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Abstract

The purpose of this paper is to define the notion of valuation maps on L-algebras
and introduce its properties. For this, the concepts of valuation and 1-valuation
maps are introduced and some characterizations and related properties are in-
vestigated. Using a valuation map, a congruence relation is obtained and proved
that this congruence relation is equivalent to the congruence relation made by
an ideal. Also, showed that the image and inverse image of any valuation is a
valuation. Finally, by using a 1-valuation map £ on L-algebra £, an L-algebra
(L,*,{1}) and a metric space (L, d~5) has been obtained.
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1. Introduction

L-algebras, which are connected to algebraic logic and quantum structures,
were first introduced by Rump [11]. Numerous examples have demon-
strated the usefulness of L-algebras. Yang and Rump [13] characterized
pseudo-MV-algebras and Bosbach’s noncommutative bricks as L-algebras.
In their work, Wu and Yang [18] provided several approaches to show that
orthomodular lattices belong to a particular class of L-algebras. Wu et al.
[17] further established that every lattice-ordered effect algebra possesses
a natural L-algebra structure.

Several other mathematicians have also investigated the relationship be-
tween basic algebras and L-algebras [3]. They showed that a basic algebra
satisfying

(b®d—q) D=(vd—q) = (bDw)D-(q¢®w)

can be transformed into an L-algebra. Conversely, if an L-algebra with 0
satisfying certain conditions can be structured as an involutive bounded
lattice, then it is necessarily a lattice-ordered effect algebra (see [17]).

Recently, researchers have studied L-algebras from different perspec-
tives. For further information, see [2, 1, 4, 6, 7, 8, 10, 14, 15, 19, 20].

Song, Roh, and Jun [16] introduced the concepts of quasi-valuation
maps in BCK/BCI-algebras based on subalgebras and ideals. They also
investigated various properties of these maps and established relationships
between quasi-valuation maps based on subalgebras and those based on
ideals. In another study [9], the continuity of operations in a BC' K-algebra
was examined using a topology induced by a pseudo-valuation. Moreover,
the authors showed that the product of a finite number of a pseudo metric
space associated with a pseudo-valuation. They further proved that if a
BCK-algebra X possesses a pseudo-valuation, then every quotient space
of X admits a pseudometric. The completion of these spaces was also
investigated.

In addition, in [5], the concepts of S-quasi-valuation maps and F-quasi-
valuation maps were introduced based on subalgebras and filters in hoops,
and their associated properties were studied. Relationships between S-
quasi-valuation maps and F-quasi-valuation maps were established. Using
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\begin {equation*}\varphi (\y ) - \varphi (\x )\le \varphi (\x \ast \y ) \le \varphi (\y \ast \x ) + \varphi (\x \ast \y ) = d_\varphi (\x ,\y ).\end {equation*}


\begin {equation*}\varphi (\x )- \varphi (\y ) \le \varphi (\y \ast \x ) \le \varphi (\x \ast \y ) + \varphi (\y \ast \x ) = d_\varphi (\x , \y ).\end {equation*}


$-d_\varphi (\x , \y ) \le \varphi (\x ) - \varphi (\y ) \le d_\varphi (\x ,\y )$


$\mid \varphi (\x ) - \varphi (\y ) \mid \le d_\varphi (\x , \y )$


$\relax \square $


$\varphi \in \mathcal {V}(\LomL )$


$\equiv _\varphi $


$\x ,\y \in \LomL $


\begin {align}\label {New 7-1} (\x ,\y )\in \equiv _\varphi \ \ \Leftrightarrow \ \ d_\varphi (\x ,\y )=0.\end {align}


$\equiv _\varphi $


$\LomL $


$\varphi $


$d_\varphi (\x ,\y )$


$\x ,\y ,\z \in \LomL $


$(\x ,\y )\in \equiv _\varphi $


$(\y ,\z )\in \equiv _\varphi $


$d_\varphi (\x ,\z )\leq d_\varphi (\x ,\y )+d_\varphi (\y ,\z )=0$


$d_\varphi (\x ,\z )=0$


$(\x ,\z )\in \equiv _\varphi $


$d_\varphi (\x ,\y )=d_\varphi (\z ,\w )=0$


\begin {equation*}0=d_\varphi (\x ,\y )\geq d_\varphi (\x \ast \z ,\y \ast \z ),\ \ 0=d_\varphi (\z ,\w )\geq d_\varphi (\y \ast \z ,\y \ast \w ),\end {equation*}


\begin {equation*}d_\varphi (\x \ast \z ,\y \ast \z )=d_\varphi (\y \ast \z ,\y \ast \w )=0,\end {equation*}


$(\x \ast \z ,\y \ast \w )\in \equiv _\varphi $


$\equiv _\varphi $


$\relax \square $


$\x ,\y $


$\LomL $


$\varphi $


$\mathcal {V}(\LomL )$


\begin {align*}\varphi (\x \ast \y )&=0\ \Leftrightarrow \varphi (1)+\varphi (\x \ast \y )=0\ \Leftrightarrow \varphi ((\x \ast \y )\ast 1)+\varphi (1\ast (\x \ast \y ))=0\\ & \Leftrightarrow d_\varphi (\x \ast \y ,1)=0.\end {align*}


$\varphi (\y \ast \x )=0\ \Leftrightarrow d_\varphi (\y \ast \x ,1)=0$


\begin {align*}(\x ,\y )\in \equiv _\varphi &\Leftrightarrow \ d_\varphi (\x ,\y )=0 \\ &\Leftrightarrow \ \varphi (\x \ast \y )=\varphi (\y \ast \x )=0\\ &\Leftrightarrow \ d_\varphi (\x \ast \y ,1)=0, \ \text {and}\ d_\varphi (\y \ast \x ,1)=0.\end {align*}


$\varphi $


$\mathcal {V}(\LomL )$


$[\x ]_\varphi $


$\{\y \in \LomL \mid (\x ,\y )\in \equiv _\varphi \}$


$\x \in \LomL $


$[\x ]_\varphi $


$\dfrac {\LomL }{\equiv _\varphi }$


$\equiv _\varphi $


$\ast $


$\dfrac {\LomL }{\equiv _\varphi }$


$[\x ]_\varphi \ast [\y ]_\varphi =[\x \ast \y ]_\varphi $


$\x ,\y \in \LomL $


$\langle \dfrac {\LomL }{\equiv _\varphi }, \ast , [1]_\varphi \rangle $


$L$


$\varphi \in \mathcal {V}(\LomL )$


$\sim _{\ker (\varphi )}$


$\equiv _\varphi $


$\ker (\varphi )\in \mathcal {I}d(\LomL )$


$\equiv _\varphi $


$L$


$[1]_\varphi $


$L$


$(\x ,\y )\in \sim _{\ker (\varphi )}$


$\x \ast \y ,\y \ast \x \in \ker (\varphi )$


$\varphi (\x \ast \y ),\varphi (\y \ast \x )= 0$


$d_\varphi (\x ,\y )=0$


$(\x ,\y )\in \equiv _\varphi $


$\sim _{\ker (\varphi )}\subseteq \equiv _\varphi $


$(\x ,\y )\in \equiv _\varphi $


$d_\varphi (\x ,\y )=0$


$\varphi (\x \ast \y )+\varphi (\y \ast \x )=0$


$\varphi (\x \ast \y )=\varphi (\y \ast \x )=0$


$\x \ast \y ,\y \ast \x \in \ker (\varphi )$


$(\x ,\y )\in \sim _{\ker (\varphi )}$


$\equiv _\varphi \subseteq \sim _{\ker (\varphi )}$


$\sim _{\ker (\varphi )}= \equiv _\varphi $


$\relax \square $


$\x \in [1]_\varphi $


$d_\varphi (\x ,1)=0$


$(\x ,1)\in \equiv _\varphi $


$(\x ,1)\in \sim _{\ker (\varphi )}$


$\x \in \ker (\varphi )$


$\varphi (\x )= 0$


$\varphi _1,\varphi _2\in \mathcal {V}(\LomL )$


$[1]_{\varphi _1}=[1]_{\varphi _2}$


$\dfrac {\LomL }{\equiv _{\varphi _1}}=\dfrac {\LomL }{\equiv _{\varphi _2}}$


$[1]_{\varphi _1}$


$[1]_{\varphi _2}$


$\equiv _{\varphi _1}$


$\equiv _{\varphi _2}$


$\relax \square $


$\varphi \in \mathcal {V}(\LomL )$


$\bar {\varphi }\in \mathcal {V}\left (\dfrac {\LomL }{\equiv _\varphi }\right )$


$\bar {\varphi }:\dfrac {\LomL }{\equiv _{\varphi }}\rightarrow \mathbb {R}$


$\bar {\varphi }( [\x ]_{\varphi })=\varphi (\x )$


$\x \in \LomL $


$\relax \square $


$\LomL / \equiv $


$\LomL $


$\equiv $


$\varphi \in \mathcal {V}(\LomL )$


$\LomI \in \mathcal {I}d(\LomL )$


$[1]_{\varphi }\subseteq \LomI $


$\x \in \LomI $


$[\x ]_{\varphi }\in \dfrac {\LomI }{\equiv _{\varphi }}$


$\dfrac {\LomI }{\equiv _{\varphi }}\in \mathcal {I}d\left (\dfrac {\LomL }{\equiv _{\varphi }}\right )$


$[\x ]_{\varphi }\in \dfrac {\LomI }{\equiv _{\varphi }}$


$\y \in \LomI $


$[\x ]_{\varphi }=[\y ]_{\varphi }$


$d_\varphi (\x ,\y )=0$


$d_\varphi (\x \ast \y ,1)=d_\varphi (\y \ast \x ,1)=0$


$\x \ast \y $


$\y \ast \x $


$[1]_{\varphi }\subseteq \LomI $


$\y \ast \x \in \LomI $


$\y \in \LomI $


$\LomI \in \mathcal {I}d(\LomL )$


$\x \in \LomI $


$\x \in \LomI $


$d_\varphi (\x ,1)=0$


$\x \in [1]_{\varphi }$


$[\x ]_{\varphi }=[1]_{\varphi }\in \dfrac {\LomI }{\equiv _{\varphi }}$


$[\x ]_{\varphi }\in \dfrac {\LomI }{\equiv _{\varphi }}$


$\relax \square $


$\LomL $


$\dfrac {\LomL }{\equiv _{\varphi }}$


$[1]_{\varphi }$


$\relax \square $


$\LomK $


$L$


$\Theta :\LomL \rightarrow \LomK $


$L$


$\varphi \in \mathcal {V}(\LomK )$


$\varphi \circ \Theta \in \mathcal {V}(\LomL )$


$\relax \square $


$\LomK $


$L$


$\Theta :\LomL \rightarrow \LomK $


$L$


$\varphi \in \mathcal {V}(\LomK )$


$\dfrac {\LomL }{\equiv _{\varphi \circ \Theta }}$


$\dfrac {\LomK }{\equiv _{\varphi }}$


$\varphi \circ \Theta \in \mathcal {V}(\LomL )$


$\dfrac {\LomL }{\equiv _{\varphi \circ \Theta }}$


$\dfrac {\LomK }{\equiv _{\varphi }}$


$L$


$\psi :\dfrac {\LomL }{\equiv _{\varphi \circ \Theta }}\rightarrow \dfrac {\LomK }{\equiv _{\varphi }}$


$\psi ([\x ]_{\varphi \circ \Theta })=[\Theta (x)]_\varphi $


$\x \in \LomL $


\begin {align*}[\x ]_{\varphi \circ \Theta }=[\y ]_{\varphi \circ \Theta }&\Leftrightarrow (\x ,\y )\in \equiv _{\varphi \circ \Theta }\\ &\Leftrightarrow \ (\varphi \circ \Theta )(\x \ast \y )=(\varphi \circ \Theta )(\y \ast \x )=0\\ &\Leftrightarrow \ \varphi (\Theta (\x \ast \y ))=\varphi (\Theta (\y \ast \x ))=0\\ &\Leftrightarrow \ \varphi (\Theta (\x )\ast \Theta (\y ))=\varphi (\Theta (\y )\ast \Theta (\x ))=0\\ &\Leftrightarrow \ (\Theta (\x ),\Theta (\y ))\in \equiv _{\varphi }\\ &\Leftrightarrow \ [\Theta (\x )]_\varphi =[\Theta (\y )]_\varphi \\ &\Leftrightarrow \ \psi ([\x ]_{\varphi \circ \Theta })=\psi ([\y ]_{\varphi \circ \Theta }).\end {align*}


$\psi $


$[\x ]_{\varphi \circ \Theta },[\y ]_{\varphi \circ \Theta }\in \dfrac {\LomL }{\equiv _{\varphi \circ \Theta }}$


\begin {align*}\psi \left ([\x ]_{\varphi \circ \Theta }\ast [\y ]_{\varphi \circ \Theta }\right )&=\psi \left ([\x \ast \y ]_{\varphi \circ \Theta }\right )=[\Theta (\x \ast \y )]_\varphi =[\Theta (\x )]_\varphi \ast [\Theta (\y )]_\varphi \\ &=\psi \left ([\x ]_{\varphi \circ \Theta }\right )\ast \psi \left ([\y ]_{\varphi \circ \Theta }\right ).\end {align*}


$[\y ]_\varphi \in \dfrac {\LomK }{\equiv _{\varphi }}$


$\Theta $


$L$


$\x \in \LomL $


$\Theta (\x )=\y $


$\psi \left ([\x ]_{\varphi \circ \Theta }\right )=[\Theta (\x )]_{\varphi }=[\y ]_{\varphi }$


$\psi $


$L$


$\dfrac {\LomL }{\equiv _{\varphi \circ f\Theta }}\cong \dfrac {\LomK }{\equiv _{\varphi }}$


$\LomL \rightarrow \LomK \rightarrow \dfrac {\LomK }{\equiv _{\varphi }}$


$\LomL \rightarrow \dfrac {\LomK }{\equiv _{\varphi }}$


$\equiv _{\varphi \circ \Theta }$


$\relax \square $


$L$


$\LomL $


$\{\x _n\}$


$\LomL $


$\{\x _n\}$


$\{\y _n\}$


$\{\x _n\}\ast \{\y _n\}=\{\x _n\ast \y _n\}$


$\varphi :\LomL \rightarrow \mathbb {R}$


$\{\x _n\}$


$\LomL $


$\x _n$


$\x $


$\x _n\longrightarrow \x \in \LomL $


$\underset {n\rightarrow \infty }{\lim } d_\varphi (\x _n,\x ) = 0$


$\varphi \in \mathcal {V}(\LomL )$


$d_\varphi $


$\LomL $


$d : \LomL \times \LomL \rightarrow \mathbb {R}$


\begin {equation*}d(\x , \y ) \ge 0, \ d(\x , \x ) = 0, d(\x , \y ) = d(\y , \x )\ \text {and}\ d(\x , \z ) \le d(\x , \y ) + d(\y , \z ),\end {equation*}


$\x , \y , \z \in \LomL $


$d(\x , \y ) =0$


$\x =\y $


$d$


$(\LomL , d)$


$\LomL $


$(\LomL ,d_\varphi )$


$\relax \square $


$\varphi $


$1$


$\LomL $


$(\LomL ,d_\varphi )$


$(\LomL ,\varphi )$


$\x ,\y \in \LomL $


$d_\varphi (\x ,\y )=0$


$\varphi (\x \ast \y )+\varphi (\y \ast \x )=0$


$\varphi (\x \ast \y )=\varphi (\y \ast \x )=0$


$\varphi $


$1$


$\x \ast \y =\y \ast \x =1$


$(L_3)$


$\x =\y $


$(\LomL ,d_\varphi )$


$\relax \square $


$(\LomL , d)$


$\x \in \LomL $


$\varepsilon >0$


\begin {equation*}N_\varepsilon (\x ) = \{\y \in \LomL \mid \ d(\x , \y ) < \varepsilon \},\end {equation*}


$\varepsilon $


$\x $


$L$


$\LomL _1$


$\LomL _2$


$\varphi _1\in \mathcal {V}(\LomL _1)$


$\varphi _2\in \mathcal {V}(\LomL _2)$


$(\x , \y ), (\a , \b ) \in \LomL _1 \times \LomL _2$


$d((\x , \y ), (\a , \b )) = d_{\varphi _1}(\x ,\a ) + d_{\varphi _2}(\y , \b )$


$d$


$\LomL _1 \times \LomL _2$


$d$


$\varphi _1 +\varphi _2$


$\relax \square $


$\LomL _1$


$\LomL _2$


$L$


$\varphi _1$


$\varphi _2$


$1$


$\LomL _1$


$\LomL _2$


$(\LomL _1 \times \LomL _2, d)$


$(\LomL ,d_\varphi )$


$(\LomL ^2,d^{\ast }_\varphi )$


$\LomL ^2$


$\LomL \times \LomL $


$(\x ,\y ),(\a ,\b )\in \LomL ^2$


$d^{\ast }_\varphi $


\begin {equation*}d^{\ast }_\varphi \left ((\x ,\y ),(\a ,\b )\right )=\max \left \{d_\varphi (\x ,\a ),d_\varphi (\y ,\b )\right \}.\end {equation*}


$d^{\ast }_\varphi \left ((\x ,\y ),(\a ,\b )\right )\ge 0$


$d^{\ast }_\varphi \left ((\x ,\y ),(\x ,\y )\right )=0$


$d^{\ast }_\varphi \left ((\x ,\y ),(\a ,\b )\right )=d^{\ast }_\varphi \left ((\a ,\b ),(\x ,\y )\right )$


$(\x ,\y ),(\z ,\w ),(\u ,\v )\in \LomL ^2$


\begin {align*}&\ \ d^{\ast }_\varphi \left ((\x ,\y ),(\z ,\w )\right )+d^{\ast }_\varphi \left ((\z ,\w ),(\u ,\v )\right )&\\ &=\max \left \{d_\varphi (\x ,\z ),d_\varphi (\y ,\w )\right \}+\max \left \{d_\varphi (\z ,\u ),d_\varphi (\w ,\v )\right \}\\ &=\max \left \{d_\varphi (\x ,\z )+d_\varphi (\z ,\u ), d_\varphi (\y ,\w )+d_\varphi (\w ,\v )\right \}\\ &\ge \max \left \{d_\varphi (\x ,\u ), d_\varphi (\y ,\v )\right \}\ \ \ \ \ \ \text {by Proposition \ref {New2}(iv)}\\ &=d^{\ast }_\varphi \left ((\x ,\y ),(\u ,\v )\right ).\end {align*}


$(\LomL ^2,d^{\ast }_\varphi )$


$\relax \square $


$\varphi $


$1$


$\LomL $


$(\LomL ^2,d^{\ast }_\varphi )$


$\relax \square $


$\ast $


$(\x ,\y ),(\a ,\b )\in \LomL ^2$


$\varepsilon >0$


$d^{\ast }_\varphi \left ((\x ,\y ),(\a ,\b )\right )<\dfrac {\varepsilon }{2}$


$\max \left \{d_\varphi (\x ,\a ),d_\varphi (\y ,\b )\right \}<\dfrac {\varepsilon }{2}$


$d_\varphi (\x ,\a ),d_\varphi (\y ,\b )<\dfrac {\varepsilon }{2}$


\begin {equation*}d_\varphi (\x \ast \y ,\a \ast \b )\le d_\varphi (\x \ast \y ,\a \ast \y )+d_\varphi (\a \ast \y ,\a \ast \b )\le d_\varphi (\x ,\a )+d_\varphi (\y ,\b )<\dfrac {\varepsilon }{2}+\dfrac {\varepsilon }{2}=\varepsilon .\end {equation*}


$\ast $


$\relax \square $


$\tau _{d_\varphi }$


$d_\varphi $


$(\LomL ,\ast , \tau _{d_\varphi })$


$L$


$(\LomL , d_\varphi )$


$\x \ast \y \in N_{\varepsilon }(\x \ast \y )$


$N_{\frac {\varepsilon }{2}}(\x )\ast N_{\frac {\varepsilon }{2}}(\y )\subseteq N_{\varepsilon }(\x \ast \y )$


$\z \in N_{\frac {\varepsilon }{2}}(\x )\ast N_{\frac {\varepsilon }{2}}(\y )$


$\u \in N_{\frac {\varepsilon }{2}}(\x )$


$\v \in N_{\frac {\varepsilon }{2}}(\y )$


$\z = \u \ast \v $


$d_\varphi (\x , \u ) \le \dfrac {\varepsilon }{2}$


$d_\varphi (\y , \v ) \le \dfrac {\varepsilon }{2}$


$d_\varphi (\x \ast \y ,\u \ast \y ) \le d_\varphi (\x , \u )$


$d_\varphi (\u \ast \y , \u \ast \v )\le d_\varphi (\y , \v )$


\begin {equation*}d_\varphi (\x \ast \y , \u \ast \v ) \le d_\varphi (\x \ast \y , \u \ast \y ) + d_\varphi (\u \ast \y , \u \ast \v ) \le \dfrac {\varepsilon }{2}+\dfrac {\varepsilon }{2}=\varepsilon .\end {equation*}


$\z =\u \ast \v \in N_{\varepsilon }(\x \ast \y )$


$(\LomL ,\ast , \tau _{d_\varphi })$


$L$


$\relax \square $


$d^{\ast }:\frac {\LomL }{\equiv _\varphi }\times \frac {\LomL }{\equiv _\varphi }\rightarrow \mathbb {R}$


$[\x ]_\varphi ,[\y ]_\varphi \in \frac {\LomL }{\equiv _\varphi }$


$d^\ast ([\x ]_\varphi ,[\y ]_\varphi )=d_\varphi (\x ,\y )$


$\varphi $


$1$


$\left (\frac {\LomL }{\equiv _\varphi },d^\ast \right )$


$\relax \square $


$(\LomL ,d_\varphi )$


$\varphi $


$1$


$\varphi (q) = d_\varphi (1,q)$


$d_\varphi $


$\varphi (q) = 0$


$d_\varphi (1,q) = 0$


$q =1$


$\varphi $


$1$


$\relax \square $


$(\LomL , d)$


$\LomU \subseteq \LomL $


$(\LomL , d_\varphi )$


$\x \in \LomU $


$\varepsilon >0$


$N_\varepsilon (\x )\subseteq \LomU $


$\tau _{d_\varphi }$


$d_\varphi $


$(\LomL , d_\varphi )$


$\varphi $


$L$


$(\LomL , \tau _{d_\varphi })$


$\varepsilon > 0$


$\LomU $


$1$


$\varphi (\z ) < \varepsilon $


$\z \in \LomU $


$\x \in \LomL $


$\varepsilon $


$\LomU $


$1$


$\varphi (\z ) < \varepsilon $


$\z \in \LomU $


$(L1)$


$\x \ast \x = 1$


$\LomV $


$\LomW $


$\x $


$\LomV \ast \LomW \subseteq \LomU $


$\LomF = \LomV \cap \LomW $


$\y \in \LomF $


$\x \ast \y , \y \ast \x \in \LomF \ast \LomF \subseteq \LomU $


$\varphi (\x \ast \y ), \varphi (\y \ast \x ) < \varepsilon $


$|\varphi (\y ) - \varphi (\x )| < \varepsilon $


$\varphi $


$\varphi $


$\LomL $


$1$


$\varepsilon $


$\varphi (1) = 0$


$(-\varepsilon , \varepsilon )$


$\varphi (1)$


$\mathbb {R}$


$\LomU $


$1$


$\LomL $


$\varphi (\LomU ) \subseteq (-\varepsilon , \varepsilon )$


$\varphi (\z ) < \varepsilon $


$\z \in \LomU $


$q \in N_\varepsilon (q)$


$\varphi (q) < \varepsilon $


$\varphi $


$d_\varphi $


$\relax \square $


$\varphi _\LomL \in \mathcal {V}(\LomL )$


$\varphi _\LomK \in \mathcal {V}(\LomK )$


$\LomK $


$L$


$f: \LomL \rightarrow \LomK $


$\varphi _\LomK \circ f = \varphi _\LomL $


$\varphi _\LomL : \LomL \rightarrow \mathbb {R}$


$\varphi _\LomK : \LomK \rightarrow \mathbb {R}$


$\LomK $


$L$


$f: \LomL \rightarrow \LomK $


$L$


$f$


$f$


$f$


$\varphi _\LomK (f(\x )) = \varphi _\LomL (\x )$


$\x \in \LomL $


$\x , \y \in \LomL $


\begin {align*}d_{\varphi _\LomK }(f(\x ), f(\y )) &= \varphi _\LomK (f(\x ) \ast f(\y )) + \varphi _\LomK (f(\y ) \ast f(\x ))\\ &= \varphi _\LomK (f(\x \ast \y )) + \varphi _\LomK (f(\y \ast \x ))\\ &= \varphi _\LomK \circ f(\x \ast \y ) + \varphi _\LomK \circ f(\y \ast \x )\\ &= \varphi _\LomL (\x \ast \y ) + \varphi _\LomL (\y \ast \x )\\ &= d_{\varphi _\LomL }(\x , \y ).\end {align*}


$f$


$f$


$\x \in \LomL $


\begin {equation*}\varphi _\LomL (\x ) = d_{\varphi _\LomL }(\x , 1) = d_{\varphi _\LomK } (f(\x ), f(1)) = \varphi _\LomK (f(\x )) + \varphi _\LomK (f(1)) = \varphi _\LomK (f(\x )).\end {equation*}


$f$


$\relax \square $


$\varphi \in \mathcal {V}(\LomL )$


$\LomX \subseteq \LomL $


$\x \in \LomL $


$\y \in \LomX $


$\x \equiv _{\ker (\varphi )} \y $


$\x \in \LomX $


$\ker (\varphi )$


$0$


$\y \in \LomX $


$\x \equiv _{\ker (\varphi )} \y $


$\varphi (\y \ast \x ) = \varphi (\x \ast \y ) = 0$


$\varepsilon > 0$


$\varphi (\x \ast \y ) + \varphi (\y \ast \x ) < \varepsilon $


$\varepsilon > 0$


$N_{\varepsilon }(\x ) \cap \LomX $


$\x \in \LomX $


$\ker (\varphi )$


$1$


$\x \in \LomX $


$\{\x _n\}$


$\LomX $


$\x _n \mapsto \x $


$\ast $


$\varphi (\x \ast \x _n) \mapsto 0$


$\varphi (\x _n \ast \x ) \mapsto 0$


$n_0$


$\x _{n_0} \ast \x \in \ker (\varphi )$


$\x \ast \x _{n_0} \in \ker (\varphi )$


$\x _{n_0} \equiv _{\ker (\varphi )} \x $


$\relax \square $


$\varphi \in \mathcal {V}(\LomL )$


$\approx $


\begin {equation*}\{\x _n\} \approx \{\y _n\} \ \Leftrightarrow \ d_{\varphi }(\x _n, \y _n) \longmapsto 0,\end {equation*}


$\{\x _n\}$


$\{\y _n\}$


$\LomL $


$\approx $


$\LomL $


$\approx $


$\LomL $


$\{\x _n\} \approx \{\y _n\}$


$\{\a _n\}\approx \{\b _n\}$


$d_{\varphi }(\x _n, \y _n) \longmapsto 0$


$d_{\varphi }(\a _n, \b _n) \longmapsto 0$


$d_\varphi (\x _n\ast \a _n, \y _n\ast \a _n)\longmapsto 0$


$d_{\varphi }(\y _n\ast \a _n, \y _n\ast \b _n) \longmapsto 0$


$d_\varphi (\x _n\ast \y _n, \a _n \ast \b _n)\longmapsto 0$


$\{\x _n\} \ast \{\y _n\} \approx \{\a _n\} \ast \{\b _n\}$


$\approx $


$\LomL $


$\relax \square $


$\varphi $


$\mathcal {V}(\LomL )$


$\widetilde {\{\x _n\}}$


$\{\{\y _n\} \mid \{\y _n\} \approx \{\x _n\}\}$


$\widetilde {\LomL }=\{\widetilde {\{\x _n\}}\mid \ \{\x _n\}\ \text {is a sequences in}\ \LomL \}$


$(\widetilde {\LomL },\ast , \widetilde {\{1\}})$


$L$


$\varphi $


$1$


$\LomL $


$(\widetilde {\LomL },\ast , \widetilde {\{1\}})$


$L$


$(\widetilde {\LomL },\widetilde {d_\varphi })$


$d_\varphi $


$\widetilde {d_\varphi }$


$\LomL $


\begin {equation*}\widetilde {d_\varphi }\left (\widetilde {\{\x _n\}}, \widetilde {\{\y _n\}}\right ) = \lim _n d_\varphi (\x _n, \y _n),\end {equation*}


$\widetilde {\{\x _n\}}, \widetilde {\{\y _n\}} \in \widetilde {\LomL }$


$\widetilde {d_\varphi }$


$\widetilde {\LomL }$


$\widetilde {\{\x _n\}}, \widetilde {\{\y _n\}}\in \widetilde {\LomL }$


$d_{\varphi }(\widetilde {\{\x _n\}}, \widetilde {\{\y _n\}}) = 0$


$d_\varphi (\x _n, \y _n) \to 0$


$\{\x _n\} \approx \{\y _n\}$


$\widetilde {\{\x _n\}} =\widetilde {\{\y _n\}}$


$(\widetilde {\LomL }, \widetilde {d_\varphi })$


$\relax \square $


$\varphi \in \mathcal {V}(\LomL )$


$\pi _\varphi : \LomL \rightarrow \widetilde {\LomL }$


$\widetilde \pi _\varphi (\x ) = \widetilde {\{\x \}}$


$\widetilde {\{\x \}}$


$\x $


$\varphi \in \mathcal {V}(\LomL )$


$\widetilde {\varphi }\in \mathcal {V}(\widetilde {\LomL })$


$\widetilde {\varphi } : \widetilde {\LomL }\rightarrow \mathbb {R}$


$\widetilde {\varphi }(\widetilde {\{\x _n\}}) =\lim _n \varphi (\x _n)$


$\LomL $


$\widetilde {\varphi }(\widetilde {\{1\}}) = 0$


$\{\x _n\}$


$\{\y _n\}$


$\LomL $


$\varphi $


$\ast $


\begin {align*}\widetilde {\varphi }(\{\y _n\}) -\widetilde {\varphi }(\{\x _n\}) &=\lim _n \varphi (\y _n) - \lim _n \varphi (\x _n) = \lim _n \varphi (\y _n) - \varphi (\x _n)\\ &\le \lim _n \varphi (\x _n \ast \y _n) = \widetilde {\varphi }(\{\x _n\} \ast \{\y _n\}) .\end {align*}


$\widetilde {\varphi }$


$\widetilde {\LomL }$


$\relax \square $


$\{\x _n\} \subseteq \LomL $


$d_\varphi $


$d_\varphi $


$(\LomL , d_\varphi )$


$(\LomL , d_\varphi )$


$d_\varphi $


$d_\varphi $


$\LomL $


$\{\x _n\}$


$\{\y _n\}$


$d_\varphi $


$\{d_\varphi (\x _n, \y _n)\}$
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the F-quasi-valuation map, the authors introduced a (pseudo)metric space
and demonstrated that all operations in a hoop are uniformly continuous.

The aim of this paper is to define valuations on L-algebras and in-
vestigate their properties. We provide characterizations of valuations and
1-valuation maps and study their associated properties. Using valuation
maps, we define a congruence relation and prove that it is equivalent to a
congruence relation induced by an ideal. Furthermore, we show that the
image and inverse image of a valuation under a homomorphism are also
valuations. Finally, we introduce a metric space associated with a valua-
tion map and establish that the operation “x” in an L-algebra is uniformly
continuous.

2. Preliminaries

This section lists the known definitions and results that will be utilized
later.

DEFINITION 2.1 ([7]). An L-algebra is an algebraic structure (L£;*,1) of
type (2,0) that satisfies the following conditions:
(L1) ¢gxq=¢g*x1=1and 1xq=gq,

(L2) (g*v) *(g*b) = (vxq) = (vxb),
(L3) if gxv=v*q=1, then g = v,

for any ¢,v,b € L. Condition (L1) asserts that 1 is a logical unit, while (L2)
is linked to the quantum Yang-Baxter equation, it is the so-called cycloid
equation. It is important to note that a logical unit is always unique.
We have to notice that all axioms are needed to ensure that the following
relation is a partial order relation:

g <wif and only if g xv =1, (2.1)

(L1) ensures reflexivity, (L2) implies transitivity and (L3) is used to prove
that the relation is antisymmetric. So (£, <) is a poset. If £ has a smallest
element 0, then it is called a bounded L-algebra.
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PROPOSITION 2.2 ([13]). Consider an L-algebra (L£;*,1). If ¢ < v, then
for any ¢,v,b € L, it follows that bx ¢ < b* v.

PROPOSITION 2.3 ([13]). The statements below are equivalent for an L-
algebra L:

(i) g<vxgq,
(ii) if ¢ < b, then bxv < g *v,
(iii) ((g*v)*xb)xb< ((g*v)*b)*((vxq)=b),
for any ¢,v,b € L.
DEFINITION 2.4 ([12]). An L-algebra £, that satisfying:

gx(v*q)=1, (K)

for any q,v € L, is called a K L-algebra. A CK L-algebra, is an L-algebra
that satisfies the equation:

g (v*b) =vx*(qx*b), ()

for any q,v,b € L (see [12]).

Clearly, every C K L-algebra is a K L-algebra, since for any ¢,v € L, we
have
qx(vxq)=v*(gxq)=v+1l=L1

Note. We have to notice that the notion of K L-algebras concerns the

properties in Proposition 2.3.

PROPOSITION 2.5. [4] Assume (L, x, 1) is a CK L-algebra. For any ¢,v,b €

L, the following properties hold:
(i) g*x(v*q) =1, ie,qg<wvx*gq,
(if) g < (gxv)*v,

(iii) ¢ <wvxbif and only if v < ¢ * b,
)

iv) if g <o, thenvxb<gx*b
q , q*0,
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(v) ((gxv)*b)xb < ((gxv)*b)*((v*q)*b),
(vi) bxv < (vxq)*(bx*q),
(vii) b*xv < (g b)* (q*v).

DEFINITION 2.6 ([1]). An L-algebra (£, x*,1) is a positive L-algebra, if for
any q,v,b € L, the following condition is satisfied:
q* (vib) = (q*v)*(gxD). (P)

THEOREM 2.7 ([1]). FEwvery positive L-algebra is a CK L-algebra.
DEFINITION 2.8 ([11]). A subset I of an L-algebra (£, *,1) is termed an
ideal of L, if it meets the following conditions, for all ¢,v € L.

L) 1€l

I3

(11)
(I2) ifgeTand gxv €1, then v € I
(I3) if g € I, then (¢ *v) xv €1,
(1a)

I) ifgel, thenvxgeland v« (g*v) € L.

The collection of all ideals of L, is represented by Zd(L).
PROPOSITION 2.9 ([4]). Every ideal of £ is an upset.

If (£,+,1) is a CK L-algebra, then for proving that I € Zd(L), the
conditions (I3) and (I;) can be omitted. In fact, for any ¢ € I, using (C')
and (I1), we have:

g*((gxv)*xv)=(gxv)*(¢gxv)=1€l,

for any v € L. Tt follows from (I3) that (¢ *v) x v € I. Therefore, (I3)
holds. Furthermore, if ¢ € I, then for any v € L, using (K) we have
gx(wvxq)=1€Tland by (I3),vxqel
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THEOREM 2.10 ([11]). Consider the L-algebra (L,*,1). In this context,
every ideal 1 of L establishes a congruence relation on L, for any ¢ and v
within L, where

g~1v & gxv, vxqel (2.2)
Conversely, every congruence relation ~ defines an ideal 1 = {q € L |
q~1}.

Note. According to Theorem 2.10, the correspondence between ideals and
congruences is one-to-one.

Note. From now on, we let (£, ,1) or £, for short, be an L-algebra.

3. Valuations on L-algebras

In this section, our objective is to define valuations on L-algebras and
introduce their properties. Additionally, we will provide characterizations
of valuations.

DEFINITION 3.1. A real-valued function £ : £ — R is referred to as a
valuation map on L, if it fulfills the following conditions:

(VLy) £(1) =0,

(VL2) &(g*v) = &(v) —&(q), for any ¢, v € L.

The valuation map £ is classified as a 1-valuation map, if it satisfies the
following condition, for any ¢ € L:

&(¢) = 0 implies ¢ = 1.
The collection of all valuation maps on L is denoted by V(£). When consid-
ering £ € V(L£), the combination (£, &) is referred to as a valued L-algebra.

Ezample 3.2. Consider £ = {0, f,y,1} as a poset, where 0 < f,y < 1. In
this case, (L, *,0,1) forms a bounded L-algebra, where:
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« [0 f y 1
01 1 1 1
fly 1 y 1
y|f f 1 1
10 f y 1

Let us define the map £ : £ — R as follows: £(1) = 0, £(0) = &(f) = a,
and £(y) = 3, where a > (. Tt can be observed that £ € V(L).

Remark 3.3. Consider & € V(L£). It follows that &(q * v) + &(v * q) > 0,
for any ¢q,v € L. This is due to the fact that, for all ¢,v € L, we have the
following relationship:

§(g*v) +E&(v*q) > E(v) —E&(g) +€&(g) —€&(v) = 0.
Hence, £(g *v) + &(v*q) > 0.

ProrosITION 3.4. Consider £ € V(L£). For any ¢q,v,b € L, the following
relations hold:

(i) & is order reversing.

(i) For any q € L, £(q) > 0.

(iii) If ¢ < v * b, then £(b) < &(q) + £(v).

(iv) If £ is a K L-algebra, then &(q x v) < £(q) + £(v).
If £ is a CK L-algebra, then
(v) &(gxb) <&(gxv) +&(vxb).
(vi) &((g * (v x b)) x b) < &(q) +£(v).
(vi) &(g* (v b)) <&((g+v) *b).

PRrROOF: (i) Assume ¢,v € L such that ¢ < v. According to the property
(2.1), it follows that g v = 1. Therefore, by applying the property (V Ls),
we obtain:

0=2¢&(1) =&(g*v) > E&(v) —&(q).
Hence, £(v) < £(q).
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(ii) This follows directly from (V' L) and (i).

(iii) Assume ¢,v,b € L. If ¢ < v *b, then by (i), we have {(v xb) <
&(q). Additionally, by (V Lz), we find that (v xb) > £(b) — &(v). Hence,
§(b) — &(v) < &(q). Therefore, £(b) < &(q) +&(v).

(iv) As L is a K L-algebra, it follows that for any ¢,v € £, we have v < g*wv.

, We have g(q *’U) S 5(’0) AlSOa by (VL2)3 g(’U) 75((]) S g(q *’U), and
) <&(q) +&(g*v). Hence,

E(gxv) <€(v) <&(q) +&(g*v) <E&(q) +&(v).

Therefore, £(g *x v) < &(q) + &(v).

(v) Let ¢q,v,b € L. By Proposition 2.5(vi), we have g * v < (v#*b) % (g x b).
Utilizing property (i), we get {((v *b) * (¢ % b)) < £(¢ * v). Furthermore,
by (VLs), we find that £(g * b) — (v x b) < £(g * v). Therefore, we obtain
€(gxb) < &(g*v) +E&(vxb).

(vi) As L is a CK L-algebra, according to Proposition 2.5(ii), we have
q < (g*(v*b))* (v=b). Consequently, using property (i), we can continue
as follows:

By (i)
so &(v

§((gx (vx)) * (v b)) <&(g)- (3.1)

Additionally, based on Proposition 2.5(ii), we have v < (v *b) * b. By (i),
we obtain:

§((v#b) xb) < &(v). (3.2)

Hence,

§((gx (vxb)) xb) <E((g* (vxD))* (vxb)) +&((vxb) xb) Dby (v)
(q) +&((vxb) xb) by (3.1)
(

q) +&(v). by (3.2)

Hence, £((q * (v b)) xb) < &(q) + £(v).
(vii) Counsider ¢,v,b € L. Proposition 2.5(i) implies that v < ¢ x v. Fur-
thermore, by Proposition 2.5(iv), we find that (g*v) *b < v b. Therefore,

IA A CIA

£
£
3
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using property (i), we can conclude that £(v xb) < £((g * v) *xb). Addi-

tionally, based on Proposition 2.5(i), we have v * b < ¢ * (v * b). Applying

property (i) once again, we find that &(q * (v * b)) < &(v x b). Hence,

§lg* (vxd)) <&((g*v) *Db). U
Set keré = {qg € L | {(q) = 0}.

Remark 3.5. (i) Consider ¢ € V(L£). It follows that 7& € V(L) and
ker(7€) = ker&, for any 7 € R with 7 > 0. Here, 7€ : £ — R is defined as
(1€)(q) = 7€(q), for all g € L.

(ii) Assuming &1,& € V(L), we can conclude that £ = 7& + wé € V(L),
where 7,w € R with 7,w > 0. Moreover, the kernel of £ is given by
ker £ = ker&; Nker&s. Tt is evident that &1,& € V(L) and 7,w € R with
T,w > 0. Therefore, for any ¢,v € L, we have the following:

§(1) = (76 +w&2) (1) = 761(1) + w&a(1) = 7(&1(1)) + w(2(1)) = 0.
Thus, (VL) holds. Furthermore, we have the following:

§lg*v) = (76 + wés) (g + v)
(761) (g % v) + (w&2) (g % v)
> 7 (&(v) = &1(g)) +w(&a(v) = &2(q))  since 7,0 >0
=7&(v) — 7&1(q) + wéa(v) — wa(q)
(761 + wé2) (v) — (&1 + wé2) ()
= &£(v) = £(9)-
Therefore, we can conclude that (V Ly) holds. As a result, £ € V(L).
Furthermore,

geker{ & £(¢)=0 & (& +w)(q) =0 & 7&i(g) +wéa(q) =0
T¢g0 £1(q) = &(q¢) =0< g € ker& Nkerés.

Hence, ker £ = ker & Nker &,.
(iii) In general, if & € V(£), , € R, 7, > 0 and 1 < 4 < n, then £ =

\
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Yo 7i& € V(L) and ker = ﬁker &
i=1

PROPOSITION 3.6. Assume L is a CK L-algebra. If £ € V(L), then ker £ €
Zd(L).

PrOOF: It is evident that 1 € ker{. Let us consider q,q * v € keré.
This implies £(q),&(q * v) = 0, and so by (LVa,), we obtain the following
inequality:

0=_E(gxv) > E&(v) —&(g) = &(v).

Hence, £(v) < 0. By Proposition 3.4(ii), £ > 0, it follows that £(b) > 0, for
any b € L. Consequently, we have £(v) > 0. As a result, £(v) = 0, which
implies that v € ker £&. We have to mention that (I3) and (I4) do not need
to be checked in the case of a CKL-algebra. Therefore, ker& € Zd(£). O

PROPOSITION 3.7. Let us assume that I € Zd(L). We will now define the
function & : £ — R as follows:

&ilg) = { ?c gg ;% (3.3)

where f € R, f > 0. Then the following statements hold:

(i) & eV(L),

(ii) ker& =1.
Proor: (i) It is evident that 1 € I since I € Zd(L). As a result, we
have £(1) = 0, which satisfies property (VL1). To prove property (V Ls),

if there are q,v € £ with &(g *v) = &(q) = 0, and &(v) = f. But then
q,q *v € I, whereas v ¢ I, which is a contradiction.

(ii) The proof is straightforward and clear. O
Remark 3.8. According to Propositions 3.6 and 3.7, there exists a rela-

tionship between V(L) and Zd(L). However, it is important to note that
this relationship is not a one-to-one correspondence.

ProrosiTION 3.9. If £ is a valuation on the positive L-algebra £, and
f € L, then the function £y defined as £7(q) = &(f * ¢) for any ¢ € L is a
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member of V(L£). Furthermore, if £ is a 1-valuation, then £y is a 1-valuation
if f =1 and in this case £y = &.

PRrROOF: It is clear that {¢(1) = 0. Now, let us consider ¢,v, f € L. Since
L is a positive L-algebra, we can deduce the following:

§(q)=E5(v) = E(f*q)—=E(fxv) < E((fxv)x(f*q)) = E(f*(v*q)) = Ef(v*q).
Hence & € V(L). Now, we have

§il@) =0 & &(fxq) =0 frq=1 & f<q
So if f =1, then ¢ =1 and so {; is 1-valuation and clearly, 7 = &. O

DEFINITION 3.10. [11] Let £ and K be two L-algebras. Then a map © :
L — K is called an L-homomorphism if for any ¢, v € £ we have O(gx,v) =
O(q) *mg O(v).

If © is an injective, then © is called a monomorphism, and if © is onto,
then © is called an epimorphism. In addition, if © is a bijective function,
then O is called an isomorphism.

Remark 3.11. Let (L£1,%1,1z,) and (L2, *2,12,) be two L-algebras. Then
L = L1 x Lo with the following operations is an L-algebra.

(q,v) % (f,y) =(g*1 f,u*ey), and 1 = (1,,1z,),

for any (q,v), (f,y) € L.

PROPOSITION 3.12. Let (L1,%1,1z,) and (L, %2, 1.,) be two L-algebras,
and £ = L1 X L5. We can say that £ has a valuation & if each £; has a
valuation &; for ¢ = 1,2, and € = & + &5.

ProOOF: Let & and & be valuations on £q and Lo, respectively. Define

§: L = Rby&(g) = &(q) + &(qe), for any ¢ = (q1,¢2). Then £(1) =
(1, 1z,)) =& (1g,) + 62(12,) = 0. Now, let ¢ = (g1, q2),v = (v1,v2) €
L. Then, by Remark 3.11, we have



12 R. A. Borzooei, M. Aaly Kologani, M. Mohseni Takallo, X. L. Xin

§(g*v) = &(q1 *1 v1,q2 %2 v2)
= &1(q1 *1 v1) + §2(g2 *2 v2)
> &1(v1) = &ilqr) + &2(v2) — &2(q2)
= &1(v1) + & (v2) — (S2(q1) + &2(q2))
=¢{(v) — &(9)

Hence, £ € V(L). O

4. Quotient L-algebras induced by valuation maps

In this section, we will define a map that will allow us to introduce a
congruence relation on £. We will then explore various properties of the
quotient L-algebras that arise from this congruence relation.

Note. Let’s clarify that we will consider £ as a C'K L-algebra from now
on unless mentioned otherwise.

According to Remark 3.11, we can define a mapping d¢ : £ x £ — R for
& e V(L). For any ¢q,v € L, the mapping is defined as follows:

de(g,v) = &(q*v) + E(v = q). (4.1)

Remark 4.1. Clearly, de(1,q) = &(q).
PRroOPOSITION 4.2. The following inequalities are satisfied by every d:
(i)
(i)
(iii) dg
(iv)
(v)
)

(vi
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(vil) de(q* v, fxy) = de(g v, fxv) +de(f * v, f *+y).
(vii) [ £(q) — £(v) |< de(g, v).

ProoF: It is evident that (i), (ii), and (iii) are true.
(iv) Assume ¢,v,b € L. Then

de(g,0) + de(0,5) = €(q +0) + E(v +.q) + E(v x b) + E(bxv)
>&(gxb)+&(b*q) By Proposition 3.4(v)
= de(g; b)-
Hence, de(g,b) < de(q,v) + de(v,b).
(v) Let ¢, v, f € L. Then by Proposition 2.5(vi), vk g < (¢ f) * (v* f) and
by Proposition 3.4(i), £ (g * f) * (v* f)) < £(v*q). By the similar way, we
can see that € (v f) % (g F)) < £(q*v), and so de(q,0) > de(q f,v+ f).
(vi) By Propositions 2.5(vii) and 3.4(i), the proof is straightforward.
(vii) This is just a special case of (iv).
(viii) Let ¢,v € £. Then:

£(v) = &(g) < &(g*v) <&(vxq) +E(g+v) = de(q, v).
and
£(q) = &(v) < &(vxq) <E&(gxv) +£(v*q) = de(g,v).
Hence —de(q,v) < &(q) — £(v) < de(g,v). Thus | €(q) — &(v) |< de(g,v). O
Let £ € V(L). Define = for any ¢,v € £ by

(q,v) €=¢ & de(g,v) =0. (4.2)

PROPOSITION 4.3. The binary relation =¢ is a congruence relation on L,
called the congruence relation induced by &.

PROOF: Proposition 4.2(i) and (iii) demonstrate that d¢(g,v) possesses
the properties of reflexivity and symmetry. Let q,v,b € L such that
(¢,v) €=¢ and (v,b) €=. By Proposition 4.2(iv), we have d¢(g,b) <
de(q,v) +de(v,b) = 0. Therefore, by Proposition 4.2(ii), we have d¢(q,b) =
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0, and so (g,b) €=¢. Now, suppose that de¢(g,v) = d¢(b,r) = 0. By apply-
ing Proposition 4.2(v) and (vi) we get,

0=de(q,v) > de(gxb,vxb), 0=de(b,r)>de(vsbvxr),
Moreover, by utilizing Proposition 4.2(ii) and (vii), we can infer that:
de(q*b,vxb) =de(v*bvxr)=0,

Applying the principle of transitivity, we can thus conclude that (g * b, v *
r) €=¢. Consequently, it can be inferred that = is a congruence relation.
a

Remark 4.4. Let g, v be elements of £. Since £ belongs to V(L£), we obtain

§lgxv) =0 & &(1)+&(gxv) =0 & E((g*v) x 1) + (1 (g*v)) =0
& de(g*xv,1) =0.

By the similar discussion, we have {(v % q) =0 <« d¢(v*g,1) = 0. Hence,

(q,v) €=¢ & de(q,v) =0
& L(gxv)=E&v*xq)=0
< de(g*v,1) =0, and de(v*gq,1) = 0.

Remark 4.5. Let § be an element of V(L). Define [g]¢ as the set {v €
L | (q,v) €=¢}, where ¢ € L. The collection of all such [g]¢ is denoted by

—. By Proposition 4.3, =¢ is a congruence relation, the operation * can
=¢

L
be defined on — as [g]¢ * [v]e = [g*v]¢ for all ¢, v € L. Hence, by Remark
=¢

L
4.4, (—,*,[1]¢) forms an L-algebra.
=¢

PROPOSITION 4.6. Assuming { € V(L£). Then ~y,(¢) is equivalent to =¢.

PRrROOF: By Proposition 3.6, ker(§) € Zd(L). Also, if =¢ is a congruence
relation providing an L-algebra, then it is already defined by the ideal [1]¢
as ideals are in one-to-one correspondence to congruences whose quotient
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is an L-algebra. In addition, (q,v) €~yer(¢). Then, according to (2.2), we
have g * v,v % ¢ € ker(§). Consequently, £(q * v),&(v * ¢) = 0. Therefore,
d¢(gq,v) = 0. Thus, using (4.2), we can conclude that (¢,v) €=¢. Hence,
Nker(g)gzg-

Conversely, if (¢,v) €=¢, then d¢(¢,v) = 0. Consequently, £(g * v) +
&(vxq) = 0. According to Proposition 3.4(ii), this implies that £(g *x v) =
&(vxq) = 0, and therefore, gxv, vxq € ker(£). Thus, by (2.2), we can deduce
that (¢,v) €~ier(¢), which in turn implies that =¢Cr~yepey. Therefore, we
conclude that ~yere)==¢. O

Remark 4.7. Suppose g € [l]¢. This implies that d¢(g,1) = 0, and
consequently, (¢,1) €=. According to Proposition 4.6, it follows that
(¢,1) €E~ker(e)- Thus, g € ker(€), leading to the conclusion that £(g) = 0.

THEOREM 4.8. Assume &,& € V(L), where [1]g, = [1]¢,. Then _E =
=&
L

=¢
PRrOOF: Since [1]¢,, [1]¢, are defining ideals for the congruences =¢,, =¢,,
respectively, we get that if they are equal, the congruences are either. [J

COROLLARY 4.9. Let ¢ € V(£). Then £ € V ( £ ), where ¢ : £ — R

_ =¢
and {([q]¢) = &(q), for any ¢ € L.
ProOOF: Straightforward. O

In the following, we have two general facts in universal algebra: con-
gruences of £/ = are in one-to-one correspondence with congruences of £
that contain =. Thus, we have:

PROPOSITION 4.10. Assuming that £ € V(£) and I € Zd(L) such that
[1]¢ C I, then we have:

I
(i) ¢ € T'if and only if [¢]e € —.
=¢

(ii) :]Ig €Zd (:EE)
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I
PrOOF: (i) Let [g]¢ € —. Then there exists v € I such that [g]e = [v]e,
=¢

which implies that d¢(q,v) = 0. By Remark 4.4, we have d¢(q * v,1) =
d¢(v*q,1) = 0. Thus ¢ *v and v * g belong to [1]¢ C I. So, v*g¢ € I. Since
v € Tand I € Zd(L) we conclude that ¢ € I. Conversely, if ¢ € I, then

I I
d¢(g,1) = 0 and so g € [1]¢. Hence, [q]¢ = [1]¢ € —. Therefore, [¢]le € —.
=¢ =¢

(ii) By (i), the proof is clear. O
THEOREM 4.11. There exists a one-to-one corresponding between ideals

L
of L and ideals of — that contain [1]¢.
=¢

ProOOF: By referring to Proposition 4.10, the proof becomes evident. [

THEOREM 4.12. If K is an L-algebra, © : L — K is an L-homomorphism
and & € V(K), then £0 O € V(L).

PrROOF: The proof is simple and direct. O
THEOREM 4.13.  Suppose K is an L-algebra, © : L — K is an L-

epimorphism, and £ € V(K). It follows that s isomorphic to ~

=¢o0 =¢
PrOOF: According to Theorem 4.12, we know that £ 0 © € V(L£). Addi-
tionally, based on Proposition 4.3 and Remark 4.5, we can establish that

L
— and — are both L-algebras. We can define a mapping ¢ : —
=£00 =¢£ =¢00

_>

§ such that ¢ ([¢leco) = [O(2)]¢, for any ¢ € L. Consequently,
=¢
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[Q]Eoe = [’U}go@ a4 (q,'U) 6550@

& (£00)(gxv)=(£0O)(vkg) =
& £(O(g*v) =£(O(v*q) =0
& £(0(q) *O(v) = £(O(v) ¥ O(q)) =
& (0(9),0(v)) e=¢

& [0(g9)e = [O(v)]e

< P([dlece) = Y([v]eon)

Thus, we can conclude that v is both one-to-one and well-defined. Addi-

L
tionally, let us assume that [¢]¢co, [V]coo € ——. Consequently, we have:
—£00

Y ([gleoo * [V]eow) = ¥ ([ % V]goo) = [O(q % v)]e = [O(q)]e * [O(v)]¢
=1 ([gleco) * ¥ ([v]eoo) -

Furthermore, if [v]¢ € —, then due to the fact that © is an L-epimorphism,

there exists an ¢ € £ such that ©(q) = v. Consequently, we can deduce that
¥ ([qleoo) = [©(¢)]e = [v]e. Thus, ¢ can be considered an L-epimorphism.

K
As a result, we can conclude that — = —.
=¢ofO =¢
: . K o
Second proof: By using the composition £ — K — —, then it is easy
=€
too see that the defining congruence of the epimorphism £ — — is given
=¢
by =¢0O- O

5. Topology on L-algebra induced by a valuation map

In the following, we utilize the concept of valuation and equation (4.1) to
establish a pseudo metric and a topological L-algebra. Furthermore, we
explore the properties of this structure.
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We consider a list of elements of £ such as {g,} is called a sequence on
L where for any {¢,} and {v,}, we have {g,} * {vn} = {gqn * vn}.

Remark 5.1. Let £ : L — R be a continuous function, and let {g,} be a
sequence in L. We say that ¢, converges to ¢, denoted as ¢, — q € L, if
lim d¢(gn,q) = 0.

n—oo

THEOREM 5.2. If & € V(L), then d¢ is a pseudo-metric ' on L and so
(L,de) is a pseudo-metric space.

PrOOF: Based on Proposition 4.2(i), (ii), (iii), and (iv), the proof is
straightforward. O

THEOREM 5.3. If§ is a 1-valuation map on L, then the pair (L,d¢) forms
a metric space.

PROOF: By Theorem 5.2, we know that (£,¢) is a pseudo-metric space.
Consider ¢,v € L such that d¢(g,v) = 0. This implies that (g * v) + &(v *
q) = 0. According to Proposition 3.4(ii), we have (g * v) = &(v *q) = 0.
Since ¢ is a 1-valuation map, it follows that ¢ x v = v * ¢ = 1. By property
(L3), we conclude that ¢ = v. Therefore, (£, d¢) is a metric space. O

Note. If (L,d) is a pseudo-metric space, then for each ¢ € £ and € > 0,
the set
N.(q)={v e L] d(q,v) <e},

is called a ball of radius € with center at q.

PROPOSITION 5.4. Consider two L-algebras, £ and Lo, where & € V(L4)
and & € V(Ly). Let (¢,v),(f,y) € L1 X Lo. We define the function
d((g,v),(f,y)) = de, (g, f) + de,(v,y), and we claim that d is a pseudo
metric on £1 X L.

ProOOF: Clearly, d is just the metric associated with the valuation & 4 &o-

1By a pseudo-metric on £, we mean a real-valued function d : £ x £ — R satisfying
the following properties:

d(q,v) > 0, d(q,q) = 0,d(q,v) = d(v, q) and d(q,b) < d(g,v) + d(v,b),

for every q,v,b € L. If d(¢g,v) = 0 implies ¢ = v, then d is called a metric. The space
(L,d) is called a pseudo-metric space and metric space, respectively.
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which is a valuation by Proposition 3.12. Thus, by Propositions 3.12 and
4.2 and Theorem 5.2, the proof is clear. (]

COROLLARY 5.5. Let £7 and L5 be two L-algebras. If £&; and & are two
1-valuations on £4 and Ls, respectively, then the pair (£ X Lo, d) forms a
metric space.

THEOREM 5.6. Suppose we have a pseudo-metric space (L,de¢). We can
then define a new pseudo-metric space (L2, dg) where L2 is the Cartesian
product £ x L. For any (q,v),(f,y) € L2, the pseudo-metric alg s given
by:

dZ ((CL U)’ (f7 y)) = max {dﬁ(Qa f)’ d§(v’ y)} .

Proor: By Proposition 4.2(i), (ii) and (iii), clearly df ((¢,v), (f,y)) >
0, dg ((¢:v), (q,v)) = 0 and d ((¢,v), (f,9)) = di ((f,¥),(q;v)). Suppose
(q,v), (b,7), (w, z) € L2 Then
dg ((g,v), (b;7)) + d¢ (b, 7), (w, 2))

= max {d¢(q,b),de(v, )} + max {de (b, w), de(r, 2) }

= max {d¢(q,0) + de(b,w), de(v,7) + de(r, 2) }

> max {d¢ (g, w), de(v,2) } by Proposition 4.2(iv)

=d¢ ((¢,v), (w, 2)).
Hence, (£2, d;) is a pseudo-metric space. O

THEOREM 5.7. If € is a l-valuation map on L, then (52,d2) forms a
metric space.

PROOF: The proof of this statement follows a similar approach to the
proof of Theorem 5.3. O

THEOREM 5.8. By referring to Remark 3.11, it can be observed that the
operation * 1S continuous.

Proor: Consider (¢,v), (f,y) € £*. For any € > 0, if d ((¢,v), (f,y)) <
%, then it follows that max {d¢ (g, f), de(v,y)} < % Consequently, we have
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d&(qv f)7 dg(U, y) <
can deduce that

dg(q*’l), f*y) < dE(Q*vv f*’l))+d§(f*’l), f*y) < dE(qa f)-l—dg(’l),y) < %"—% =E.

By utilizing Proposition 4.2(v), (vi), and (vii), we

N | ™

As a result, we can conclude that the operation * is continuous. O

COROLLARY 5.9. If 74, is the topology induced by de, then (L, *,74,) is a
topological L-algebra.

PRrOOF: By Theorem 5.2, (£,d¢) is a pseudo-metric space. Let ¢ *v €
Ne(g*v). We claim that Nz (q) * Ng(v) € Ne(g*v). Assume b € Nz (q) *
N¢(v). Then there exist w € N¢(q) and z € N¢(v) such that b = w * 2.

Hence, d¢(q,w) < % and de¢(v,z) < % By Proposition 4.2(v) and (vi) we
have de(g*v, wv) < de(g, w) and de(w*v, w*z) < de(v, ). By Proposition
4.2(vii),

de(g*v,wx2) <de(grv,w*v) +de(wrv,wxz) < -4+ - =e¢.

N ™

Thus b = wxz € Nc(g*v). Therefore, (L, *, 74, ) is a topological L-algebra.
O

THEOREM 5.10. We can define a function d* :

for any [qle¢, [v]e € 5%7 we have d*([qle¢, [v]e) = de(q,v). Then, if £ is a

5% X ELs — R, where

1-valuation map, the space (é, d*) forms a metric space.

PrROOF: By Theorem 5.7, the proof becomes clear. O
PrROPOSITION 5.11. If (£,d¢) is a metric space, then ¢ is a 1-valuation
map.

PRrOOF: By Remark 4.1, £(q) = d¢(1,q), so if de¢ is a metric, we have
&(¢) = 0 if and only if d¢(1,¢q) = 0 if and only if ¢ = 1. Hence, £ is a
1-valuation map. U
Note. If (L£,d) is a pseudo-metric space, then

(i) The set U C L is open in (L, d¢) if for each g € U, there exists ¢ > 0
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such that N.(¢) C U,

(ii) The topology 74, induced by d¢ is the collection of all open sets in

PROPOSITION 5.12. A valuation § on the topological L-algebra (£, 7q,) is
continuous if and only if for each € > 0, there exists a neighborhood U of
1 such that £(b) < ¢, for each b € U.

PRrROOF: Let g € £ and ¢ be a positive number. Consider a neighborhood
U of 1 such that £(b) < e for every b € U. By property (L1), we have
qxq = 1. Therefore, there exist open neighborhoods V' and W of ¢ such that
V«W CU. Put FF = VNW. Forevery v € F, we have ¢gxv,vxq € FxF C U,
which implies (g *v),&(v*q) < e. Thus, by Proposition 4.2(viii), we have
|€(v) — &€(q)] < e. This shows that £ is continuous.

Conversely, if £ is continuous on £, then it is continuous in 1. Let ¢
be a positive number. Since £(1) = 0, (—e,¢) is an open neighborhood
of £(1) in R. There exists an open neighborhood U of 1 in £ such that
E(U) C (—¢,¢€). Therefore, £(b) < € for every b € U.

Short proof: If ¢ € N.(q), then £(q) < &, so £ should always be continuous
w.r.t. dg. O

A function between two metric spaces is called an isometry if it preserves
distances. Let £ € V(L) and ¢ € V(K), where K is an L-algebra. Then,
a function f : £ — K is called valuation preserving if £ o f = &.

PropPOSITION 5.13. Consider &, : L — R and & : K — R as valuations,
where K is an L-algebra. If f : £L — K is an L-homomorphism, then the
following statements are equivalent:

(i) f is valuation preserving,
(ii) f is an isometry.

PROOF: Assuming that f is valuation preserving, we have &c(f(q)) =
¢r(q) for any g € L. Furthermore, for any ¢,v € L, we have the following:
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de (f(q), f(v) = Ec(f(q) * f(v)) + Ec(f(v) * fq))
= {c(flgxv)) + & (f(v*q))
v)

=&k o flgxv) +&co flvxq)
=&c(gxv) +&c(v*q)
= dfa(‘]7 )

Hence, it follows that f is an isometry. Conversely, if f is an isometry, then
for any ¢ € L, we have

c(q) = de,(q,1) = dee (£(q), F(1)) = Ex(f(a)) + Ex(f(1)) = &c(f(a))-
Therefore, f is valuation preserving. O

PROPOSITION 5.14. Consider £ € V(£), X C L is closed, and ¢ € L.
If there exists v € X such that ¢ =ye(¢) v, then it follows that ¢ € X.
Conversely, if ker(¢) is a neighborhood of 0, the converse is also true.

PRrROOF: Assume that there exists v € X such that ¢ =y ) v. This
implies that £(v * q) = £(g * v) = 0. Consequently, for any £ > 0, we have
&(g*xv) 4+ &(v*q) < e. Therefore, for each £ > 0, the set N.(¢) N X is
non-empty, which implies ¢ € X.

Conversely, let ker(£) be a neighborhood of 1 and ¢ € X. There exists
a sequence {¢,} in X such that g, — ¢. Since x is continuous, it follows
that (g * ¢y,) — 0 and £(g, * ¢) — 0. Hence, there exists a positive integer
no such that g, * ¢ € ker(¢§) and g * gn, € ker(§). Therefore, gn, =ger(e) ¢-
O

THEOREM 5.15. Let £ € V(L). We define the relation = as follows:

{q”} ~ {Un} Aad df(Qnavn) — 0,

for all sequences {q,} and {v,} in L. We will show that = is a congruence
relation on the set of all sequences in L.

PrOOF: Obviously, by Proposition 4.2(i), (iii) and (iv), ~ is an equiva-
lence relation on £. Let {g,} ~ {v,} and {f,} = {yn}. Then d¢(gn,vy) —
0 and de(fn,yn) — 0. By Proposition 4.2(v) and (vi), we have d¢(gy *
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JnsOn * fn) ¥ 0 and de¢(vp, * fr, vy %y ) — 0. By Proposition 4.2(iv), we
have dg(gn * Vn, frn*yn) —> 0 and so {g, } *{vn} =~ {fn}*{yn}. Therefore,
~ is a congruence relation on the set of all sequences in L. O
Note. Let & be an element of V(L£). The set of all equivalence classes,

denoted by {q,}, is defined as {{vn} [ {vn} = {qn}}. Set £ = {{gn} |
{gn} is a sequences in £}. By Theorem 5.15, it is clear that (L, *, {1})
forms an L-algebra.

PRrROPOSITION 5.16. Let £ be a 1-valuation on £. Then, the set (Z, *, {Aﬁ)
forms an L-algebra, and the set (E, d~5) forms a metric space. The pseudo-
metric d¢ induces a metric d} on L in the following way:

e ({an}, Tont) = lim de(gn, va),

for all {;;}7 @L/} eL.

PrOOF: Tt is evident that d~5 is a pseudo-metric on £. For any {/q\n/}, {vn} €
L, if dE({fq\;}, {/1;3) =0, then it implies that d¢(gn, v,) — 0. Consequently,
{an} ~ {vn}, which implies {/q:} = {/v\n/} Hence, we can conclude that
(L, d¢) forms a metric space. O

PROPOSITION 5.17. Let £ € V(L£). Then the mapping m¢ : £ — L defined

by 7e(q) = {q}, where {q} is the equivalence class of the constant sequence
with any element equal to ¢, is a homomorphism.

PROPOSITION 5.18. Consider ¢ € V(£). Then & € V(L) where € : £ — R
by £({¢gn}) = lim,, &(g,) for each sequence in L.

PrOOF: It is evident that £({1}) = 0. Now, let {g,} and {v,} be se-
quences in L. Since both £ and * are continuous, we can conclude that,

E({on}) — E{an)) = T (vn) — lim E(gn) = Him €(vs) — ()

< hTILnf(Qn * 'Un) = 5({(171} * {'Un})
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Hence E is a valuation on L. O

Note. A sequence {g,} C L is said to be d¢-Cauchy if it is a Cauchy se-
quence with respect to the pseudo-metric d¢ on (£, d¢). The space (£, d¢)
is said to be d¢-complete if every de-Cauchy sequence converges to an ele-
ment in £. Now, let {¢,} and {v,,} be two d¢-Cauchy sequences. It follows
that the sequence {d¢(gn,vn)} is convergent, as it is a Cauchy sequence in
the real numbers R.

COROLLARY 5.19. The metric space (L, CTE) is d~5-complete.

ProrosiTIiON 5.20. If Z, E, m¢ and d are defined as described above, then
the following properties hold:

(i) E o m¢ = &, which implies that ¢ is 1-valuation preserving.

(ii) ¢ is a 1-valuation if and only if m¢(q) = m implies that ¢ = 1.
(iii) de = dg.
(iv) me is continuous.

PrOOF: (i) For any q € £, § o me(q) = &(me(q)) = lim,, &(q) = &(q)-

(ii) Let & be a 1-valuation and m¢(q) = m Then {Aq? = m and so
{q} = {1}. Hence, &(q) = de(g,1) = 0. Since ¢ is a 1-valuation, ¢ = 1.
Conversely, if £(q) = 0 for any ¢ € £, then de(¢,1) = £(¢) = 0 and so

me(q) = {q} = {1}. Hence ¢ = 1. Thus ¢ is a 1-valuation.

—_—

(iii) For any {/(_]\n/}, {vn} € L since € and * are continuous, we have
dz({an}, {on}) = E{gn 0 }) +E({vn 50 }) =lim E(gnv) +Hm E(vp g,)
= h}ln (g(qn*vn)+£(vn*Qn)) :hTan dg((Jm Un)
= de(lim gy, limv,) =de ({0}, {va ).

(iv) This follows from Proposition 5.13(i) as m¢ is valuation-preserving and
the fact that isometries are always continuous. O
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THEOREM 5.21. Let ¢ € V(K) such that (KC,dy) is a dy-complete space,
where KC is an L-algebra. If & € V(L) and © : L — K is a valuation
preserving homomorphism, then there exists a unique valuation preserving
homomorphism © : L — K such that © o me = 0.

PROOF: Suppose © : L — K is a valuation-preserving homomorphism.
By Proposition 5.13, © is an isometry. If {g,} is a sequence in L, then
{O(gn)} is a sequence in K. Since K is dy-complete, O(g,,) converges to v

for some v € K. We define @({qn}) =v. We wﬂl now show that © is the

unique isometry such that © ome = 0. Let {qn} {vn} € L, O(gy) — q and
O(vp) — v. Then

de({gn}, {vn}) = de({an}. {va})
= lm €(qn * vn) + MM E(vn * gn)
= lim 1 0 ©(gy * vn) + lim1) 0 O(vy * g)
= 1im(O(gn * vn)) + Hm (O (v, %))
= lim 9 (O(gn) * O(vn)) + lim (O (vn) * O(gn))
= lim (¢ * v) + lim (v * q)
= (g xv) +(v+q)
= $(0({ga}) * O({vn})) + ¥(O({yn}) * ©({gn}))
= dy(©({gn}), O ({va}))-

The uniqueness of O is evident. Since the operation in K is continuous
with respect to dy, we can conclude that © is a homomorphism. Since
let {gn},{vn} € L, such that ©(q,) — ¢ and ©(v,) — v. From O is a
homomorphism, we get O(gy, * v,) = O(¢n) * O(vy) — ¢ * v. Thus,



26 R. A. Borzooei, M. Aaly Kologani, M. Mohseni Takallo, X. L. Xin

O({gn} * {on}) = O({gn *vn}) = © 0 7e(gn * vn) = O(gn * v1)
O(gn) * O(vy) = © 0 me({gn}) * © 0 me({vn})

= 06({a}) * O({va}).
Lastly, for each ¢ € £, we have © o me(q) = é(@) = ©(q). Therefore,
Oo e = 0. t

L
Note. A general remark, it is noteworthy that — is the smallest quotient

where £([q]) = £(q) is well-defined and defines a 1-valuation. Therefore, fac-
toring out =, provides a canonical L-algebra with a 1-valuation associated
with &.

6. Conclusion

In this paper, the notion of valuations on L-algebras is defined, and related
properties are investigated. Using a valuation map, a congruence relation
is defined and proved that this congruence relation is equivalent with a
congruence relation made by ideal. Also, it was shown that image and con-
verse image of any valuation is a valuation. In addition, by using valuation,
a metric space is introduced, and is was shown that the operation “ x” in
an L-algebra is uniformly continuous.
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