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Abstract

A. V. Figallo introduced the 3-valued Super Łukasiewicz logic expanded with the 
∆ operator, denoted as C↣,∆

3 , in 1990. This operator is used in the definition of 
3-valued Łukasiewicz algebras, and it is not possible to recover ∆ through impli­
cation and top in Super Łukasiewicz logic. On the other hand, Baaz introduced 
the ∆ operator in Gödel logic, both in its propositional and quantified versions. 
Subsequently, this operator was extensively studied in the field of fuzzy logic.

In this paper, we prove a strong version of the Adequacy Theorem for C↣,∆
3 . 

As a consequence, we demonstrate that the Deduction Theorem does not hold 
in this calculus. Furthermore, we introduce the first-order version of C↣,∆

3  and 
establish soundness and completeness results by adapting a recently developed 
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$\nabla \alpha \To \nabla \beta \in \Gamma $


$\Delta $


$\nabla (\alpha \To \beta )\in \Gamma $


$\alpha \To \beta \in \Gamma $


$\alpha \in \Gamma $


$\beta \in \Gamma $


$\alpha \To \beta \notin \Gamma $


$v(\alpha \To \beta )=1/2=v(\alpha )\To v(\beta )$


$v(\Delta \alpha )=\Delta v(\alpha )$


$v(\alpha )=0$


$\alpha ,\nabla \alpha \notin \Gamma $


$\nabla \Delta \alpha \in \Gamma $


$\Delta $


$\Delta \alpha \in \Gamma $


$\Delta $


$\alpha \in \Gamma $


$\nabla \Delta \alpha \notin \Gamma $


$v(\Delta \alpha )=0=\Delta v(\alpha )$


$v(\alpha )=1/2$


$\alpha \notin \Gamma $


$\nabla \alpha \in \Gamma $


$\nabla \Delta \alpha \in \Gamma $


$\Delta $


$\Delta \alpha \in \Gamma $


$\Delta $


$\alpha \in \Gamma $


$v(\Delta \alpha )=0=\Delta v(\alpha )$


$v(\alpha )=1$


$\alpha \in \Gamma $


$\Delta $


$\Delta \alpha \in \Gamma $


$\Delta v(\alpha )=1=v(\Delta \alpha )$


$\relax \square $


$\Gamma \vDash \alpha $


${\L }^{\rightarrowtail ,\Delta }_3$


$\mathbf {A}$


$v$


$v(\gamma )=1$


$\gamma \in \Gamma $


$v(\alpha )=1$


${C}\L ^{\rightarrowtail ,\Delta }_3$


${\rm \L }^{\rightarrowtail ,\Delta }_3$


$\Gamma \cup \{\varphi \}\subseteq For$


$\Gamma \vdash \varphi $


$\Gamma \vDash \varphi $


${\rm \L }^{\rightarrowtail ,\Delta }_3$


$A$


$\Gamma \vDash \varphi $


$\Gamma \not \vdash \varphi $


$\Omega $


$\Gamma \subseteq \Omega $


$\Omega \not \vdash \varphi $


$\mu : For \to \mathbb {C}_3$


$\mu (\Omega )=\{1\}$


$\mu (\varphi )\not =1$


$\Gamma \subseteq \Omega $


$\mu (\gamma )=1$


$\gamma \in \Gamma $


$\Gamma \vDash \varphi $


$\Gamma \vdash \varphi $


$\relax \square $


$n=3$


${C}\L ^{\rightarrowtail ,\Delta }_3$


${C}\L ^{\rightarrowtail ,\Delta }_3$


$\Delta $


$\varphi \vDash \Delta \varphi $


$\not \vDash \varphi \rightarrowtail \Delta \varphi $


$v(\varphi )=\frac {1}{2}$


$v(\varphi \rightarrowtail \Delta \varphi )=0$


$\relax \square $


${C}\L ^{\rightarrowtail ,\Delta }_3$


$\forall {\rm \L }^{\rightarrowtail ,\Delta }_3$


${C}\L ^{\rightarrowtail ,\Delta }_3$


$\forall {\rm \L }^{\rightarrowtail ,\Delta }_3$


$\Theta $


${C}\L ^{\rightarrowtail ,\Delta }_3$


$\forall $


$\exists $


$Var$


$\mathfrak {Fm}_\Sigma $


$\Sigma = \langle \P ,\F ,\C \rangle $


$\P $


$\F $


$\C $


$Ter$


$\F $


$\C $


$\varphi $


$\varphi (x/t)$


$x$


$t$


$t$


$x$


$\varphi $


$\Sigma $


$\mathfrak {A}$


$\forall {\rm \L }^{\rightarrowtail ,\Delta }_3$


$\langle {\bf A},\S \rangle $


$\bf A$


${\rm \L }^{\rightarrowtail ,\Delta }_3$


$\S $


$S$


$\bullet $


$c \in \C $


$c^\mathfrak {A} \in S$


$\bullet $


$n$


$f \in \F $


$f^\mathfrak {A}:S^n \to S$


$\bullet $


$n$


$P \in \P $


$P^\mathfrak {A}:S^n \to A$


$\mathfrak {A}$


$v:Var \to S$


$\bf A$


\begin {equation*}||\forall x\alpha ||^\mathfrak {A}_v = \bigwedge _{a\in S} ||\alpha ||^\mathfrak {A}_{v[x\to a]}, \qquad ||\exists x\alpha ||^\mathfrak {A}_v = \bigvee _{a\in S} ||\alpha ||^\mathfrak {A}_{v[x\to a]}.\end {equation*}


$\mathfrak {A}\vDash \varphi [v]$


$||\varphi ||^\mathfrak {A}_v=1$


$\Gamma \vDash \varphi $


$\Gamma $


$\varphi $


$\forall {\rm \L }^{\rightarrowtail ,\Delta }_3$


${C}\L ^{\rightarrowtail ,\Delta }_3$


$\Delta $


$\Delta $


$\bullet $


$\forall $


$\varphi (x/t)\rightarrowtail \exists x\varphi $


$t$


$x$


$\varphi $


$\bullet $


$\forall $


$\forall x\varphi \rightarrowtail \varphi (x/t)$


$t$


$x$


$\varphi $


$\bullet $


$\forall $


$\Delta \exists x\varphi \leftrightarrow \exists x\Delta \varphi $


$\bullet $


$\forall $


$\Delta \forall x\varphi \leftrightarrow \forall x\Delta \varphi $


$\bullet $


$\forall $


$\dfrac {\alpha \To \beta }{\exists x\alpha \To \beta }$


$x$


$\beta $


$\bullet $


$\forall $


$\dfrac {\alpha \To \beta }{\alpha \To \forall x\beta }$


$x$


$\alpha $


$\forall {\rm \L }^{\rightarrowtail ,\Delta }_3$


$\mathbb {C}_3=\{0,\frac {1}{2},1\}$


${\rm \L }^{\rightarrowtail ,\Delta }_3$


$\bf A$


$\L ^{\rightarrowtail ,\Delta }_3$


$\{a_i\}_{i\in I}$


$A$


$I$


$\bigvee \limits _{i\in I} a_i$


$\bigwedge \limits _{i\in I} a_i$


$\bigvee \limits _{i\in I} \Delta a_i$


$\bigwedge \limits _{i\in I} \Delta a_i$


$\bigvee \limits _{i\in I} \Delta a_i = \Delta \bigvee \limits _{i\in I} a_i$


$\bigwedge \limits _{i\in I} \Delta a_i = \Delta \bigwedge \limits _{i\in I} a_i$


$\Gamma \cup \{\varphi \}\subseteq \mathfrak {Fm}_{\Sigma }$


$\Gamma \vdash \varphi $


$\Gamma \vDash \varphi $


$\mathfrak {M}=\langle {\bf A},\S \rangle $


$\varphi $


$\Gamma \vdash \varphi $


$\alpha _1,\cdots ,\alpha _n$


$\varphi $


$\Gamma $


$n=1$


$\varphi $


$\varphi \in \Gamma $


$\varphi \in \Gamma $


$\Gamma \vDash \varphi $


$\varphi $


$\mathfrak {Fm}_{\Sigma }$


$\leq $


$\varphi $


$\alpha (x/t)\To \exists x\alpha $


$||\varphi ||_v^\mathfrak {M}=||\alpha ||_{v[x\to ||t||_v^\mathfrak {M}]}^\mathfrak {M}\To ||\exists x\alpha ||_v^\mathfrak {M}$


$||\alpha ||_{v[x\to ||t||_v^\mathfrak {M}]}^\mathfrak {M}\leq \underset {a\in S}{\bigvee }||\alpha ||_{v[x\to a]}^\mathfrak {M}$


$||\alpha ||_{v[x\to ||t||_v^\mathfrak {M}]}^\mathfrak {M}\leq ||\exists x\alpha ||_v^\mathfrak {M}$


$||\alpha (x/t)\rightarrowtail \exists x\alpha ||_v^\mathfrak {M}=1$


$\forall $


$\mathfrak {M}=\langle {\bf A},\S \rangle $


$\forall $


$\forall $


$\forall $


$\Delta $


$\relax \square $


$C\mathfrak {Fm}_{\Sigma }$


$\equiv $


$\alpha \equiv \beta $


$\vdash \alpha \To \beta $


$\vdash \beta \To \alpha $


$C\mathfrak {Fm}_{\Sigma }/_\equiv $


$\L ^{\rightarrowtail ,\Delta }_3$


$C\forall $


$^{\rightarrowtail ,\Delta }_3$


$\forall $


$^{\rightarrowtail ,\Delta }_3$


$C\forall $


$^{\rightarrowtail ,\Delta }_3$


$\varphi $


$C\forall $


$^{\rightarrowtail ,\Delta }_3$


$\Gamma \cup \{\varphi \}$


$\Gamma $


$\varphi $


$C\forall $


$^{\rightarrowtail ,\Delta }_3$


$\phi \not \in \Gamma $


$\Gamma \vdash \Delta \phi \rightarrowtail \beta $


$\beta \in C\mathfrak {Fm}_{\Sigma }$


$C\mathbf {\mathfrak {Fm}_{\Sigma }/_\equiv }$


$^{\rightarrowtail ,\Delta }_3$


$\relax \square $


\begin {equation*}\mathfrak {M}=\langle \mathbb {C}_3, CTer, \cdot ^{CTer}\rangle ,\end {equation*}


$CTer$


$\hat {c}$


$||\hat {c}||^\mathfrak {M}_\mu := c$


$f\in \F $


$||f(t_1,\cdots ,t_n)||^\mathfrak {M}_\mu = f(t_1,\cdots ,t_n)$


$P\in \P $


$||P(t_1,\cdots ,t_n)||^\mathfrak {M}_\mu = P^\mathfrak {M}(t_1,\cdots ,t_n)$


$P^\mathfrak {M}: (CTer)^n \to \mathbb {C}_3$


$||\cdot ||^\mathfrak {M}_\mu $


$||\alpha ||^\mathfrak {M}_\mu $


$\alpha $


$\Gamma \cup \{\varphi \}$


$\Gamma $


$\varphi $


$\forall $


$^{\rightarrowtail ,\Delta }_3$


\begin {equation*}||\phi ||^\mathfrak {M}_\mu = \begin {cases} 0 & \mbox {if } \phi \in \Gamma _{0} \\ 1/2 & \mbox {if } \phi \in \Gamma _{1/2} \\ 1 & \mbox {if } \phi \in \Gamma \end {cases}\end {equation*}


$C\mathfrak {Fm}$


$\mathbb {C}_3$


$\Gamma _{\frac {1}{2}}=\{\alpha \not \in \Gamma : \Delta \alpha \not \in \Gamma \,\, \text {and}\,\, \nabla \alpha \in \Gamma \}$


$\Gamma _0=\{\alpha \not \in \Gamma : \nabla \alpha \not \in \Gamma \}$


$\mathbb {C}_3$


$3$


$^{\rightarrowtail ,\Delta }_3$


$||\cdot ||^\mathfrak {M}_\mu $


$\mathfrak {M}$


$C\mathfrak {Fm}$


$||\varphi \rightarrowtail \phi ||^\mathfrak {M}_\mu =||\varphi ||^\mathfrak {M}_\mu \rightarrowtail ||\phi ||^\mathfrak {M}_\mu $


$||\Delta \phi ||^\mathfrak {M}_\mu =\Delta ||\phi ||^\mathfrak {M}_\mu $


$\forall $


$\forall $


\begin {equation*}||\forall x\alpha ||^\mathfrak {M}_\mu =\underset {a\in T_{\Theta }}{\bigwedge } ||\alpha ||^\mathfrak {M}_{\mu [x\to a]}\end {equation*}


$\forall $


\begin {equation*}||\exists x\alpha ||^\mathfrak {M}_\mu =\underset {a\in T_{\Theta }}{\bigvee }||\alpha ||^\mathfrak {M}_{\mu [x\to a]}\end {equation*}


$\relax \square $


$\Gamma \cup \{\varphi \}$


$\Gamma \vDash \varphi $


$\Gamma \vdash \varphi $


$\Gamma \not \vdash \varphi $


$\Omega $


$C\forall $


$^{\rightarrowtail ,\Delta }_3$


$\varphi $


$\Gamma \subseteq \Omega $


$||\cdot ||^\mathfrak {M}_\mu $


$||\alpha ||^\mathfrak {M}_\mu =1$


$\alpha \in \Omega $


$\mathfrak {M}\vDash \gamma $


$\gamma \in \Gamma $


$\mathfrak {M}\not \vDash \varphi $


$\relax \square $


$\alpha $


$\{x_1,\ldots ,x_n\}$


$\alpha $


$\alpha $


$(\forall \alpha )$


$\alpha $


$n=0$


$\forall x_1\ldots \forall x_n\alpha $


$\forall $


$^{\rightarrowtail ,\Delta }_3$


$\forall $


$^{\rightarrowtail ,\Delta }_3$


$^{\rightarrowtail ,\Delta }_3$


$\Gamma \cup \{\varphi \}$


$\Gamma \vDash \varphi $


$\Gamma \vdash \varphi $


$\forall $


$\forall $


$\alpha \vdash (\forall \alpha )$


$(\forall \alpha ) \vdash \alpha $


$\alpha $


$\vDash $


$\alpha \vDash \alpha $


$(\forall \alpha ) \vDash \alpha $


$\alpha $


$\Gamma \cup \{\varphi \}$


$\Gamma \vdash \varphi $


$(\forall \Gamma )\vdash (\forall \varphi )$


$\Gamma \vDash \varphi $


$(\forall \Gamma )\vDash (\forall \varphi )$


$(\forall \Gamma ) = \{(\forall \beta ) \ : \ \beta \in \Gamma \}$


$\relax \square $


$\Delta $


$\Delta $


$C_n$


$n<\omega $


$G'3$


$G'3$


$\forall {\cal C}\L ^{\rightarrowtail ,\Delta }_3$


$^{\rightarrowtail ,\Delta }_3$


$||\forall x\alpha ||^\mathfrak {S}_v=\mathrm {inf} \{||\alpha ||^\mathfrak {S}_{v[x\to a]}: a\in S\}$


$||\exists x\alpha ||^\mathfrak {S}_v=\mathrm {sup}\{||\alpha ||^\mathfrak {S}_{v[x\to a]}: a\in S\}$


$\Delta $
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algebraic technique. In this context, our presentation differs from others in the 
literature because we need to construct a special homomorphism, brought from 
the algebraic study of C↣,∆

3 , in the syntactic setting. This homomorphism is also 
necessary to determine the generating algebras. While we can ascertain that the 
logical system is algebraizable by a (quasi-)variety of algebras, we cannot know 
a priori which are the subdirectly irreducible algebras. 

Keywords: implicational fragment of Łukasiewicz logic, 3-valued Łukasiewicz 
logic, ∆ operator, first-order logics.

2020 Mathematical Subject Classification: 03B50, 03B50, 03B45, 03C05.

1. Introduction

Many-valued logics, and in particular Łukasiewicz logic, have played a cen­
tral role in the development of non-classical reasoning. From its origin, 
Łukasiewicz’s insight of assigning intermediate truth-values between truth 
and falsity opened the door to formalizing vagueness and uncertainty. Over 
the decades, this logic has influenced diverse areas such as fuzzy logic, 
artificial intelligence, and philosophical logic. The semantic richness of 
Łukasiewicz logic and its algebraic counterpart, MV-algebras, continue to 
serve as a testbed for deep foundational questions in logic.

However, one of the fundamental theorems of logic—the Adequacy The­
orem—has a peculiar status in the context of Łukasiewicz logic and its 
fragments. While completeness and soundness are often provable through 
elegant Hilbert-style or algebraic methods, the lack of a Deduction Theorem 
in some fragments challenges the traditional equivalence between syntactic 
and semantic consequence. This invites a re-examination of what ”ade­
quacy” means in systems without full deductive strength, and how proof 
theory and algebra can still be aligned.

Łukasiewicz logic is perhaps the oldest and most studied many-valued 
logic in the literature. Its semantics was first studied by Łukasiewicz him­
self and formalized by Chang using the structure of MV-algebras. MV-
algebras are now the standard semantics for Łukasiewicz logic and have 
played a central role in the development of algebraic logic. Furthermore, 
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the connection between MV-algebras and fuzzy logic has opened new areas 
of application in artificial intelligence and computer science.

In this paper, we revisit the Adequacy Theorem for fragments of Łu­
kasiewicz logic, both in the propositional and quantified case. These frag­
ments are obtained by restricting the set of connectives to subsets that 
do not validate the deduction theorem. We provide new proofs of ade­
quacy that avoid classical dependence on the deduction theorem, and we 
analyze how these fragments behave semantically through algebraic tech­
niques. Our results not only clarify the status of adequacy in these frag­
ments but also suggest possible directions for extending the concept to 
other non-classical logics lacking standard deductive mechanisms.

The techniques developed herein provide a new framework for establish­
ing adequacy theorems in systems lacking the Deduction Theorem, offering 
a unified algebraic perspective that complements and extends existing ap­
proaches.

2. Preliminaries

In this section, we will provide the necessary background to present our 
paper. To this end, we discuss some algebraic properties of the class of 
3-valued Łukasiewicz residuation algebras expanded by the ∆ operator, 
which will be relevant to the Hilbert system associated with them.

First, let’s recall that a 3-valued Łukasiewicz residuation algebra is an 
algebra ⟨A,↣, 1⟩ of type (2, 0) (briefly, Ł↣

3 -algebras) that satisfies the 
following identities (see, e.g., [25, 21]):

(Ł1) x↣ (y ↣ x) = 1,

(Ł2) (x↣ y) ↣ ((y ↣ γ) ↣ (x↣ γ)) = 1,

(Ł3) (x↣ y) ↣ y = (y ↣ x) ↣ x,

(Ł4) ((x↣ y) ↣ (y ↣ x)) ↣ (y ↣ x) = 1,

(Ł5) 1 ↣ x = x,
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(Ł6) ((x↣ (x↣ y)) ↣ x) ↣ x = 1.

It is well known that the identities from Ł1 to Ł5 define Łukasiewicz 
residuation algebras. These structures were originally introduced and stud­
ied in connection with the implicative fragment of Łukasiewicz logic (see 
[25, 21]). Moreover, an order relation can be defined on every such algebra 
A as follows: x ≤ y iff x↣ y = 1. We can also define a supremum for any 
x, y ∈ A as x ∨ y := (x ↣ y) ↣ y; and we also have that z ≤ 1 for every 
z ∈ A. Hence, axiom Ł3 expresses the fact that for all x, y ∈ A, we have 
(x↣ y) ∨ (y ↣ x) = 1.

Now, let’s move on to the class of algebras introduced and studied in 
[11].

Definition 2.1. An Ł↣,∆
3 -algebra is an algebra (A,↣,∆, 1) of type (2, 1, 0)

such that (A,↣, 1) is an Ł↣
3 -algebra, and the following identities are sat­

isfied:

(∆Ł1) ∆x↣ y = x↣ (x↣ y),

(∆Ł2) ∆(∆x↣ y) = ∆x↣ ∆y.

In what follows, we will consider a new binary connective ⇒ defined as 
follows: x ⇒ y := ∆x ↣ y. With this definition, we can introduce the 
following concept:
Definition 2.2.  For any Ł↣,∆

3 -algebra A, a subset D is considered an 
implicative filter of A if 1 ∈ D, and if x, x ⇒ y ∈ D, then y ∈ D. This 
notion extends the classical concept of implicative filters in Łukasiewicz-
type algebras (see [25]). We denote by D(A) the set of all implicative filters 
of A.

For any Ł↣,∆
3 -algebra A, we denote Con(A) as the set of all congruences 

of A. Given an implicative filter D, the relation R(D) = {(x, y) ∈ A2 : x⇒
y, y ⇒ x ∈ D} defines a congruence of A. Additionally, given a congruence 
Θ of A, |1|Θ represents the class of 1 under Θ, and it is also an implicative 
filter. A crucial lemma in this context is:
Lemma 2.3. ([11]). There exists a lattice isomorphism between Con(A)
and D(A).
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Now, let’s introduce a definition by A. Monteiro:
Definition 2.4. (A. Monteiro). For an Ł↣,∆

3 -algebra A, D ∈ D(A), and 
p ∈ A, we say that D is an implicative filter tied to p if p /∈ D and for any 
D′ ∈ D(A) such that D ⊊ D′, then p ∈ D′.

Here’s a proposition along with some properties:
Proposition 2.5. ([10, p. 106]). Let A be an Ł↣,∆

3 -algebra and for any 
x, y, z ∈ A, the following properties hold:

(Ł7) 1 ⇒ x = x,
(Ł8) x⇒ x = 1,
(Ł9) x⇒ (y ⇒ z) = (x⇒ y) ⇒ (x⇒ z),
(Ł10) x⇒ (y ⇒ x) = 1,
(Ł11) ((x⇒ y) ⇒ x) ⇒ x = 1.

Recall that for a given Ł↣,∆
3 -algebra A, we say that an implicative 

filter M  is maximal if M  is proper and for any D ∈ D(A), M ⊆ D implies 
D = A or M = D. Note that the above proposition provides fundamental 
properties of the implication ⇒, which will play a key role in what follows.

Lastly, let’s consider maximal implicative filters and a related lemma:
Lemma 2.6. ([17, Lemma 3.9]). Let A be an Ł↣,∆

3 -algebra, and M  is a 
maximal implicative filter of A. Then, for every x ∈ A \M , we have that 
x⇒ y ∈ A for every y ∈ A.

For an Ł↣,∆
3 -algebra A and according to Lemma 2.6 and (Ł11), we can 

conclude the following corollary:
Corollary 2.7. ([17, Section 6]). For a given Ł↣,∆

3 -algebra A, each im­
plicative filter tied to some element of A is maximal, and vice versa.

Finally, it is worth recalling that in [13], the authors studied n-valued 
Łukasiewicz residuation algebras expanded with Moisil operators. The 
class of Ł↣,∆

3 -algebras constitutes the particular case corresponding to 
n = 3, and was analyzed in detail within the broader context of the n-
valued setting.
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↣ 0 1
2 1 ∆x

0 1 1 1 0
1
2

1
2 1 1 0

1 0 1
2 1 1

Table 1: The operations of the Ł↣,∆
3 -algebra C3.

Theorem 2.8. ([13, Theorem 3.17]). The variety of Ł↣,∆
3 -algebras is 

semisimple. Furthermore, the generating algebras are C3 and the unique 
subalgebra with support {0, 1}, where the support of C3 is the set {0, 12 , 1}, 
and the operations ↣ and ∆ are defined by Table 1.

3. A Calculus for Ł↣,∆
3 -algebras: CŁ↣,∆

3

In this section, we introduce a Hilbert-style calculus for Ł↣,∆
3 -algebras, 

which was presented in [11]. We will provide all necessary definitions and 
results to establish, first, a weak and, subsequently, a strong version of the 
Adequacy Theorem.

To this end, let us consider a denumerable set V ar of propositional vari­
ables and the propositional signature {↣,∆}. The propositional language 
generated by this signature over V ar will be denoted by For; recall that 
For is the absolutely free algebra of propositional formulas.

The three-valued implicative propositional calculus of Łukasiewicz, de­
noted CŁ↣,∆

3 , is defined by the following axiom schemes:

(Ax1) α↣ (β ↣ α),

(Ax2) (α↣ β) ↣ ((β ↣ γ) ↣ (α↣ γ)),

(Ax3) ((α↣ β) ↣ β) ↣ ((β ↣ α) ↣ α),

(Ax4) ((α↣ β) ↣ (β ↣ α)) ↣ (β ↣ α),

(Ax5) ((α↣ (α↣ β)) ↣ α) ↣ α,

(Ax6) (∆α↣ ∆β) ↣ ∆(∆α↣ β),
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(Ax7) ∆(∆α↣ β) ↣ (α↣ (α↣ ∆β)),

(Ax8) (α↣ (α↣ β)) ↣ (∆α↣ β).

The only inference rule is Modus Ponens:

(MP) α, α↣ β

β
.

Within this calculus, we define two non-primitive connectives, ∨ and 
∇, as follows:

α ∨ β := (α↣ β) ↣ β,

∇α := (α↣ ∆α) ↣ α.

We write Γ ⊢ α to denote that there exists a derivation of α in CŁ↣,∆
3

from hypotheses in the set Γ. The following well-known results, which are 
valid in Super-Łukasiewicz logic, also hold in our calculus:

We briefly comment on the role of axiom (Ax5) in our system. Although 
it is natural from the algebraic perspective of ↣,∆

3 -algebras, we have not 
investigated whether it is independent from the remaining axioms. Its 
inclusion ensures the validity of identity (Ł6) in the associated Linden­
baum–Tarski algebra, which is used in several key arguments throughout 
the paper. A detailed study of its possible redundancy is left for future 
work.
Proposition 3.1. The following theorems and rules hold in CŁ↣,∆

3 :

T1. ⊢ ((α↣ β) ↣ γ) ↣ (β ↣ γ),

R1. α↣ β, β ↣ γ

α↣ γ
,

T2. ⊢ α↣ α ∨ β,

T3. ⊢ ((α ∨ γ) ↣ β) ↣ (α↣ β);

T4. ⊢ ((α ∨ γ) ↣ (β ↣ γ)) ↣ (α↣ (β ↣ γ)),
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T5. ⊢ (α↣ (β ↣ γ)) ↣ ((β ∨ γ) ↣ (α↣ γ)),

T6. ⊢ (α↣ (β ↣ γ)) ↣ (β ↣ (α↣ γ)),

T7. ⊢ β ↣ (α↣ α),

T8. ⊢ α↣ α,

R2. α↣ β

(γ ↣ α) ↣ (γ ↣ β)
,

T9. ⊢
(︁
((β ↣ β) ↣ α) ↣ α

)︁
,

R3. α↣ β

(β ↣ γ) ↣ (α↣ γ)
.

Proof:

T1: Follows from Ax1 and MP.

R1: Follows from Ax2 and MP.

T2: Follows from Ax1, Ax2, R1, and MP.

T3: Follows from Ax2, T2, and MP.

T4: Follows from Ax2, T2, and MP.

T5: Follows from Ax2 and the definition of ∨.

T6: Follows from T4, T3, and MP.

T7: Follows from T6, Ax1, and R1.

T8: Follows from T7, Ax1, and MP.

R2: Follows from T6, Ax2, and MP.

T9: Follows from T8, Ax2, Ax1, Ax3, and MP. □
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In what follows, we present a lemma required for the remainder of the 
article. We include sketchy proofs for some theorems and rules that are 
derivable in C↣,∆

3 , whereas in other cases, we provide detailed proofs when 
the original ones are not entirely clear to us. 
Lemma 3.2. ([11]) The following formulæ and rules hold in the logic C↣,∆

3 :

(∆T1): ⊢ ∆(∆α↣ α),

(∆T2): ⊢ α↣ (α↣ ∆α),

(∆T3): ⊢ ∆α↣ α,

(∆T4): ⊢ (∆α↣ β) ↣ (α↣ (α↣ β)),

(∆T5): ⊢ ∆(∆α↣ β) ↣ (∆α↣ ∆β),

(∆R1): α

∆α
,

(∆R2): α↣ β

∆α↣ ∆β
,

(∆T6): ⊢ α↣ ∇α,

(∆T7): ⊢ (∇α↣ β) ↣ (α↣ β).

Proof:

(∆T1): It follows from Ax6, T8, and MP.

(∆T2): It follows from Ax8, Ax1, and MP.

(∆T3): It follows from Ax8, Ax1, and MP.

(∆T4):

1. α↣ (α↣ ∆α)

2. (β ↣ ∆α) ↣ (α↣ (α↣ ∆α)) 1. (MP) (Ax1)
3. α↣ ((β ↣ ∆α) ↣ (α↣ ∆α)) 2. and (T6)
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4. ((β ↣ ∆α) ↣ (α ↣ ∆α)) ↣ (α ↣ ((β ↣ ∆α) ↣ ∆α))
(T6)

5. α↣ (α↣ ((β ↣ ∆α) ↣ ∆α)) 3., 4. and (R2)
6. ((β ↣ ∆α) ↣ ∆α) ↣ ((∆α↣ β) ↣ β) (Ax3)
7. (α ↣ (α ↣ ((β ↣ ∆α) ↣ ∆α))) ↣ (α ↣ (α ↣ ((∆α ↣
β) ↣ β))) 6. and (R2)

8. (α↣ (α↣ ((∆α↣ β) ↣ β))) 5., 7., and MP
9. (α↣ ((∆α↣ β) ↣ β)) ↣ ((∆α↣ β) ↣ (α↣ β)) (T6)

10. (α↣ ((∆α↣ β) ↣ (α↣ β)) (R5) and (T6)
11. ((∆α↣ β) ↣ (α↣ (α↣ β)) 10., 9., and MP

(∆T5): Follows from Ax3, Ax2, and MP.

(∆R1):

1. ⊢ α hyp.
2. ⊢ ∆α↣ ∆α (T8)
3. ⊢ ∆(∆α↣ α) ↣ (α↣ (α↣ ∆α)) (Ax7)
5. ⊢ (∆α↣ ∆α) ↣ (∆(∆α↣ α)) (Ax6)
5. ⊢ ∆(∆α↣ α) 2., 4., and (MP)
6. ⊢ (α↣ (α↣ ∆α)) 5., 3., and (MP)
7. ⊢ ∆α 1., 6., and (MP)

(∆R2): Follows from R2, (∆T3), (∆R1), (∆T5), and MP.

(∆T6): Follows from Ax1 and the definition of ∇.

(∆T7): Follows from (∆T6) and R3.
□

Now, we will define a relation on formulas as follows: for the formulas 
α and β given, we write α ≡ β if and only if ⊢ α↣ β and ⊢ β ↣ α. Then, 
we have the following Lemma 3.3 and Theorem 3.5 that was given in [11] 
without proofs.
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Lemma 3.3 ([11]). ≡ is a congruence relation on For.
Proof: We will start by proving that ≡ is an equivalence relation:

Reflexivity. Let us see that α ≡ α, but this is immediate from T8.

Symmetry. Let us see that α ≡ β if and only if β ≡ α, but this is 
immediate from the very definitions.

Transitivity. Let us prove that if α ≡ β and β ≡ γ, then α ≡ γ. 
Indeed, we have that ⊢ α ↣ β and ⊢ β ↣ α as hypotheses. On the 
other hand, ⊢ β ↣ γ and ⊢ γ ↣ β. Applying Ax2, we have that 
⊢ α↣ γ and ⊢ γ ↣ α. Therefore, α ≡ γ.

We finish by verifying that ≡ is a congruential relation. Indeed:

1. If α ≡ β, then ∆α ≡ ∆β. Indeed:

 1. α ≡ β (hypothesis)
 2. ⊢ α↣ β and ⊢ β ↣ α
 3. ⊢ ∆α↣ ∆β and ⊢ ∆β ↣ ∆α (∆R2)
 4. ∆α ≡ ∆β

2. If α ≡ β and γ ≡ ξ, then α↣ γ ≡ β ↣ ξ. Indeed:

 1. α ≡ β (hypothesis)
 2. ⊢ α↣ β and ⊢ β ↣ α
 3. γ ≡ ξ (hypothesis)
 4. ⊢ γ ↣ ξ and ⊢ ξ ↣ γ
 5. ⊢ (β ↣ γ) ↣ (β ↣ ξ) (Ax2), 4., (MP)
 6. ⊢ (α↣ γ) ↣ (β ↣ γ) (2. and (R2))
 7. ⊢ (α↣ γ) ↣ (β ↣ ξ) (5., 6., and (R1))

With a similar argument, we can see that ⊢ (β ↣ ξ) ↣ (α ↣ γ) as 
desired. □
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Lemma 3.4.  The following identities hold in For/≡:

(∆Ł1) ∆|α| ↣ |β| = |α| ↣ (|α| ↣ |β|);

(∆Ł2) ∆(∆|α| ↣ |β|) = ∆|α| ↣ ∆|β|.

Proof: Both identities follow from (∆T4), (∆T5), together with axioms 
(Ax6), (Ax8), and the definition of the operations on equivalence classes. 
□

Theorem 3.5 ([11]).  The Lindenbaum-Tarski algebra ⟨For/≡,↣,∆, 1⟩
is an Ł↣,∆

3 -algebra, where |α ↣ β| = |α| ↣ |β|, |∆α| = ∆|α|, and 
1 = |α ↣ α| = {φ ∈ For : ⊢ φ}. Moreover, the relation |α| ≤ |β|, defined 
by ⊢ α↣ β, is a partial order on For/≡.
Proof: • First, we prove that the relation |α| ≤ |β| is a partial order on 
For/≡. Indeed:

Reflexivity. From T8, we know that ⊢ α↣ α, and then |α| ≤ |α|.

Antisymmetry. From the conditions |α| ≤ |β| and |β| ≤ |α|, we 
have ⊢ α↣ β and ⊢ β ↣ α. So, α ≡ β, and therefore |α| = |β|.

Transitivity. From the conditions |α| ≤ |β| and |β| ≤ |γ|, we have 
⊢ α ↣ β and ⊢ β ↣ γ. Then, by applying (R1), we infer that 
⊢ α↣ γ and therefore |α| ≤ |γ|.

• Next, we show that |β| ≤ |α ↣ α| = 1, which is an immediate 
consequence of (T7).

• To demonstrate that ⟨For/≡,↣,∆, 1⟩ is an Ł↣,∆
3 -algebra, let us 

consider |α|, |β|, |γ| ∈ For/≡ and recall that {φ ∈ For : ⊢ φ} = 1. Then, 
we have:

(Ł1): To show that |α| ↣
(︁
|β| ↣ |α|

)︁
= 1 holds, note that Ax1 ∈ 1, 

then:
|α↣ (β ↣ α)|  =  1
|α| ↣ |(β ↣ α)|  =  1
|α| ↣

(︁
|β| ↣ |α|

)︁
 =  1

(Ł2): The identity 
(︁
|α| ↣ |β|

)︁
↣

(︂(︁
|β| ↣ |γ|

)︁
↣

(︁
|α| ↣ |γ|

)︁)︂
= 1 is 

obtained from (Ax2).
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(Ł3): The identity (|α| ↣ |β|) ↣ |β| = (|β| ↣ |α|) ↣ |α| follows from 
(Ax3) and the definition of ≤.

(Ł4): The identity 
(︁
(|α| ↣ |β|) ↣ (|β| ↣ |α|)

)︁
↣ (|β| ↣ |α|) = 1 is 

obtained from axiom (Ax4).
(Ł5): 1 ↣ |α| = |α|.

(a) |α| ≤ 1 ↣ |α|

1. ⊢ α↣ ((β ↣ β) ↣ α) (Ax1)
2. |α| ≤ |(β ↣ β) ↣ α|
3. |α| ≤ |β ↣ β| ↣ |α|
4. |α| ≤ 1 ↣ |α|

(b) 1 ↣ |α| ≤ |α|

1. ⊢ ((β ↣ β) ↣ α) ↣ α (T9)
2. |((β ↣ β) ↣ α)| ≤ |α|
3. |β ↣ β| ↣ |α| ≤ |α|
4. 1 ↣ |α| ≤ |α|

From (a) and (b), we conclude the proof.
(Ł6): To show that 

(︂(︁
|α| ↣ (|α| ↣ |β|)

)︁
↣ |α|

)︂
↣ |α| = 1 holds, it 

suffices to use axiom (Ax5) and the very definitions.
Finally, the identities (∆Ł1) and (∆Ł2) follow from Lemma 3.4. □

We are now in a position to present the first soundness and completeness 
theorem in the weak sense. To that end, let us introduce the following 
definition:
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Definition 3.6.  A function v : For → A is said to be a valuation if it 
satisfies the following conditions:

(i) v(α↣ β) = v(α) ↣ v(β);

(ii) v(∆α) = ∆v(α);

(iii) v(⊤) = 1.

Furthermore, a formula α is said to be semantically valid, denoted |= α, if 
for every ↣,∆

3 -algebra A and every valuation v : For → A, it holds that 
v(α) = 1.

We now establish the first (weak) soundness and completeness result, 
whose proof follows standard lines using Theorem 3.5.
Theorem 3.7 (Weak Adequacy Theorem). For every formula α ∈ For, we 
have that ⊢ α if and only if |= α.

Proof: (Soundness): Let A be a fixed ↣,∆
3 -algebra, and let v : For → A

be any valuation. Suppose that α ∈ For admits a formal proof α1, . . . , αn

such that αn = α. We proceed by induction on n.
If n = 1, then α = α1 is an axiom. By a direct verification using 

Definition 3.6, we obtain that v(α1) = 1.
Now assume that the result holds for all proofs of length less than k, 

and consider a proof of length k. We distinguish two cases:

1. If αk is an axiom, then v(αk) = 1 by the same reasoning as in the 
base case.

2. If αk results from applying Modus Ponens to αi and αi ↣ αk, with 
i < k, then by the induction hypothesis we have v(αi) = 1 and 
v(αi ↣ αk) = 1. Thus, v(αi) ↣ v(αk) = 1, and since v(αi) = 1, by 
(L7) we obtain v(αk) = 1.

Hence, in all cases v(α) = 1, and thus |= α.
(Completeness): Suppose that |= α. Then for every ↣,∆

3 -algebra A
and every homomorphism h : For → A, we have h(α) = 1. In particular, 
consider the canonical homomorphism π : For → For/≡, where π(γ) = |γ|
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denotes the equivalence class of γ modulo the syntactic congruence ≡. Since 
π(α) = 1, it follows that α ∈ {β ∈ For :⊢ β}. Therefore, ⊢ α. □

It is worth noting that a weak version of the Adequacy Theorem is not 
explicitly stated in [11]; however, the following lemma is a consequence of 
it.

Before stating the result, let us fix the following notation:

⊢ α↔ β if and only if ⊢ α↣ β and ⊢ β ↣ α.

Lemma 3.8. The following formulas and inference patterns are theorems of 
the logic C↣,∆

3 :

(∆T8) ⊢ ∆α↣ ∇α;

(∆T9) ⊢ ∇α↔ ∇∇α,

(∆T10) ⊢ ∇∆α↔ ∆α,

(∆T11) ⊢ α↣ ∆∇α,

(∆T12) ⊢ (∆α↣ β) ↣ (∇β ↣ (α↣ β)),

(∆T13) ⊢ (∆α↣ β) ↣ ∇(α↣ β),

(∆T14) ⊢ ∆(α↣ β) ↣ (∆α↣ ∆β),

(∆T15) ⊢ (∇α↣ ∇β) ↣ ∇(α↣ β),

(∆T16) ⊢ ((α↣ β) ↣ (α↣ γ)) ↣ (α↣ (β ↣ γ)),

(∆T17) ⊢ ((α↣ β) ↣ β) ↣ (α↣ ∆((α↣ β) ↣ β)),

(∆T18) ⊢ ∇α↔ ∆∇α,

(∆T19) ⊢ α↣ (α↣ (∇(α↣ β) ↣ ∇β)),

(∆T20) ⊢ ∆(α↣ β) ↣ (∇α↣ ∇β).

Proof: Let v : For → A be any valuation, and let A be an arbitrary 
↣,∆
3 -algebra. For each formula φ among (∆T8) to (∆T20), we verify that
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v(φ) = 1 by applying the definitions of ∆ and ∇ and the properties of A. 
Since these equations hold in every ↣,∆

3 -algebra and the variety is equa­
tional, it follows that each φ is semantically valid. By the Weak Adequacy 
Theorem, we conclude that ⊢ φ. □

3.1. Strong Version of the Adequacy Theorem

Recall that a logic defined over a language S is a system L = ⟨For,⊢L⟩, 
where For is the set of formulas over S, and the relation ⊢L⊆ P(For) ×
For, where P(A) is the set of all subsets of A. This general framework 
follows the standard approach to abstract consequence relations (see, e.g., 
[3]). We adopt the standard assumption that ⊢L is closed under uniform 
substitution.

The logic L is said to be Tarskian if it satisfies the following properties 
for every set Γ ∪ Ω ∪ {ϕ, β} of formulas:

(1) if α ∈ Γ, then Γ ⊢L α,

(2) if Γ ⊢L α and Γ ⊆ Ω, then Ω ⊢L α,

(3) if Ω ⊢L α and Γ ⊢L β for every β ∈ Ω, then Γ ⊢L α.

A logic L is said to be finitary if it satisfies the following:

(4) if Γ ⊢L α, then there exists a finite subset Γ0 of Γ such that Γ0 ⊢L α.

Let L be a Tarskian logic, and let Γ be a set of formulas; we say that 
Γ is a theory. A theory Γ is said to be consistent if there exists a formula 
ϕ such that Γ ̸⊢L ϕ. We also say that Γ is a maximal consistent theory if 
Γ, ψ ⊢L ϕ for any ψ /∈ Γ, and in this case, we say Γ is non-trivial maximal 
with respect to ϕ.

On the other hand, a logic is said to be standard if it is Tarskian and a 
finitary system. Furthermore, let L  be a Tarskian logic. A set of formulas 
Γ is said to be closed in L , or a closed theory of L , if the following holds 
for every formula ψ: Γ ⊢L ψ if and only if ψ ∈ Γ.
Lemma 3.9.  Any non-trivial maximal set of formulas with respect to ϕ in 
L is closed, provided that L is Tarskian.
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Proof: This is a direct consequence of the definition of maximality and 
the Tarskian conditions, in particular the transitivity (3) and reflexivity 
(1) of the consequence relation. □

Lemma 3.10. (Lindenbaum-Łoś Lemma)  Let L be a standard logic and let 
Γ ∪ {ϕ} be a set of formulas such that Γ ̸⊢L ϕ. Then, there exists a set of 
formulas Ω such that Γ ⊆ Ω with Ω maximal non-trivial with respect to ϕ
in L.
Proof: See Theorem 2.22 of [28]. □

Proposition 3.11. The calculus C↣,∆
3  is a Tarskian and finitary logic.

Lemma 3.12.  Let Γ ∪ {ϕ} be a set of formulas such that Γ is non-trivial 
maximal with respect to ϕ in C↣,∆

3 . Then, if φ ̸∈ Γ, then Γ ⊢ ∆φ↣ β for 
every β ∈ For.
Proof: Let us consider the set |Γ| = {|α| : α ∈ Γ} and suppose that 
α ∈ Γ such that α ≡ β. Then, ⊢ α ↣ β and ⊢ β ↣ α. Therefore, 
β ∈ Γ and then we have that |Γ| is closed under equivalence: if α ∈ Γ and 
|α| = |β|, then β ∈ Γ.

Moreover, it is not hard to see that the conditions of Definition 2.2 are 
verified by |Γ|. Thus, |Γ| is an implicative filter.

Recall that For/≡ is an ↣,∆
3 -algebra in virtue of Theorem 3.5. Now, let 

D ⊆ For/≡ be an implicative filter that properly contains |Γ|. Then there 
is |γ| ∈ D such that |γ| /∈ |Γ|, so γ /∈ Γ and therefore Γ ∪ {γ} ⊢ ϕ. From 
the latter and taking D′ = {α : |α| ∈ D}, we can infer that D′ ⊢ ϕ. Since 
D′ is closed, we obtain that |ϕ| ∈ D. This contradicts the maximality of 
Γ, hence |Γ| must be a maximal implicative filter below |ϕ|.

So, if φ ̸∈ Γ, then |φ| ̸∈ |Γ|. From the latter and Lemma 2.6, we have 
that ∆|φ| ↣ |β| ∈ |Γ|. By definition of |Γ|, we have that ∆φ ↣ β ∈ Γ as 
desired. □

The last Lemma is central for the following Theorem, as it allows us 
to construct the special homomorphism. It is worth noting that its proof 
requires Lemma 2.6 and certain algebraic properties of the class of ↣,∆

3 -
algebras. It would be of independent interest to obtain a purely syntactic 
proof of Lemma 3.12, avoiding the use of maximal implicative filters and 
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the underlying algebraic machinery. This problem remains open and is left 
for future research.
Proposition 3.13.  Let Γ ∪ {ϕ} be a set of formulas such that Γ is non-
trivial and maximal with respect to ϕ in C↣,∆

3 . Then, the function defined 
for every γ ∈ For as follows:

v(γ) =

⎧⎪⎨⎪⎩
1 if γ ∈ Γ
1
2 if γ ∈ Γ1/2

0 if γ ∈ Γ0

is a homomorphism from For into C3 such that v−1({1}) = Γ, where 
Γ 1

2
= {α ̸∈ Γ : ∆α ̸∈ Γ and ∇α ∈ Γ}, Γ0 = {α /∈ Γ : ∇α ̸∈ Γ}, and C3 is 

the 3-element chain ↣,∆
3 -algebra.

Proof: We show that v(α↣ β) = v(α) ↣ v(β). Indeed:

• If v(β) = 1, then β ∈ Γ. By (Ax1), we have β ↣ (α ↣ β) ∈ Γ, and 
by (MP), α↣ β ∈ Γ. Thus, v(α↣ β) = 1.

• If v(α) = 0 and v(β) = 1/2, then by Lemma 3.12, ∆α ↣ β ∈ Γ. 
Since ∇β ∈ Γ, using (∆T12) and (MP), we obtain α↣ β ∈ Γ, hence 
v(α↣ β) = 1 = v(α) ↣ v(β).

• If v(α) = v(β) = 0, then ∇α /∈ Γ. By Lemma 3.12, ∆∇α ↣ β ∈ Γ. 
By (Ax2), ⊢ (∇α ↣ ∆∇α) ↣ ((∆∇α ↣ β) ↣ (∇α ↣ β)). From 
this, together with (∆T18) and (MP), we infer that (∆∇α ↣ β) ↣
(∇α ↣ β) ∈ Γ, and hence ∇α ↣ β ∈ Γ. Using (∆T7) and (MP), it 
follows that α↣ β ∈ Γ, so v(α↣ β) = 1 = v(α) ↣ v(β).

• If v(α) = 1/2 and v(β) = 0, then α,∇β /∈ Γ and ∇α ∈ Γ. Since 
α /∈ Γ, Lemma 3.12 gives ∆α ↣ β ∈ Γ. Thus, (∆T13) and (MP) 
yield ∇(α ↣ β) ∈ Γ. Suppose, for contradiction, that α ↣ β ∈ Γ. 
Then, using (∆T2) and (MP), we derive ∆(α ↣ β) ∈ Γ. From this, 
using (∆T20) and (MP), we obtain ∇α ↣ ∇β ∈ Γ. Since ∇α ∈ Γ, 
it follows that ∇β ∈ Γ, a contradiction. Therefore, α ↣ β /∈ Γ and 
v(α↣ β) = 1/2 = v(α) ↣ v(β).
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• If v(α) = v(β) = 1/2, then α /∈ Γ and ∇β ∈ Γ. Lemma 3.12 ensures 
that ∆α ↣ β ∈ Γ. Then, (∆T12) and (MP) yield α ↣ β ∈ Γ, and 
thus v(α↣ β) = 1 = v(α) ↣ v(β).

• If v(α) = 1 and v(β) = 0, then α ∈ Γ and ∇β /∈ Γ. Suppose, for 
contradiction, that ∇(α ↣ β) ∈ Γ. Then, by (∆T19) and (MP), 
we get ∇β ∈ Γ, a contradiction. Therefore, ∇(α ↣ β) /∈ Γ and 
v(α↣ β) = 0 = v(α) ↣ v(β).

• If v(α) = 1 and v(β) = 1/2, then α,∇β ∈ Γ and β /∈ Γ. By (Ax1), 
we have ∇β ↣ (∇α↣ ∇β) ∈ Γ, so by (MP), ∇α↣ ∇β ∈ Γ. Then, 
using (∆T15), we conclude that ∇(α↣ β) ∈ Γ. Suppose α↣ β ∈ Γ. 
Since α ∈ Γ, we would get β ∈ Γ, which contradicts the hypothesis. 
Thus, α↣ β /∈ Γ and v(α↣ β) = 1/2 = v(α) ↣ v(β).

We now show that v(∆α) = ∆v(α). Indeed:

• If v(α) = 0, then α,∇α /∈ Γ. Suppose, for contradiction, that ∇∆α ∈
Γ. Then, using (∆T10) and (MP), we derive ∆α ∈ Γ, and from 
(∆T3) and (MP), α ∈ Γ, a contradiction. Thus, ∇∆α /∈ Γ and 
v(∆α) = 0 = ∆v(α).

• If v(α) = 1/2, then α /∈ Γ and ∇α ∈ Γ. Suppose ∇∆α ∈ Γ. Then, 
using (∆T10) and (MP), we get ∆α ∈ Γ, and by (∆T3) and (MP), 
α ∈ Γ, a contradiction. Thus, v(∆α) = 0 = ∆v(α).

• If v(α) = 1, then α ∈ Γ. By (∆T2) and (MP), we have ∆α ∈ Γ, 
hence ∆v(α) = 1 = v(∆α). □

Theorem 3.13 is the key ingredient in the statement of the following 
Completeness Theorem. It is worth noting that we were able to prove 
Theorem 3.13 without relying on Lemma 3.12. To conclude this section, 
we define the semantic entailment symbol Γ ⊨ α to mean that, for every 
↣,∆
3 -algebra A and every valuation v, if v(γ) = 1 for every γ ∈ Γ, then 
v(α) = 1.

Theorem 3.14. (Strong Soundness and Completeness of C↣,∆
3  w.r.t. the 

class of ↣,∆
3 -algebras). Let Γ ∪ {ϕ} ⊆ For, Γ ⊢ ϕ if and only if Γ ⊨ ϕ.
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Proof: Soundness: It is not hard to see that every axiom is valid for every 
↣,∆
3 -algebra A. In addition, satisfaction is preserved by the inference rules.

Completeness: Suppose Γ ⊨ ϕ and Γ ̸⊢ ϕ. According to Lemma 3.10, 
there is a maximal consistent theory Ω such that Γ ⊆ Ω and Ω ̸⊢ ϕ. From 
the latter and Proposition 3.13, there is a valuation µ : For → C3 such 
that µ(Ω) = {1} but µ(ϕ) ̸= 1. Since Γ ⊆ Ω, we have µ(γ) = 1 for every 
γ ∈ Γ, This contradicts the assumption that Γ ⊨ ϕ, and thus Γ ⊢ ϕ must 
hold. □

The result above establishes the strong version of completeness for our 
calculus, syntactically characterized and algebraically sound. It is worth 
mentioning that Theorem 3.14 could be obtained from [13, Theorem 4.12] 
for taking n = 3, but our contribution lies in providing a purely syntac­
tic proof, which is independent from the general framework and therefore 
more elementary and self-contained. As an important consequence of this 
Theorem, we have that C↣,∆

3  does not enjoy Deduction Theorem as we 
will see in the next Corollary.
Corollary 3.15. In the logic C↣,∆

3 , Deduction Theorem does not hold.
Proof: In virtue of Theorem 3.14 and the rule ∆R1 of Lemma 3.2, we 
have that ϕ ⊨ ∆ϕ, but it is not hard to see that ̸⊨ ϕ ↣ ∆ϕ. Indeed, it is 
enough to take a valuation v(ϕ) = 1

2 , and so, v(ϕ↣ ∆ϕ) = 0. Hence, the 
implication fails in the semantics even when the entailment holds, showing 
that the Deduction Theorem is not valid. □

4. First-order version of C↣,∆
3 : the logic ∀↣,∆

3

In this section we introduce the first-order extension of the logic C↣,∆
3 , 

denoted ∀↣,∆
3 . Our main goal is to extend the propositional framework 

to the first-order level, providing an appropriate semantic setting and a 
corresponding deductive system that preserves the essential features of the 
original logic. In particular, we develop the notion of valuation over first-
order structures and adapt the key algebraic tools to this richer setting. 
However, we would like to stress that the shift from the propositional to the 
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first-order level requires a careful reinterpretation of the semantics and the 
expansion of the language to accommodate variables, terms, quantifiers, 
and substitution mechanisms. While some notions inevitably mirror the 
propositional framework, they are now defined within a richer language and 
semantic context that substantially changes their scope and treatment.

Let us begin by fixing the propositional signature Θ of C↣,∆
3 , and 

extending it with two quantifier symbols ∀ and ∃, as well as the usual 
punctuation symbols. We consider a countable set V ar of individual vari­
ables and denote by FmΣ the set of formulas over a first-order signature 
Σ = ⟨P,F , C⟩, where P is a non-empty set of predicate symbols, F a set of 
function symbols, and C a set of individual constants. The set Ter denotes 
the absolutely free term algebra over F and C.

As customary, we define the notions of free and bound variables, sub­
stitution, closed terms, and sentences. Given a formula ϕ, we denote by 
ϕ(x/t) the result of simultaneously replacing all free occurrences of the 
variable x by the term t, provided t is free for x in ϕ.

A Σ-structure A for ∀↣,∆
3  is a pair ⟨A,S⟩ where A is a complete ↣,∆

3 -
algebra and S provides the standard first-order interpretation over a non-
empty domain S. That is:

• every constant c ∈ C is assigned an element cA ∈ S,

• each n-ary function symbol f ∈ F is interpreted as a function fA :
Sn → S,

• each n-ary predicate symbol P ∈ P is interpreted as a function PA :
Sn → A.

Truth values of terms and formulas in a structure A under a valuation v :
V ar → S are defined recursively in the usual way, with logical connectives 
interpreted via the algebraic operations of A. Notably, quantifiers are 
interpreted through meet and join operations:

||∀xα||Av =
⋀︂
a∈S

||α||Av[x→a], ||∃xα||Av =
⋁︂
a∈S

||α||Av[x→a].
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Satisfaction and semantic consequence are defined analogously to the 
propositional case, with A ⊨ ϕ[v] meaning that ||ϕ||Av = 1, and Γ ⊨ ϕ
holding when every model that satisfies all formulas in Γ also satisfies ϕ.

The deductive system of ∀↣,∆
3  builds on the propositional calculus 

C↣,∆
3  by adding a collection of standard axiom schemas and inference 

rules for the quantifiers, adapted to the semantics of the operator ∆. In 
particular, we include two additional equivalences involving the distribu­
tion of ∆ over the quantifiers, which are central to the algebraic treatment 
of the system and have no direct analogue in classical logic.

Axiom Schemas

• (∀1) ϕ(x/t) ↣ ∃xϕ, if t is free for x in ϕ,

• (∀2) ∀xϕ↣ ϕ(x/t), if t is free for x in ϕ,

• (∀3) ∆∃xϕ↔ ∃x∆ϕ,

• (∀4) ∆∀xϕ↔ ∀x∆ϕ,

Inference Rules

• (∀R1) α↣ β

∃xα↣ β
, provided x does not occur free in β,

• (∀R2) α↣ β

α↣ ∀xβ
, provided x does not occur free in α.

The design of ∀↣,∆
3  is based on a conservative and modular extension of 

the propositional core, preserving its non-classical features while allowing 
for standard model-theoretic techniques in the first-order setting. Observe 
that, although the domain of interpretation may be infinite, the set of 
truth values is finite, namely C3 = {0, 12 , 1}. Hence, all required infima 
and suprema exist, and the interpretation of the quantifiers is well-defined 
without requiring additional completeness assumptions on the underlying 
algebra. In what follows, we will develop the fundamental metatheorems 
of this logic and establish its soundness and completeness with respect to 
the class of first-order ↣,∆

3 -structures.
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Lemma 4.1. [16] Let A be a complete ↣,∆
3 -algebra and the set {ai}i∈I

of elements of A for any non-empty set I. Then, if there exists 
⋁︁
i∈I

ai

(
⋀︁
i∈I

ai), then there exists 
⋁︁
i∈I

∆ai (
⋀︁
i∈I

∆ai), and also 
⋁︁
i∈I

∆ai = ∆
⋁︁
i∈I

ai and ⋀︁
i∈I

∆ai = ∆
⋀︁
i∈I

ai hold.

Theorem 4.2. (Soundness Theorem). Let Γ ∪ {ϕ} ⊆ FmΣ, if Γ ⊢ ϕ then 
Γ ⊨ ϕ.
Proof: Let us consider the fixed structure M = ⟨A,S⟩. Let ϕ be a 
formula such that Γ ⊢ ϕ. Then, there exists α1, · · · , αn a derivation of ϕ
from Γ. If n = 1 then ϕ is an axiom or ϕ ∈ Γ. If ϕ ∈ Γ, then it is easy 
to see that Γ ⊨ ϕ. If ϕ is an axiom, then the truth of (Ax1) to (Ax8) is 
obtained at the propositional level.

Unlike the propositional case, we now deal with formulas containing 
quantifiers, and some axioms require additional semantic justification. Let 
us observe that on FmΣ we can define an order relation ≤ in a similar way 
as was done in Theorem 3.5. So, let us suppose that ϕ is α(x/t) ↣ ∃xα. 
Then, ||ϕ||Mv = ||α||Mv[x→||t||Mv ] ↣ ||∃xα||Mv . It is clear that ||α||Mv[x→||t||Mv ] ≤⋁︁
a∈S

||α||Mv[x→a], then ||α||Mv[x→||t||Mv ] ≤ ||∃xα||Mv . Therefore, we have that 

||α(x/t) ↣ ∃xα||Mv = 1, and so axiom (∀1) is valid on M = ⟨A,S⟩. Anal­
ogously, axiom (∀2) is also valid.

For axioms (∀3) and (∀4), which explicitly involve the operator ∆, the 
proof of validity requires a structural property of the algebra captured by 
Lemma 4.1. This is a key point where the first-order setting reveals its 
specific algebraic nuances, in contrast with the propositional case.

Besides, it is not difficult to see that satisfaction is preserved by the 
inference rules. □

To proceed with the completeness proof, we now adapt the construction 
of the canonical model to the first-order setting. This transition requires 
us to restrict the attention to closed formulas, reflecting the semantic role 
of sentences in classical model theory.

Let us first take the set of closed formulas denoted by CFmΣ and
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consider the relation ≡ defined by α ≡ β iff ⊢ α ↣ β and ⊢ β ↣ α. 
Thus, we have that the algebra CFmΣ/≡ is a ↣,∆

3 -algebra, as in the propo­
sitional case, but now involving quantifier-free equivalence classes of closed 
formulas.

Let us consider the system C∀Ł↣,∆
3 , which is obtained from ∀Ł↣,∆

3  but 
is defined over sentences (closed formulas). It is clear that C∀Ł↣,∆

3  is a 
Tarskian and finitary logic, as discussed in Section 3.1. Additionally, we 
can introduce the notion of the set of formulas that are maximal non-trivial 
with respect to some closed formula ϕ. The concept of closed theories is 
defined in the same way as in the propositional case. However, unlike 
the purely propositional scenario, we now handle a richer language with 
quantifiers, and this impacts the structure of the Lindenbaum algebra. 
Therefore, Lindenbaum-Łoś’s Theorem holds for C∀Ł↣,∆

3 . Consequently, 
we have the following lemma:
Lemma 4.3.  Let Γ ∪ {ϕ} be a set of closed formulas, such that Γ is 
non-trivial and maximal with respect to ϕ in C∀Ł↣,∆

3 . If φ ̸∈ Γ, then 
Γ ⊢ ∆φ↣ β for every β ∈ CFmΣ.
Proof: While the reasoning parallels that of Lemma 3.12, the key differ­
ence lies in the domain of discourse and the interpretation of closed terms. 
Now we consider that CFmΣ/≡ is an Ł↣,∆

3 -algebra. □

With this setting in place, we are ready to define a canonical first-order 
model based on closed terms. Unlike the earlier propositional model, the 
interpretation of function and predicate symbols must respect arities and 
term construction, thus requiring an explicit definition over a term domain.

Let us now consider the structure:

M = ⟨C3, CTer, ·CTer⟩,

where CTer is a set of closed terms. We can define the interpretation 
as follows:

• If ĉ is a constant, then ||ĉ||Mµ := c.

• If f ∈ F , then ||f(t1, · · · , tn)||Mµ = f(t1, · · · , tn).
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• If P ∈ P, then ||P (t1, · · · , tn)||Mµ = PM(t1, · · · , tn).

We recall that PM : (CTer)n → C3 is a function that allows us to define 
|| · ||Mµ  correctly. Our interpretation is defined for atomic closed formulas, 
but it is easy to see that ||α||Mµ  is correctly defined for every quantifier 
closed formula α, as we will see in the following Proposition.

Proposition 4.4.  Let Γ ∪ {ϕ} be a set of closed formulas (sentences) 
such that Γ is non-trivial and maximal with respect to ϕ in ∀Ł↣,∆

3 . Then, 
the function defined by

||φ||Mµ =

⎧⎪⎨⎪⎩
0 if φ ∈ Γ0

1/2 if φ ∈ Γ1/2

1 if φ ∈ Γ

is a homomorphism from CFm into C3, where Γ 1
2
= {α ̸∈ Γ : ∆α ̸∈

Γ and ∇α ∈ Γ}, Γ0 = {α ̸∈ Γ : ∇α ̸∈ Γ}, and C3 is the 3-element chain 
Ł↣,∆
3 -algebra. Moreover, || · ||Mµ  is a M-valuation, and CFm is the set of 

closed formulas.

Proof: From Proposition 3.13, we can affirm that ||ϕ↣ φ||Mµ = ||ϕ||Mµ ↣
||φ||Mµ  and ||∆φ||Mµ = ∆||φ||Mµ , which has the same proof as in the propo­
sitional case, but now using Lemma 4.3.

From (∀1) and (∀R1), we have:

||∀xα||Mµ =
⋀︂

a∈TΘ

||α||Mµ[x→a]

Then, by applying (∀R2) (used twice), we obtain:

||∃xα||Mµ =
⋁︂

a∈TΘ

||α||Mµ[x→a]

Hence, the proof is complete. □

We are now in a position to prove the following central theorem:
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Theorem 4.5. (Completeness Theorem for Sentences). Let Γ ∪ {ϕ} be a 
set of closed formulas (sentences). If Γ ⊨ ϕ, then Γ ⊢ ϕ.

Proof: Suppose that Γ ̸⊢ ϕ. Then, there exists a theory Ω, maximal and 
consistent (with respect to closed formulas) in C∀Ł↣,∆

3  with respect to ϕ, 
such that Γ ⊆ Ω, as proven in Lemma 3.10. According to Proposition 4.4, 
there exists an interpretation map || · ||Mµ  such that ||α||Mµ = 1 if and only 
if α ∈ Ω. Therefore, M ⊨ γ for every γ ∈ Γ, but M ̸⊨ ϕ, which contradicts 
our hypothesis. □

To present a completeness theorem for arbitrary formulas, we now in­
troduce some auxiliary notions. Given a formula α, let {x1, . . . , xn} be 
the set of variables that occur freely in α. The universal closure of α is 
the closed formula (∀α), defined as α itself if n = 0, and otherwise as 
∀x1 . . . ∀xnα. The completeness theorem for arbitrary formulas in ∀Ł↣,∆

3

now follows easily from the previous result:

Theorem 4.6. (Completeness of ∀Ł↣,∆
3  with respect to the class of Ł↣,∆

3 -
algebras). Let Γ ∪ {ϕ} be a set of formulas. Then: Γ ⊨ ϕ implies that 
Γ ⊢ ϕ.

Proof: By (∀2) and (∀R2), it is easy to prove that α ⊢ (∀α) and (∀α) ⊢
α, for every formula α. On the other hand, by the definition of ⊨, it is 
straightforward to verify that α ⊨ α and (∀α) ⊨ α, for every formula α. 
Then, for every Γ∪{ϕ}, we have that Γ ⊢ ϕ if and only if (∀Γ) ⊢ (∀ϕ), and 
Γ ⊨ ϕ if and only if (∀Γ) ⊨ (∀ϕ), where (∀Γ) = {(∀β) : β ∈ Γ}. Thus, the 
desired result follows immediately from Theorem 4.5. □

5. Final Remarks and Conclusions

In the book [5], the authors presented Adequacy Theorems for several para­
consistent logics and Logics of Formal Inconsistency at the propositional 
level. In Chapter 4, they constructed a homomorphism for each of the 



Adequacy Theorem for Fragments of Łukasiewicz Logic 273

three-valued logics studied in it; these logics are algebraizable with Blok-
Pigozzi’s method as established in the mentioned chapter. Clearly, this 
homomorphism can be constructed because of the algebraizability of the 
logics. This idea is present in our paper in Proposition 3.13 for the propo­
sitional case. Interestingly, we have taken this homomorphism from [13, 
Theorem 3.17], but our homomorphism is, in fact, the three-valued syn­
tactic version of their presentation; in this setting, we have given a new 
syntactic proof for Proposition 3.13. The authors of [13] needed this homo­
morphism to determine the generating algebras of the variety; in our case, 
see Lemma 2.6, we could prove Theorem 2.8 of Section 1 using the algebraic 
version of our homomorphism. This homomorphism was also constructed 
in other classes of algebras, see, for instance, [10, 17, 13].

From a broader perspective, our work can be contrasted with several 
well-established approaches in the literature. In particular, while the alge­
braic theory of consequence developed by Blok and Pigozzi [4] and further 
expanded in [18] provides a general framework for algebraizable logics, our 
contribution focuses on a specific implicational fragment enriched with the 
∆ operator and emphasizes a direct syntactic treatment. Moreover, al­
though the ∆ operator has been extensively studied in fuzzy logics follow­
ing Baaz [1], our setting is strictly finite-valued and algebraically simpler, 
which allows for a more explicit construction of the corresponding homo­
morphisms. In this sense, our results complement these general approaches 
by providing a concrete and self-contained analysis in the three-valued case.

We remark that, although the propositional homomorphism used in 
Proposition 4.4 is strongly inspired by the one defined in Proposition 3.13, 
the first-order extension involves non-trivial syntactic adjustments, par­
ticularly in the interpretation of quantifiers. These steps are not a mere 
repetition but rather reflect the adaptation of the method to a different 
logical level, and as such, constitute an original contribution.

Another issue that deserves a brief comment is the technical result given 
in Lemma 3.12; this is essential to construct the mentioned homomorphism, 
and this is a powerful syntactic property that we are only able to prove 
using algebraic arguments. In fact, this Lemma is a syntactic version of an 
algebraic one given by A. Monteiro; in the paper [17], it was established 
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how it holds in a family of the semisimple class of algebras. In our case, 
see Lemma 2.6. On the other hand, this kind of homomorphisms cannot 
be constructed for da Costa’s systems Cn (n < ω) because these logics are 
not algebraizable, see, for instance, [26].

On the first-order side, other kinds of proofs of Adequacy Theorems 
were given in [16, 17], where this technique used in them is strongly based 
on the study of algebraic properties of Lindenbaum-Tarski algebras for 
some first-order logics. This technique was recently applied to the first-
order version of the logic G′3 ([7]) because it is not possible to apply the 
technique given in [5, Chapter 7]. Recall that the proofs of Adequacy 
Theorems for first-order logics given in [5, Chapter 7] are based on the fact 
that the propositional levels enjoy the Deduction Theorem, but it is not 
the case for the logic G′3 as it was proved in [7, Corollary 3.28].

In this context, the logic ∀C↣,∆
3  presents a particularly interesting case, 

since—despite being algebraizable—it lacks a standard Deduction Theo­
rem, and thus the syntactic proof of adequacy had to be carefully adapted 
to circumvent this issue. This responds directly to the concern raised by 
one referee regarding the originality and necessity of our approach.

Additionally, we have proved Adequacy for the first-order version of the 
logic CŁ↣,∆

3  by using the homomorphism given in Proposition 3.13, now in 
Proposition 4.4. The novelty here is to show that it is possible to present a 
more ”syntactic” proof without the necessity of using algebraic properties 
of the corresponding first-order Lindenbaum-Tarski algebra.

This more syntactic presentation, as opposed to previous algebraic ones 
such as those in [17], may facilitate future extensions and proof-theoretic 
analyses in the study of first-order paraconsistent logics.

Another positive outcome is that our presentation can be used for the 
algebraizable three-valued logics studied in Carnielli and Coniglio’s Chapter 
4 of the book [5], where the interpretation map for quantified formulas 
should be given by ||∀xα||Sv = inf{||α||Sv[x→a] : a ∈ S} and ||∃xα||Sv =

sup{||α||Sv[x→a] : a ∈ S}. These kinds of interpretations are present in the 
celebrated Rasiowa’s Book ([27]), in the first-order version of fuzzy and 
∆-fuzzy logics given in [9, 19, 20], and in D’Ottaviano’s work [8].
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Finally, we hope that the explicit consideration of the issues raised by 
the reviewers—concerning the originality of our approach, the differences 
between propositional and first-order levels, and the role of syntactic tech­
niques—will strengthen the clarity and value of this contribution.
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