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Abstract

In this paper, inspired by the concepts of the radical of an ideal and the Jacobson
radical in ring theory, we introduce these notions in the context of L-algebras.
Our main goal is to explore the nature of the radical of an ideal and Jacob-
son radical in specific L-algebras. We successfully identify the elements of these
radicals in special classes of L-algebras, including proper Glivenko algebras and
finite Brouwerian semi-lattices using a closure operator. To achieve this goal, we
introduce a new notion that is associated with any element a € L as well as with
an ideal of an L-algebra L.

Keywords: L-algebra, CKL-algebra, ideal, radical of an ideal, Jacobson radical.

Presented by: Janusz Ciuciura
Received: May 14, 2025, Received in revised form: April 13, 2026,
Accepted: April 14, 2026, Published online: September 3, 2026

© Copyright by the Author(s), 2026

Licensee University of Lodz — Lodz University Press, Lodz, Poland

@@@@ This article is an open access article distributed under the terms and con-
Caemes ditions of the Creative Commons Attribution license CC-BY-NC-ND 4.0.


https://doi.org/10.18778/0138-0680.2026.14
https://publicationethics.org/
http://orcid.org/0000-0001-7538-7885
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.en

2 Rajab Ali Borzooei, Hamideh Khajeh Nasir, Mehdi Yavari

2020 Mathematical Subject Classification: 03G25, 06B10, 08A99.

1. Introduction

The quantum Yang-Baxter equation (QYBE), a fundamental concept in
mathematical physics, was formulated independently by Zhenning Yang in
1967 and R.J. Baxter in 1972. The QYBE is connected to mathematical
structures including quantum binomial algebras [7, 20], I-type semigroups
[8], colorings of plane curves [6], dyeing of bijective cocycles, semimunipolar
small triangular Hopf algebras, dynamic systems, and geometric crystals.
Numerous initial solutions to the Quantum Yang-Baxter Equation have
been found, and these solutions have spurred significant research. Fur-
thermore, the inherent algebraic structures that are linked and related to
these QYBE solutions have been the subject of extensive and widespread
investigation.

In 2005, W. Rump demonstrated that any set X with a binary opera-
tion — satisfying

(z—=y) = (r—=2)=@Hy—) =Y —2),

corresponds to a solution of the quantum Yang—Baxter equation if left mul-
tiplication is bijective [16]. Using this equation, he provided a precise defi-
nition for L-algebras and conducted an investigation into their properties.
His work included showing that several established algebraic structures can
be classified as L-algebras. More specifically, he proved that Hilbert alge-
bras, locales, (left) hoops, (pseudo) MV-algebras, and I-group cones all
satisfy the conditions necessary to be considered L-algebras according to
his definition [17].

Rump introduced the concept of an ideal in an L-algebra [17]. We con-
tinued the work on ideals based on his definition and were able to define
concepts such as the radical of an ideal, prime ideal, and primary ideal. We
were also able to find the relationship between prime ideals and maximal
ideals [14]. Significant results have been achieved in this area, as docu-
mented in [2, 4, 9, 10, 12, 15, 17, 22, 24, 25, 26]. For us, the question arose
as to which elements in different L-algebras are members of the radical of
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$1$
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$0$
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\begin {equation*}x \rightarrow y = \begin {cases} 1 & x \leqslant y \\ y & \text {otherwise.} \end {cases}\end {equation*}
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$\relax \square $
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$\relax \square $
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an ideal. This was the motivation for writing this paper. Additionally, the
Jacobson radical plays a crucial role in structural theorems of Ring Theory
and Module Theory, such as Nakayama’s lemma, and provides insight into
the non-semisimple part of a ring. Therefore, we were motivated to extend
these foundational ideas to L-algebras, exploring how analogous radicals
can be defined and what structural information they reveal in this broader
algebraic context.

In the present paper, our primary aim is to delve into the nature of the
radical of an ideal and the Jacobson radical within the context of specific
L-algebras. Initially, we provide an introduction to the radical of an ideal,
outlining its properties. Following this, we define the Jacobson radical. The
main thrust of our investigation then becomes pinpointing the elements
that belong to these radicals.

In Sections 3 and 4, we introduce special L-algebras such as proper
Glivenko algebras and Brouwerian semi-lattices and then find the Jacob-
son radical members in proper Glivenko algebras and bounded Brouwerian
semi-lattices. In the following, considering the ideal I and an element x of
an L-algebra, we define the notion of I, and, based on it, characterize the
radical elements of that ideal in finite Brouwerian semi-lattices.

2. Preliminaries

In this section, we recall the known default notions and proven results that
are used in other sections.

An algebraic structure (L; —, 1) of type (2,0) is called an L-algebra if
it satisfies these conditions.

(L1)) x—>z=2—1=1 and 1—z=ux,
(L2) (x=y) = (x=2)=(y—=2)=>(y—2),
(L) ife > y=y—x=1, then z =y,

for any z,y, z € L.
Condition (L;) states that 1 is a logical unit, and (Lz) is related to the
quantum Yang-Baxter equation [8]. The logical unit is always unique. If
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the binary operation — is taken as logical implicative, then there exists a
partial order on L defined by

r<yifandonlyifz —y=1. (2.1)

You can see the proof in [18].

PROPOSITION 2.1 ([23]). label5 Let (L; —, 1) be an L-algebra. Then z <y
implies z — = < z — y, for any z,y,z € L.

PROPOSITION 2.2 ([23]). For an L-algebra (L;—,1) and any z,y,2z € L,
the following are equivalent.

(i) z<y—ux,
(ii) if z <y, theny — z <z — z,
(iii) (= y) = 2)=2z<((z—2y)—2) = (y—= ) = 2).

DEFINITION 2.3 ([5]). An L-algebra (L;—,1) which satisfies the following
condition

oo =1 (K
for any z,y € L, is called a K L-algebra.

Notation. If (L;—,1) is a K L-algebra, then the equivalent statements of
Proposition 2.2 hold.

DEFINITION 2.4 ([5]). A CK L-algebra is an L-algebra which satisfies the
following condition

r—=(y—=2)=y— (z— 2), ()

for any x,y,z € L. In [19] bounded CK L-algebras are known as Glivenko
algebras.

PropPOSITION 2.5 ([15]). Let (L;—,1) be a CK L-algebra. Then the fol-
lowing properties hold for all x,y,z € L.

(i) z<y—zifandonly if y < & — 2.

(i) z 2y < (y— 2) = (z = 2).
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Note. Every C'K L-algebra is a K L-algebra, since for any z,y € L, we
have

r—=y—oz)=y—>(r—ox)=y—1=1 (2.2)

DEFINITION 2.6 ([18]). A subset I of an L-algebra (L;—,1) is called an
ideal of L, if it satisfies the following conditions:

(I
(I
(I3
(

) lel,
yifzelandz —y eI, thenye€l,
ifxel, then (xt —y) —yel,

)
L) ifzel theny—zelandy— (x—vy)el,

for any z,y € L.

Clearly, {1} and L are two trivial ideals of L. An ideal I of L is called
a proper ideal if T # L. The set of all ideals of L is denoted by .#;(L) and
the set of all proper ideals of L is denoted by p.#;(L). It is easy to see that
(A4(L), C) and (pFy4(L), C) are poset.

An L-algebra L is called simple if .#;(L) = {{1}, L}.
PRrROPOSITION 2.7 ([5]). Suppose L is a CK L-algebra and § # I C L.
Then I € .Z4(L) if and only if (I;) and (I3) hold.

Let L be an L-algebra and # # X C L. Then the smallest ideal of L
containing X is called the generated ideal by X and it is denoted by (X).

Clearly, (X) = ﬂleyd(L) I
XCI

PROPOSITION 2.8 ([14]). Suppose that L is a CK L-algebra, I € #4(L)
and x € L\ I. Then

(Tu{z}y={acL|3IneN st z 5 acl}
where

0 1
rT—a=a,r—a=zx—a, -, r—a=c—(r—>a).
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Note. Assume (X;<) is a poset. For every Y C X, we define
t1Y={zeX|IyeY st y<zland [ Y ={zeX|TyecY st z <y}

The set Y is called upset if 1Y =Y and is called downsetif | Y =Y. If
y € X, then | {y} is denoted by | y.

If (L; —, 1) is an L-algebra and I € .#;(L), then T is upset.
Suppose that I € pZ3(L). Then T is called a mazimal ideal of L if it is

not included in any other proper ideal of L. The set of all maximal ideals
of L is denoted by .#ax(L).

PROPOSITION 2.9 ([14]). Assume M € p.#4(L). Then the following state-
ments are equivalent.

(i) M € #ax(L).
(ii) (M U{z}) =L, for any x € L'\ M.

PRrROPOSITION 2.10 ([14]). Let L be a bounded L-algebra and I € p.#4(L).
Then there exists M € .# ax(L) such that I C M.

Note. From now on, we assume that (L; —, 1) or simply L is an L-algebra
unless otherwise stated.

3. Radical and Jacobson radical in C'K L-algebras

This section commences with the definitions of the radical of an ideal and
the Jacobson radical in L-algebras. Next, we introduce proper Glivenko al-
gebras and identify the Jacobson radical elements within them. Finally, we
conclude with a conjecture regarding the elements of the Jacobson radical
in finite L-algebras.

DEFINITION 3.1 ([14]). Let I € p.#4(L). Then the intersection of all max-
imal ideals of L containing I is called a radical of I and it is denoted by
Rad(I). So

Rad(l)= () M.

Me.#ax(L)
ICM
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Clearly, Rad(I) € p#4(L).
In the following, we recall the notion of a closure operator and show that
Rad is a closure operator.

DEFINITION 3.2 ([1, 3]). Suppose P is an ordered set. A map C' : P — P
is called a closure operator if it satisfies

(i) = < C(a),
(ii) C(C()) = C(x),
(iiif) = <y implies C(z) < C(y),

for any x,y € P. An element z of P is called a closed if C(z) = x.
PROPOSITION 3.3. The map Rad is a closure operator on p.%y(L).

ProOF: Tt is clear that Rad : p#4(L) — pFy(L) is a map. Let I,J €
pIg(L). Clearly, I C Rad(I). Furthermore, Rad(Rad(I)) = Rad(I) (See
[14]). Suppose I C J and t € Rad(I). Then t € M, for any I C M €
A ax(L). Since I C J, any maximal ideal containing J also contains I.
Thus, if J € S € A ax(L), thent € S. Hence, t € (\sec.zaz(r) S = Rad(J).
JCS

So, Rad(I) C Rad(J). O
DEFINITION 3.4. The intersection of all maximal ideals of L is called Ja-
cobson radical of L and it is denoted by J(L). In other words,

Jron= (] M

Me.#az(L)

Clearly, J(L) = Rad({1}). Now, we verify these previously discussed
notions when L is a chain.

ProrosiTION 3.5. If L is a bounded chain, then it has a unique mazimal
ideal.

ProoF: Since {1} € p#y(L), by Proposition 2.10, there exists M €
A ax(L) such that {1} € M. So .#ax(L) is not empty. Now, we show
that p.#;(L) is a chain. To see this, consider I, J € p.#4(L) with J ¢ I,
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indicating there exists y € J which is not in I. For every = € I, since L is
a chain, we have either z < y or y < . Let < y. Since [ is upset, we
get y € I which is a contradiction. Hence, y < x. Since J is upset, we get
x € J. SoICJ. Thus, p#;(L) is a chain and M is the maximal element
of p#4(L), implying .# ax(L) = {M}.

COROLLARY 3.6. If L is a bounded chain and I € p.#;(L), then Rad(I) =
J(L).

PRrROOF: The proof is clear by Proposition 3.5. O

COROLLARY 3.7. If L is a bounded chain and I € p.#4(L), then I is closed
with respect to the closure operator Rad if and only if it is a maximal ideal.

Now, we want to identify the elements of 7 (L), and the following propo-
sition provides insight into J(L).

ProrosiTiON 3.8. If L is a Glivenko algebra, then

(i) IC{tecL|3y<tsuchthat (t > y) —tcl, foranyn c N} C
Rad(I).

(ii) If t,y € L satisfy y < ¢ and t is an upper bound for the sequence
{t 2 y}nen, then ¢ € JT(L).

Proor: (i) Let A = {t € L | 3y < tsuchthat (t = y) — t €
I, for any n € N} ¢ Rad(I). Then there exists ¢ € A such that ¢ ¢
Rad(I). So, there exists M € .#ax(L) where I C M and t ¢ M. By
Proposition 2.9, we get (M U {t}) = L. Therefore, y € (M U {t}). Using
Proposition 2.8, there exists n € N such that t — y € M. By the assump-
tion, (t = y) =t € I C M. So by (I3), we conclude t € M, which is a
contradiction. Hence, ¢t € Rad(I). Now, we show that I C A. Let ¢t € I.
Then t <tand (t »t) >t=tel, foranyn € N. So,t€ Aand I C A.

(74) Assume that M € .#ax(L). Since t is an upper bound for this se-
quence, we have t = y < t, for any n € N. So (t = y) -t =1¢€ M, for
each n € N. By (i), we conclude that t € Rad(M). Hence, t € M for any
M € #ax(L). Thus, t € J(L). O
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DEFINITION 3.9. [21] Let L be an L-algebra. An element x € L is called
dense if there exists y < x such that x — y = y. The set of all dense
elements of L is denoted by D(L).

Using Proposition 3.8 and the concept of dense elements, we conclude
that in Glivenko algebras, all dense elements belong to the Jacobson radical.

COROLLARY 3.10. If L is a Glivenko algebra, then D(L) C J(L).

ProOOF: Consider t € D(L). Then there exists y € L such that y < ¢ and
t -y =vy. For every n € N, we have t = y = y < t, making ¢ is an
upper bound for the sequence {t % y},en. Applying Proposition 3.8(ii),
it follows that t € J(L). O

In the following example, we show that the condition (C) in the defini-
tion of Glivenko algebra in Corollary 3.10, is necessary.

Ezample 3.11. Assume (L = {0,a,b,1};<) is a poset with the following
Hasse diagram. Consider the operation — on L as follows.

1

- | 0 a b 1
0 1 1 1 1
a 01 0 1 a b
b 00 1 1
1 0 a b 1
0

Then (L; —,1) is an L-algebra. Since a £ b — a = 0, we conclude that L
is not a C'K L-algebra. On the other hand, L is a simple L-algebra. Hence,
J (L) = {1}. Moreover, D(L) = {a,b,1}. Hence, D(L) ¢ J(L).
DEFINITION 3.12. A Glivenko algebra is called proper if all of its principal
ideals, except for (0), are proper ideals.

Ezample 3.13. Assume that (L = {0,a,b,¢,d,1};<) is a poset with the
following Hasse diagram. Consider the operation — on L as defined below.
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Then (L;—,1) is a CK L-algebra. Moreover, .73(L) = {(1) = {1}, (b) =
{1,b},(d) = {1,d}, (c) = {1,¢,d}, {a) = {a,b,d,1},(0) = L}. Therefore, L
is a proper Glivenko algebra.

(i7) Let (L = {0,a,b,c,d,1}; <) be a poset with the following Hasse dia-
gram. Define the operation — on L as follows.

— 0 a b ¢ d 1

1 0 I 1 1 1 1 1

a d 1 1 d 1 1

d b c d 1 ¢ d 1

a c c b b b 1 1 1
d a b b d 1 1

0 1 0 a b ¢ d 1

Then (L;—,1) is a CK L-algebra. Since (a) = L, we conclude that L is
not a proper Glivenko algebra.

We are now ready to state the main result of this section, which is the
characterization of the Jacobson radical elements in the proper Glivenko
algebras.

THEOREM 3.14. If L is a proper Glivenko algebra, then J(L) = D(L).

Proor: By Corollary 3.10, since L is a Glivenko algebra, it follows that
D(L) C J(L). Let t € J(L) and s € L\ {0} such that t - 0 = s. If
(s) # L, then by Proposition 2.10, there exists T € .#ax(L) such that
(s) € T. Therefore, s € T. Since t € (Vs gau(r) M, we have t € T. By
(I2), we conclude 0 € T and this is a contradiction. So, (¢ — 0) = L.
By the hypothesis, all of the principal ideals of L (except for (0)) are
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proper. On the other hand, (s) ¢ p.%;(L). Therefore, s = 0. Thus,
JL)C{teL|t—0=0}CD(L) and J(L) =D(L). O

Question. What are the elements of J(L) in Glivenko algebras?

After examining a large number of examples, we arrived at this conjec-
ture.

Open problem. We conjecture that if L is a Glivenko algebra, then

4. Radical and Jacobson radical in finite Brouwerian
semi-lattices

This section aims to identify the elements of the radical of an ideal in finite
Brouwerian semi-lattices. To achieve this, first we introduce the concept of
1., for every element z and ideal I of L, and then we investigate its prop-
erties. We also characterize the Jacobson radical in bounded Brouwerian
semi-lattices.

Notation. Let L be an L-algebra, I € .#4(L) and x € L. Considering

I, ={yeL|xz—yel} and I :={l, |z €L}

Clearly, x € I, and I = I.

Ezample 4.1. Consider Example 3.13. If I = {1,d} and J = {b,1}, then
I = {a,b,d, 1} = Jg and J, = (b) = {b,1}.

DEFINITION 4.2. [17] An L-algebra L is called a Hilbert algebra if its binary
operation — is left distributive on itself, that is for any z,y, z € L:

r—=(y—=2)=(—=y) — (x = 2),

Every Hilbert algebra is a C'K L-algebra (See [14]).

ProproOSITION 4.3. If L is a Hilbert algebra, I € #4(L) and a € L, then
1, € fd(L).

PrROOF: Since any Hilbert algebra is a C K L-algebra, it is enough to show
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that (I) and (I2) hold. Asa — 1=1 € I, we conclude 1 € I,. Thus, (I;)
holds. Now, let z,2 — y € I,. Thena -z € [ anda — (z — y) € I.
Since L is a Hilbert algebra, we have (¢ — z) — (a — y) € I. Hence,
a —y €I and so, y € I,. Therefore, (I3) holds and I, € Z4(L). O

The Hilbert condition in Proposition 4.3 is fundamental. The following
example demonstrates that if L is not a Hilbert algebra, then I, may not
necessarily be an ideal.

Ezample 4.4. Let L = {1 = n9,n1,72,73,...} be a chain such that --- <
N3 < m2 < n <1 and for every m,n € N,

1 n<m
Nm — Mn = .
NMn—m Otherwise.
Then L is an L-algebra. Moreover,
l=mp—=m=n—=>Mm—>n)#M—=m)—=>0M—>n)=1—=m=n.

So, L is not a Hilbert algebra. Consider the row corresponding to 7; in the
binary operation —.

= |- ma o mz o m2om 1
w1 1 1 1 1
n3 |- m 1 1 1 1
M| o om 1 1 1
m|-- m3 m2 om 11
Tojer me m3 m2 o m 1

If I = {1}, then I, = {1,m}. Since m € I,,, m — n2 = m € I, and
n2 ¢ I, we conclude I,), is not an ideal of L.

In the following, we see that the concept of I, allows us to define a
closure operator on .Z;(L).

Remark 4.5. If Lis a KL-algebra, I € .#4(L) and « € L, then, I C I,. To
see this, take y € I. As y < x — y, we have z — y € I. It implies y € I.
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PROPOSITION 4.6. If L is a Hilbert algebra, I,J € #4(L) and « € L, then
() I1CI,.

(ii) (Ip)e = Ip-

(iif) I € J implies I, C J,.
PROOF: (i) Since L is a CK L-algebra and consequently a K L-algebra,
applying Remark 4.5, the proof is obvious.

(1) Let y € (Iy)g. Then x — y € I,. Consequently, z — (x — y) € I.
Since L is a Hilbert algebra, we have

r—=y=1l-(r—-y=—-z)> @@=y =z—(r—y) el

Thus, y € I, which implies (), C I,. Additionally, from (¢), we know
I, C (I;),. Therefore, (1), = L.

(#4i) Suppose I C Jand y € I,. So, x =y € I C J and y € J,. Hence,
I, C J,. O
COROLLARY 4.7.1f L is a Hilbert algebra, then for any z € L, —, :
Fa(L) = F4(L) by I — I, for any I € #4(L), is a closure operator.
PROPOSITION 4.8. Assume L is a Hilbert algebra, I € #(L) and x € L.
Then I is closed with respect to the closure operator —, if and only if x € I.
Proor: Let x € I. We prove that I,, = I. By Proposition 4.6, I C I,.
Now, if y € I, then © — y € I, leading to y € I by (I2). Thus, I, C I,
which implies I, = I. For the converse, suppose that I, = I. Since x € I,
we conclude z € 1. O

PROPOSITION 4.9. Suppose that L is a Hilbert algebra, I, J € £4(L), and
z,y € L. Then

(i) I C (x) if and only if I, = (z).
(ii) (INJ)y = Iy N Jy.
(ii) If ¢ < y, then I, C I,.

Proor: (i) Let I C (x). As & € I, and (x) is the smallest ideal of L
containing z, we have (x) C I,. Since I C (z), using Propositions 4.6(iii)
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and 4.8, we get I, C (x), = (x). Hence, I, = (z). For the converse, assume
I, = (z) and y € I. Since I C I, we have y € I,. Therefore, I C (z).

(1) Tt is obvious.

(i43) Suppose that t € I,,. Then y — ¢t € I. As z < y, by Proposition 2.2,
we conclude y =t <  — t. Therefore, t € I, implying I, C I,. O

In an L-algebra L, for any two elements a and b, we denote the greatest
lower bound (if it exists) by a A b. Now, we introduce the concept of
Brouwerian semi-lattice and then we characterize the elements of Rad(I),
for the ideals of finite Brouwerian semi-lattices.

DEFINITION 4.10. An L-algebra L is called a Brouwerian semi-lattice, if
for every a,b,c € L, a A'b exists and

aANb<c < a<b—ec

Ezample 4.11. (i) Consider the chain (L = {0, a,1}; <). Define the binary
operation — on L as follows.

H@O\L
[=Nel K]
Q ~ =
= |

Then (L;—,1) is a Brouwerian semi-lattice. But the L-algebra intro-
duced in Example 3.11, is not a Brouwerian semi-lattice. This is because
aNb=0<awhilea0=05b—a.

(74) Let L = [0,1]. Define the operation — on L as follows

R 1 =<y
xr =
Y y otherwise.

Then (L;—,1) is an L-algebra. Since it is a chain, © Ay € L for any
x,y € L. Also, it is straightforward to see that L is an infinite Brouwerian
semi-lattice.

(#41) Now, we define the operation — on L as follows
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. 1 z<y
T =
Y otherwise.

8 <

With this operation, L becomes an infinite L-algebra that is not a Brouwe-
rian semi-lattice. For example, we have 0.31 < 0.32 — 0.3, while 0.31 £ 0.3.

From [21] and [17], we have the following remark.

Remark 4.12. (i) Every Brouwerian semi-lattice is a K L-algebra. To show
this, let L be a Brouwerian semi-lattice and a,b € L. Since a A b < a, we
have a < b — a.

(#4) Every Brouwerian semi-lattice is a Hilbert algebra. To see this, let L
be a Brouwerian semi-lattice. Applying [11, Page 105-Rule 1.6], for any
a,b,c € L, we have

a— (b—c)=(aNb) = c=(a—b)— (a—c).

As a result of Proposition 4.3 and Remark 4.12, we have the following
corollary.

COROLLARY 4.13. If L is a Brouwerian semi-lattice, I € .%4(L) and a € L,
then I, € ﬂd(L).

Inspired by the notion of an atom in Boolean algebras ([13]), we define
the concept of an atom for L-algebras.

DEFINITION 4.14. An element a of a bounded L-algebra L is said to be
an atom if 0 < a and there does not exist an element ¢ € L such that
0 < ¢ < a. We denote the set of all atoms of L by Atom(L).

Ezample 4.15. Consider the chain (L = {0,a,1}; <) in Example 4.11(i).
Then a is an atom of L.

PROPOSITION 4.16. Let L be a bounded Brouwerian semi-lattice and
a € Atom(L). Then {a) € A ax(L).

PrOOF: Assume that J € p.#4(L) and (a) & J. Then there exists 0 #
b € J such that b ¢ (a). Since L is a Brouwerian semi-lattice, we have
b<a— (aAb). Also,asbe J, we get a = (aAb) € J. Since a € (a) C J,
by (I3), we have a Ab € J. On the other hand, a A b < a and a is an atom
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of L. Since b ¢ (a), thus a Ab# a. SoaAb=0and 0 € J. Hence, J =1L
and this is a contradiction. Therefore, (a) = J and (a) € AZax(L). O

In the following example, we show that the condition of Proposition
4.16, is necessary.

Ezample 4.17. Let (L = {0,m,n,p,q,r,s,t,u,v,w,1}; <) be a poset with
the following Hasse diagram.

REX!

Define the operation — on L as follows.

o

ngg'ﬂ\sm@ﬁsgoi
e 2 3I 8 cuw LR, ®n 1o
S w2 rRrn &R, F~RFRS
S S A e i R e e e
E R v mE8 Rrun mr~=un —-&
e e e e

OO DO ®mW I O I » =
So3I o =330 3 ~R3
S 3w 3 uw n S u n —~on ~3
WIS OIE S oOR3 u =
QI 2 nw S R FRFRR
[P T i e B
e T T T B B B B
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Then (L;—,1) is an L-algebra. On the other hand, since m Ap =0 < n,
but m € p — n = s, it follows that L is not a Brouwerian semi-lattice.
Notice that m € Atom(L), but the ideal generated by it is L and is not a
maximal ideal.

THEOREM 4.18. Suppose that L is a finite Brouwerian semi-lattice and
I,J € #4(L). Then

J el if and only if I C J.

Proor: If L is a finite Brouwerian semi-lattice and J € I then, by
Remarks 4.5 and 4.12, it follows that I C J. Conversely, take I C J. If
I=J,then J=1I. Let I & J. Obviously, J\ I # (). Then J \ I has the
minimum element m. Because otherwise, if there exists an element ¢ € J\ T
such that m £ ¢, then by the proof of Proposition 4.16, we have m At € J.
Since J is finite, this process stops at one point. So, J\ I has the minimum
element m. If s € J then m < s. Thus, m — s=1¢€ I and s € I,,,. Hence,
J C I,,,. For the converse, if s € I,,, then m — s € I C .J and since m € J,
it follows from (I3) that s € J. Therefore, I, C J, leading to I, = J.
Hence, J € I}, O

COROLLARY 4.19. If L is a finite Brouwerian semi-lattice, then Iy, = 1 I.
COROLLARY 4.20. If I € #ax(L) and a € L\ I, then I, = L.

Proor: We know that I C I,. Since [ is a maximal ideal in L, we have
either I, = I or I, = L. However, since a € I, and a ¢ I, it follows that
1, # I. Therefore, I, = L. O

COROLLARY 4.21. Let L be a finite Brouwerian semi-lattice, I € #4(L)
and a € Atom(L) such that I C1 a. Then I, € .# ax(L).

PRrROOF: By Proposition 4.16, we have (a) € .#ax(L). Since (a) C I,, we
conclude that I, = {(a) or I, = L. If I, = L, then 0 € I,. So,a — 0 € I,

and by the assumption, we have a — 0 € (a). By (I2), we get 0 € {(a),
which is a contradiction. Hence, I, = (a). (]

Now, we are ready to present the main results of this section. Our main
results concern finding the elements of radical of an ideal and Jacobson
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radical in certain finite L-algebras.

THEOREM 4.22. Let L be a finite Brouwerian semi-lattice and I € SZ4(L).
Furthermore, let

A:ﬂix\{O}, A ={meA|mis an atom}.
zel

Then
Rad(I)={te L|m—tel, foranym € A}.

PROOF: Suppose m € A. Using Proposition 4.9(ii), we have I C I,,. If
m € A, then m is a lower bound of I and m is an atom. So, I C1 m and
by Corollary 4.21, we conclude I,,, € #ax(L). So,

N Mc () In

Me.#ax(L) meA
ICM

On the other hand, if I C M € .#ax(L), then by Theorem 4.18, there
exists m € L such that M = I,,,. Thus,

Nmc [ M

meA Me#Hax(L)
ICM
Hence,
Rad(I ﬂlm—{tEL|m—>t€I for any m € A}.

meA

THEOREM 4.23. If L is a bounded Brouwerian semi-lattice, then J(L) =
D(L).

Proor: By Corollary 3.10, we have D(L) C J(L). If z € L is not dense,
then © — 0 > 0. Hence, (x — 0) =1 (z — 0) # L. By Proposition 2.10,
there is a maximal ideal M with z — 0 € M. Thus ¢ ¢ M (0therw1se
0 € M), which yields « ¢ J(L). O
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5. Conclusion

In this paper, inspired by the concepts of the radical of an ideal and the
Jacobson radical in Ring Theory, we have defined the radical of an ideal
and the Jacobson radical in L-algebras. Our primary motivation has been
to identify the elements of these radicals. To achieve this, we introduced
the notion of I, by considering an ideal I of an L-algebra L and an element
a € L. Additionally, we introduced specific types of L-algebras, such as
proper Glivenko algebras, Brouwerian semi-lattices, and Hilbert algebras.
In this study, we successfully identified the elements of the radical of an
ideal in finite Brouwerian semi-lattices and the elements of the Jacobson
radical in proper Glivenko algebras and bounded Brouwerian semi-lattices.
We aim to extend these results to characterize the elements of the radi-
cal of an ideal and the Jacobson radical in all L-algebras. Furthermore,
we posed an open problem, whose resolution-whether through proof or
counterexample-would provide a compelling direction for future research.

Acknowledgements. The authors are very indebted to the editor and
anonymous referees for their careful reading and valuable suggestions which
helped to improve the readability of the paper.
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