
e, g, f,h € D, hence we get e <p h by (A2) and transitivity of < in D,
thus e <p h <pg f, that is, e < f. This proves transitivity of <.

It remains to deal with antisymmetry when as € Q. If e <p f <p e
is witnessed by e <p g <g f <p h <g e, then e,g,f,h € D, hence
e<p g <p f<ph<pe,since <g extends <p, thus e <p f Kp e by
(A2) in D. Then e = f by antisymmetry of <p.

(IT) The case A1 € N and A2 ¢ N is proved symmetrically.

(IIT) A1 € N and A2 € N. The case is similar to (I), setting e < f on
E if there are h,g € D such that e <p h <p g <g f (as usual, if v € Q, we
additionally let e < e, for all e € E). We point out the main differences.

Transitivity of <z needs only a small variation. If

e<ph<pk<p f<ep<pq<gyg (5.1)

then k& <g p, hence k <p p, since k,p € D. From h <p k <p p <p q we
get h <p g by (A2) and transitivity of <p. Hence e <p h <p ¢ <g g,
which is what we had to show.

A small detail needs to be worked out also in the case av € P. If, by
contradiction, e <g e, for some e € F, that is, e <p h <p g <g e,
for some h,g € D, then g <gp e <g h, hence g <g h, g <p h, then
h <p g <p h, thus h <p h, by (A2), contradicting antireflexivity of < p,
that is, contradicting ar € P.

The proof that < is antisymmetric if <p is antisymmetric is more
involved. Suppose that e <p f <g e is witnessed by (5.1) with g = e.
Then k,p € D, k <g p, hence k <p p, thus we get h <p p from (A2) and
h <p k <p p. Symmetrically, p <p h, hence h = p, by antisymmetry
of <p, hence also h <p p = h. Similarly, k& = ¢, using (Al). From
(5.1), recalling that, at present, g = e, we have k = ¢ <p g = e <g h,
thus & <p h. Then from h <p h and (Al) we get k <p h. Since
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also h <p k, we get h = k by antisymmetry of <p. Then (5.1) reads
e<ph=k<g f<gp=h=k=q<g g=e, thus we get ¢ = f by
transitivity and antisymmetry of <g. O

THEOREM 5.2. Suppose that IC is a class of ordered structures with order
< and K has the superamalgamation property. Let @ C {v,ar,as} and
N C{F,C, Al, A2}. Suppose further that

(a) A1 ¢ N, A2¢ N, or
(b) F €N, or
(c) {A1l, A2} C N.

Let Kg,n be the class of expansions of models of K in a language with
a further binary relation <, with the conditions that < is transitive, <
satisfies the properties in Q and that the properties in N are satisfied.

Then Kg N has the superamalgamation property with respect to <.

PrROOF: The proof presents no essential difference with respect to the
proof of superamalgamation in the proof of Theorem 2.1(1) given at the
end of Section 3. Here just consider members of KC, resp., Kqg v in place of
models of T~ resp., T and use the more general Theorems 4.2, 4.3, 4.4 and
Lemma 5.1 in place of Remark 3.3 and Lemma 3.1. Note that, in the cases
at hand, P = {r,as}, hence clause (b2) in Theorem 4.3 is automatically
satisfied. O

PRrOOF:  (Proof of Theorems 2.1 and 2.2 (continued)) Amalgamation for
Part (4) is the special case @ = ) and N = {F, A1, A2} of Theorem 5.2.
For the theory of causal spaces just take @ = {at} instead. The proof at
the end of Section 3 for the existence of Fraissé limits, etc., works in the
present cases, as well. O

6. Further remarks

Remark 6.1. In this remark we show that the superamalgamation property
is necessary in Theorem 2.2(1), as well as in Theorem 5.2, even when <
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is assumed to be a partial order. In other words, we do need Theorem 3.2
in the proof of Theorem 2.1(1). See (iii) below. Some of the arguments in
the present remark partially overlap with [39].

(i) We first observe that the theory T,. of partial orders which are
expressible as pairwise incomparable unions of chains (an “antichain of
chains”) has SAP. The theory T,. is a first-order universal theory: just
add to the theory of partial orders the sentence

Vayz(z > z2&y>z=>ax>yory >z, (6.1)

together with its dual. SAP for T,. follows from SAP for the theory of
linearly ordered sets. For every chain in the amalgamating base C, amal-
gamate each corresponding triplet of chains as in the case of linearly ordered
sets. If A and B have more chains not connected to elements of C, just
take their disjoint unions in the amalgamating model D.

(ii) On the other hand, if we add another binary relation < and add to
T.. axioms asserting that < is transitive and coarser than <, AP fails.

Let C = {¢,d, e}, with all the elements pairwise incomparable both
with respect to < and to <, and both <, < reflexive. Let A = C U {a}
with d < a, d € a, ¢ < a, a < a and no further <-relation, in particular,
not e € a. Let B=CU{b} withd <b,d < b, e < b, b < band not ¢ < b.
If D is an amalgamating structure which is a <-union of disjoint chains, a
and b should be <-comparable, say, a < b. If < is coarser than < on D,
then b < a. If < is transitive, then e < a in D, but this contradicts the
requirement that A embeds in D, since e < a fails in A.

(iii) More generally, the counterexample in (ii) above shows that the
class of posets which are union of at most 3 chains and with a further
coarser partial order does not have AP in the class of posets which are union
of disjoint chains and with a further coarser transitive binary relation.

In particular, if T~ is T}, and T is obtained by adding an axiom assert-
ing that < is a partial order coarser than <, then T" does not have AP. This
shows that the assumption that I has the superamalgamation property in
Theorems 2.2(1) and 5.2 (case (a), N= {C}) cannot be weakened to SAP.
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Remark 6.2. (a) On the other hand, in the proof of Theorem 2.2(3) only
the strong amalgamation property is used (if we want to obtain the weaker
conclusion that T has the strong amalgamation property).

(b) The strong amalgamation property is necessary in the above remark,
the amalgamation property alone is not enough. Recall that distributive
lattices have AP but not SAP [18].

The theory of distributive lattices with a further finer order relation
< does not have AP. Let C be a 3-element <-chain with middle element
c and all distinct elements <-incomparable. Both in A and in B add a
complement a, resp. b, of c¢. Let a be <-incomparable with all the other
elements of A, while let b < 1 in B. Since complements are unique in
distributive lattices, we have ¢(a) = x(b) in any amalgamating structure,
but then ¢(a) incomparable with ¢(1) contradicts ¢(a) = k(b) < k(1) = ¢(1).

(¢) Our proofs of Theorem 2.2(2),(4) do use the superamalgamation
property, but we do not know whether a proof can be found which uses only
the strong amalgamation property, provided, as above, we want to obtain
the weaker conclusion that T has the strong amalgamation property.

Problem 6.3. Study the Fraissé limits whose existence follows from Theo-
rems 2.1, 4.2-4.4.

In particular, may the Fraissé limit of the theory of causal spaces have
some physical significance?

We thank anonymous referees for many useful comments.

References

[1] G. Bezhanishvili, N. Bezhanishvili, T. Santoli, Y. Venema, A strict
implication calculus for compact Hausdorff spaces, Annals of Pure
and Applied Logic, vol. 170(11) (2019), pp. 102714, 29, DOI:
https://doi.org/10.1016/j.apal.2019.06.003.

[2] G. Bezhanishvili, N. Bezhanishvili, S. Sourabh, Y. Venema, Irreducible
equivalence relations, Gleason spaces, and de Vries duality, Applied
Categorical Structures. A Journal Devoted to Applications of
Categorical Methods in Algebra, Analysis, Computer Science,


https://doi.org/10.1016/j.apal.2019.06.003

Structures with Two Partial Orders and the Amalgamation Property 23

[6]

Logic, Order and Topology, vol. 25(3) (2017), pp. 381-401, DOLI:
https://doi.org/10.1007/s10485-016-9434-2.

N. Bezhanishvili, L. Carai, S. Ghilardi, L. Landi, Admissibility of Ila-
inference rules: interpolation, model completion, and contact algebras,
Annals of Pure and Applied Logic, vol. 174(1) (2023), pp. Paper No.
103169, 31, DOI: https://doi.org/10.1016/j.apal.2022.103169.

O. Caramello, Theories, sites, toposes, Oxford University Press, Ox-
ford (2018).

N. Caspard, B. Leclerc, B. Monjardet, Finite ordered sets, vol. 144 of
Encyclopedia of Mathematics and its Applications, Cambridge University
Press, Cambridge (2012).

S. Celani, R. Jansana, Bounded distributive lattices with two subordina-
tions, [in:] Mathematics, logic, and their philosophies—essays in
honour of Mohammad Ardeshir, vol. 49 of Log. Epistemol. Unity Sci.,
Springer, Cham (2021), pp. 217-252, DOI: https://doi.org/10.1007/978-
3-030-53654-1_8.

S. A. Celani, Amalgamation property in quasi-modal algebras, Revista de
la Unién Matematica Argentina, vol. 50(1) (2009), pp. 41-46.

S. A. Celani, Subordination Tarski algebras, Journal of Applied Non-
Classical Logics, vol. 29(3) (2019), pp. 288-306, DOI: https://doi.org/
10.1080/11663081.2019.1638080.

J. M. Cornejo, H. P. Sankappanavar, Amalgamation Property in the sub-
varieties of Gautama and Almost Gautama Algebras, Journal of Ma-
hani Mathematical Research, vol. 15(1) (2026), pp. 461-483, DOI:
https://doi.org/10.22103/jmmr.2025.26005.1877.

M. Cox, On sets, games and processes (2014), URL: http://etheses.
bham.ac.uk/id/eprint/5077, thesis (Ph.D.)-University of Birmingham.

G. D. Dimov, D. Vakarelov, Topological representation of precontact
algebras and a connected wversion of the Stone duality theorem—I,
Topology and its Applications, vol. 227 (2017), pp. 64-101, DOIL:
https://doi.org/10.1016/j.topol.2017.01.019.


https://doi.org/10.1007/s10485-016-9434-2
https://doi.org/10.1016/j.apal.2022.103169
https://doi.org/10.1007/978-3-030-53654-1_8
https://doi.org/10.1007/978-3-030-53654-1_8
https://doi.org/10.1080/11663081.2019.1638080
https://doi.org/10.1080/11663081.2019.1638080
https://doi.org/10.22103/jmmr.2025.26005.1877
http://etheses.bham.ac.uk/id/eprint/5077
http://etheses.bham.ac.uk/id/eprint/5077
https://doi.org/10.1016/j.topol.2017.01.019

24

[12]

[17]

[21]

Paolo Lipparini

I. Dintsch, S. Li, Extension properties of Boolean contact algebras, [in:]
Relational and algebraic methods in computer science, vol. 7560 of
Lecture Notes in Comput. Sci., Springer, Heidelberg (2012), pp. 342-356,
DOI: https://doi.org/10.1007/978-3-642-33314-9_ 23.

L. Foissy, Plane posets, special posets, and permutations, Advances in
Mathematics, vol. 240 (2013), pp. 24-60, DOL: https://doi.org/10.1016/
j-aim.2013.03.007.

R. Fraissé, Theory of relations, revised ed., vol. 145 of Studies in Logic
and the Foundations of Mathematics, North-Holland Publishing Co., Am-
sterdam (2000), with an appendix by Norbert Sauer.

D. M. Gabbay, L. Maksimova, Interpolation and definability, vol. 46
of Oxford Logic Guides, The Clarendon Press, Oxford University Press,
Oxford (2005), DOI: https://doi.org/10.1093/acprof:0s0/9780198511748.
001.0001.

S. Ghilardi, A. Gianola, Modularity results for interpolation, amalgama-
tion and superamalgamation, Annals of Pure and Applied Logic, vol.
169(8) (2018), pp. 731-754, DOL: https://doi.org/10.1016/j.apal.2018.04.
001.

G. Gierz, K. H. Hofmann, K. Keimel, J. D. Lawson, M. Mislove, D. S.
Scott, Continuous lattices and domains, vol. 93 of Encyclopedia of
Mathematics and its Applications, Cambridge University Press, Cam-
bridge (2003), DOI: https://doi.org/10.1017/CBO9780511542725.

G. Gritzer, Lattice theory: foundation, Birkhduser/Springer Basel
AG, Basel (2011), DOL: https://doi.org/10.1007/978-3-0348-0018-1.

W. Hodges, Model theory, vol. 42 of Encyclopedia of Mathematics and
its Applications, Cambridge University Press, Cambridge (1993), DOI:
https://doi.org/10.1017/CBO9780511551574.

B. Jénsson, Universal relational systems, Mathematica Scandinavica,
vol. 4 (1956), pp. 193208, DOI: https://doi.org/10.7146 /math.scand.a-
10468.

B. Jénsson, Extensions of relational structures, [in:] Theory of Models


https://doi.org/10.1007/978-3-642-33314-9_23
https://doi.org/10.1016/j.aim.2013.03.007
https://doi.org/10.1016/j.aim.2013.03.007
https://doi.org/10.1093/acprof:oso/9780198511748.001.0001
https://doi.org/10.1093/acprof:oso/9780198511748.001.0001
https://doi.org/10.1016/j.apal.2018.04.001
https://doi.org/10.1016/j.apal.2018.04.001
https://doi.org/10.1017/CBO9780511542725
https://doi.org/10.1007/978-3-0348-0018-1
https://doi.org/10.1017/CBO9780511551574
https://doi.org/10.7146/math.scand.a-10468
https://doi.org/10.7146/math.scand.a-10468

Structures with Two Partial Orders and the Amalgamation Property 25

(Proc. 1963 Internat. Sympos. Berkeley), North-Holland, Amster-
dam (1965), pp. 146-157.

I. Kaplan, P. Simon, Automorphism groups of finite topological rank,
Transactions of the American Mathematical Society, vol. 372(3)
(2019), pp. 2011-2043, DOI: https://doi.org/10.1090/tran/7674.

H. Kihara, H. Ono, Interpolation properties, Beth definability properties
and amalgamation properties for substructural logics, Journal of Logic
and Computation, vol. 20(4) (2010), pp. 823-875, DOI: https://doi.
org/10.1093 /logcom /exn084.

E. W. Kiss, L. Marki, P. Prohle, W. Tholen, Categorical algebraic prop-
erties. A compendium on amalgamation, congruence extension, epimor-
phisms, residual smallness, and injectivity, Studia Scientiarum Math-

ematicarum Hungarica. Combinatorics, Geometry and Topology
(CoGeTo), vol. 18(1) (1982), pp. 79-140.

S. Koppelberg, Handbook of Boolean algebras. Vol. 1, North-Holland
Publishing Co., Amsterdam (1989).

C. Kosniowski, A first course in algebraic topology, Cambridge Uni-
versity Press, Cambridge-New York (1980).

E. H. Kronheimer, R. Penrose, On the structure of causal spaces, Pro-
ceedings of the Cambridge Philosophical Society, vol. 63 (1967),
pp. 481-501, DOL: https://doi.org/10.1017/s030500410004144x.

A. Ledda, H. P. Sankappanavar, G. Vergottini, The Amalgamation Prop-
erty in the Variety of Regular Double Stone Algebras: A Constructive
View, Bulletin of the Section of Logic, vol. 55(1) (2026), pp. 1-47,
DOI: https://doi.org/10.18778,/0138-0680.2026.01.

P. Lipparini, Comparable binary relations and the amalgamation prop-
erty, Preprint, arXiv:2301.12482 [math.LO] (2023), URL: https://arxiv.
org/abs/2301.12482.

P. Lipparini, A model theory of topology, Studia Logica. An Interna-
tional Journal for Symbolic Logic, vol. 113(1) (2025), pp. 225-259,
DOL: https://doi.org/10.1007/s11225-024-10107-3.


https://doi.org/10.1090/tran/7674
https://doi.org/10.1093/logcom/exn084
https://doi.org/10.1093/logcom/exn084
https://doi.org/10.1017/s030500410004144x
https://doi.org/10.18778/0138-0680.2026.01
https://arxiv.org/abs/2301.12482
https://arxiv.org/abs/2301.12482
https://doi.org/10.1007/s11225-024-10107-3

26

[31]

32]

[33]

Paolo Lipparini

P. Lipparini, A hyperamalgamation property, Preprint, arXiv:2606.09329
[math.LO] (2026), URL: https://arxiv.org/abs/2606.09329.

P. Lipparini, Preservation of superamalgamation by expansions, Fun-
damenta Mathematicae, vol. 272(3) (2026), pp. 205-237, DOIL
https://doi.org/10.4064 /fm220919-8-11.

J. X. Madarész, Interpolation and amalgamation; pushing the lim-
its. I, Studia Logica. An International Journal for Symbolic
Logic, vol. 61(3) (1998), pp. 311-345, DOI: https://doi.org/10.1023/A.:
1005064504044.

G. Metcalfe, F. Montagna, C. Tsinakis, Amalgamation and interpolation
in ordered algebras, Journal of Algebra, vol. 402 (2014), pp. 21-82, DOL:
https://doi.org/10.1016/j.jalgebra.2013.11.019.

W. Mielants, Can the best of all possible worlds be a random structure?,
Logique et Analyse. Nouvelle Série, vol. 36(141-142) (1993), pp.
61-73.

F. Mynard, E. Pearl (eds.), Beyond topology, vol. 486 of Contemporary
Mathematics, American Mathematical Society, Providence, RI (2009),
DOTI: https://doi.org/10.1090/conm /486.

P. Panangaden, Causality in physics and computation, Theoretical
Computer Science, vol. 546 (2014), pp. 10-16, DOI: https://doi.org/
10.1016/j.tcs.2014.02.041.

J. S. Russell, On the Probability of Plenitude, Journal of Philos-
ophy, vol. 117(5) (2020), pp. 267292, DOI: https://doi.org/10.5840/
jphil2020117516.

J. H. Schmerl, Countable homogeneous partially ordered sets, Algebra
Universalis, vol. 9(3) (1979), pp. 317-321, DOI: https://doi.org/10.1007/
BF02488043.

S. Surya, The causal set approach to quantum gravity—an intro-
duction, vol. 1036 of Lecture Notes in Physics, Springer, Cham ([2025]
©2025), DOI: https://doi.org/10.1007/978-3-031-84420-1.


https://arxiv.org/abs/2606.09329
https://doi.org/10.4064/fm220919-8-11
https://doi.org/10.1023/A:1005064504044
https://doi.org/10.1023/A:1005064504044
https://doi.org/10.1016/j.jalgebra.2013.11.019
https://doi.org/10.1090/conm/486
https://doi.org/10.1016/j.tcs.2014.02.041
https://doi.org/10.1016/j.tcs.2014.02.041
https://doi.org/10.5840/jphil2020117516
https://doi.org/10.5840/jphil2020117516
https://doi.org/10.1007/BF02488043
https://doi.org/10.1007/BF02488043
https://doi.org/10.1007/978-3-031-84420-1

Structures with Two Partial Orders and the Amalgamation Property 27

Paolo Lipparini

Universita di Roma “Tor Vergata”
Dipartimento di Amalgamatematica
[-00133 Viale della Ricerca Scientifica 1
Rome, Italy

e-mail: lipparin@axp.mat.uniromaZ2.it

Funding information: Work performed under the auspices of G.N.S.A.G.A. The au-
thor acknowledges the MIUR Department Project awarded to the Department of Math-
ematics, University of Rome Tor Vergata, CUP E83C18000100006.

Conflict of interests: None.

Ethical considerations: The Author assures of no violations of publication ethics and
takes full responsibility for the content of the publication.

Declaration regarding the use of GAI tools: Not used.


lipparin@axp.mat.uniroma2.it



