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Abstract

In this paper, by special upsets on equality algebras, we construct a topology on
bounded equality algebras and investigate some of their topological properties,
such as Hausdorff, To-space, Ti-space and disconnected. In addition, we express
the relation between closed and compact sets in this topology. Moreover, by
considering the binary operation — and constructing a topology on the bounded
equality algebra E, we introduce the notion of semi-topological algebra and prove
that any involutive equality algebra is a right semi-topological algebra and by
some conditions it can be a semi- A-topological algebra. Also, we show that it is
not necessarily a left semi-topological algebra. Finally, we investigate converse
image, product and quotient topology on equality algebra and show that under
what condition we can make finer topology.
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$\tau _\a $


$\LomE $


$\tau _\a $


$\LomE $


$\tau _\a =\mathcal {P}(\LomE )$


$\tau _\a \s \mathcal {P}(\LomE )$


$\LomE $


$1$


$\emptyset \neq \LomU \in \tau _\a $


$\LomU \in \Gamma (\LomE )$


$1\in \LomU $


$\mathcal {P}(\LomE )\nsubseteq \tau _\a $


$\tau _\a $


$\LomE $


$\relax \square $


$\a \in \LomE $


\begin {equation*}\beta _{\a }:= \{ \D _{\a }(\uparrow \x ) \mid \x \in \LomE \} \cup \{\emptyset \},\end {equation*}


$\beta _{\a }$


$\tau _{\a }$


$\x \in \LomE $


$\uparrow (\uparrow \x ) = \uparrow \x $


$\D _\a (\uparrow \x ) \in \tau _{\a }$


$\beta _{\a }$


$\LomE $


$\emptyset \neq \LomU \in \tau _{\a }$


$\LomX \in \Gamma (\LomE )$


$\LomU = \D _{\a }(\LomX )$


\begin {equation*}\LomU = \D _{\a }(\LomX ) = \D _{\a }(\underset { \x \in \LomX }{\bigcup } \uparrow \x ) = \underset { \x \in \LomX }{\bigcup } \D _{\a }(\uparrow \x ).\end {equation*}


$\beta $


$\tau _{\a }$


$\relax \square $


$\a \le \b $


$\tau _\b $


$\tau _\a $


$\a , \b \in \LomE $


$\t \in \LomE $


$\t \in \LomB \in \beta _\a $


$\LomB = \D _\a (\uparrow \x )$


$\x \in \LomE $


$\t \in \uparrow \t $


$\uparrow \t \s \D _\b (\uparrow \t )$


$\t \in \D _\b (\uparrow \t ).$


$\a \le \b $


$\D _\b (\uparrow \t ) \s \D _\a (\uparrow \t )$


$\D _\a (\uparrow \t ) \s \D _\a (\uparrow \x ).$


$\r \in \D _\a (\uparrow \t )$


$m \in \mathbb {N}$


$\a \overset {m}{\ri } \r \in \uparrow \t .$


\begin {equation*}\t \le \underbrace {( \a \ri ( \dots ( \a }_{\text {m-times}} \ri \r )'' \dots )'')'' .\end {equation*}


$\t \in B$


$\t \in \D _\a (\uparrow \x )$


$n \in \mathbb {N}$


$\a \overset {n}{\ri } \t \in \uparrow \x .$


\begin {equation*}\x \le \underbrace {( \a \ri ( \dots ( \a }_{\text {n-times}} \ri \t )'' \dots )'')'' .\end {equation*}


$\t \le \underbrace {( \a \ri ( \dots ( \a }_{\text {m-times}} \ri \r )'' \dots )'')'' )$


\begin {equation*}\a \ri \t \le \a \ri \underbrace {( \a \ri ( \dots ( \a }_{m \,\, times} \ri \r )'' \dots )'')'' .\end {equation*}


\begin {equation*}(\a \ri \t )'' \le (\a \ri \underbrace {(\a \ri ( \dots ( \a }_{\text {m-times}} \ri \r )'' \dots )'')'' )''.\end {equation*}


$\a \overset {1}{\ri } \t \le \a \overset {m+1}{\ri }\r .$


$\a \overset {n}{\ri } \t \le \a \overset {m+n}{\ri } \r $


$\a \overset {m+n}{\ri } \r \in \uparrow \x $


$\r \in \D _\a (\uparrow \x )$


$\D _\a (\uparrow \t ) \s \D _\a (\uparrow \x ).$


$\D _\b (\uparrow \t ) \s \D _\a (\uparrow \t )$


$\D _\b (\uparrow \t ) \s \D _\a (\uparrow \x )$


$\LomB ' = \D _\b ( \uparrow \t )$


$\LomB ' \in \beta _\b $


$\t \in \LomB ' \s \LomB .$


$\tau _\b $


$\tau _\a $


$\relax \square $


$\{ \a \}$


$(\LomE , \tau _\a )$


$\a \in \LomE $


$\overline {\{\a \}} = \LomE $


$\LomB $


$\LomE $


$\{\a \} \s \LomB .$


$\LomB ^c$


$\LomX \in \Gamma (\LomE )$


$\LomB ^c = \D _\a (\LomX )$


$\D _\a (\LomX ) \neq \emptyset $


$\a \in \D _\a (\LomX )$


$\a \in \LomB ^c$


$\D _\a (\LomX ) = \emptyset $


$\LomB ^c = \emptyset $


$\LomB =\LomE $


$\overline {\{\a \}} = \underset {\{\a \}\s \LomB =\overline {\LomB }}{\bigcap }{\LomB } = \LomE $


$\relax \square $


$(\LomX , \tau )$


$T_0$


$\overline {\{\x \}} \neq \overline {\{\y \}}$


$\x , \y \in \LomX $


$(\LomX , \tau )$


$T_0$


$\x \neq \y .$


$\overline {\{\x \}} = \overline {\{\y \}}$


$\x \in \LomU \in \tau $


$\LomU ^c$


$\x \notin \LomU ^c$


$\y \in \LomU ^c$


\begin {equation*}\x \in \overline {\{\x \}} = \overline {\{\y \}} = \bigcap _{ \y \in \LomC } \LomC \s \LomU ^c \quad \mbox {where $ \LomC $ is closed subset of $ \LomX $}.\end {equation*}


$\x \in \LomU ^c$


$\x \notin \LomU $


$\y \notin \LomU ^c$


$\y \in \LomU $


$\overline {\{\x \}} \neq \overline {\{\y \}}$


$\overline {\{\x \}} \neq \overline {\{\y \}}$


$\x , \y \in \LomX $


$\x \neq \y $


\begin {equation*}\y \in \overline {\{\y \}} \neq \overline {\{\x \}} = \bigcap _{ \x \in \beta = \bar {\beta }}\beta .\end {equation*}


$\y \notin \bigcap _{ \x \in \beta = \bar {\beta }}\beta $


$C$


$\x \in C$


$\y \notin C$


$\LomV := C^c$


$\LomV \in \tau $


$\y \in \LomV $


$\x \notin \LomV $


$(\LomX , \tau )$


$T_0$


$\relax \square $


$\a \in \LomE $


$(\LomE ,\tau _\a )$


$(\LomE ,\tau _\a )$


$T_0$


$(\LomE ,\tau _\a )$


$T_1$


$(\LomE , \tau _\a )$


$(\LomE , \tau _\a )$


$\a \in \LomE $


$\{\a \}$


$\overline {\{\a \}} = \overline {\{1\}} = \LomE $


$(\LomE , \tau _\a )$


$T_0$


$\LomU \in \tau _\a $


$1 \in \LomU $


$(\LomE , \tau _\a )$


$\LomE = \LomB _1 \cup \LomB _2$


$\LomB _1$


$\LomB _2$


$\LomB _{1}^c\in \tau $


$\LomX _1 \in \Gamma (\LomE )$


$\LomB _1^c = \D _\a (\LomX _1)$


$\LomX _2 \in \Gamma (\LomE )$


$\LomB _2^c = \D _\a (\LomX _2)$


$\a \in \D _\a (\LomX _1)$


$\a \in \D _\a (\LomX _2)$


$\a \notin \LomB _1$


$\a \notin \LomB _2$


$\a \notin \LomB _1 \cup \LomB _2$


$\a \notin \LomE $


$\LomE $


$\relax \square $


$\emptyset \neq \LomX \s \LomE $


$\LomX $


$(\LomE , \tau _\a )$


$\a \in \LomE $


$\LomX = \uparrow \{ \x _1 , \x _2 , \cdots , \x _n \}$


$\x _1 , \x _2 , \cdots , \x _n \in \LomE $


$\mathcal {C} = \{\D _\a (\LomX _i)\}_{i \in I}$


$\LomX $


$\LomX =\underset {i \in I}{ \bigcup } \D _\a (\LomX _i)$


$1 \le j \le n$


$i_j \in I$


$\x _j \in \D _\a (\LomX _{i_j})$


$\{ \x _1 , \x _2 , \cdots , \x _n\} \s \D _\a (\LomX _{i_1}) \cup \D _\a (\LomX _{i_2}) \cup \cdots \cup \D _\a (\LomX _{i_n})$


$\{\x _1 , \x _2 , \cdots , \x _n \} \s \displaystyle \bigcup _{j=1}^{n} \D _\a (\LomX _{i_j}).$


$\y \in \LomX = \uparrow \{ \x _1 , \x _2 , \cdots , \x _n \}$


$1 \le \t \le n$


$\x _\t \le \y $


$\x _\t \in \D _\a (\LomX _{i_\t })$


$\y \in \D (\LomX _{i_j})$


$\LomX \s \displaystyle \bigcup _{j=1}^{n} \D _\a (\LomX _{i_j}),$


$\mathcal {C}$


$\LomX $


$\LomX $


$\relax \square $


$\LomX \s \LomE $


$\LomX $


$(\LomE , \tau _\a )$


$\a \in \LomE $


$\LomX \s \LomE $


$\LomX ^c$


$\LomX ^c = \LomE $


$\LomX ^c \neq \LomE $


$\LomX ^c = \LomE $


$\LomX =\emptyset $


$\emptyset $


$\LomX ^c \neq \LomE $


$\LomX ^c$


$0\notin \LomX ^c$


$0 \in \LomX $


$\mathcal {C}= \{ \D _\a ( \LomY _{\alpha }) \}_{\alpha \in I}$


$\LomX $


$0 \in \displaystyle \bigcup _{\alpha \in I} \D _\a (\LomY _{\alpha })$


$\alpha \in I$


$0 \in \D _\a (\LomY _{\alpha })$


$\D _\a (\LomY _{\alpha })$


$\D _\a (\LomY _{\alpha })=\LomE $


$\{\LomE \}$


$\LomX $


$\LomX $


$\relax \square $


$\LomX =\{\b ,1\}$


$\LomX ^c=\{0,\a ,\c \}\notin \tau _\b $


$\LomX $


$\tau _\a =\{\emptyset ,\{\a ,1\},\LomE \}$


$\LomX =\{\a ,1\}$


$\LomX ^c=\{0,\b \}\notin \tau _\a $


$\LomX $


$\LomE $


$(\LomE , \ri , \tau _\a )$


$\a \in \LomE $


$\ri _\b : \LomE \rightarrow \LomE $


$\x \mapsto ( \b \ri \x )$


$\LomB \in \beta _\a $


$(\ri _\b )^{-1}(\LomB )\in \tau _\a $


$\x \in \LomE $


$\LomB :=\D _\a (\uparrow \x ) \in \beta _\a $


$\ri _\b ^{-1}(\D _\a (\uparrow \x )) \in \tau _\a $


\begin {align}\label {R1} (\ri _b)^{-1}(\D _\a (\uparrow \x )) &= \{ \y \in \LomE \mid \, \ri _\b (\y ) \in \D _\a (\uparrow \x ) \} \nonumber \\ &= \{ \y \in \LomE \mid \,(\b \ri \y ) \in \D _\a (\uparrow \x ) \}\nonumber \\ &= \{ \y \in \LomE \mid \exists n \in \mathbb {N} \, \, \text {such that}\,\, \a \overset {n}{\ri }(\b \ri \y ) \in \uparrow \x \}\nonumber \\ &= \{ \y \in \LomE \mid \exists n \in \mathbb {N} \, \, \text {such that}\,\, \x \le \a \overset {n}{\ri }( \b \ri \y ) \}.\end {align}


$\LomX :=(\ri _b)^{-1}(\D _\a (\uparrow \x ))$


$\LomX \in \Gamma (\LomE )$


$\y \le \z $


$\y \in \LomX $


$\LomE $


$\b \ri \y \le \b \ri \z $


$\a \ri (\b \ri \y )\le \a \ri (\b \ri \z )$


\begin {equation*}(\a \ri (\b \ri \y ))''\le (\a \ri (\b \ri \z ))''.\end {equation*}


$n\in \mathbb {N}$


$\a \overset {n}{\ri }(\b \ri \y )\le \a \overset {n}{\ri }(\b \ri \z )$


$\x \le \a \overset {n}{\ri }(\b \ri \y )$


$\x \le \a \overset {n}{\ri }(\b \ri \z )$


$\z \in \LomX $


$\LomX \in \Gamma (\LomE )$


$\D _\a (\LomX )=\LomX $


$\LomX \s \D _\a (\LomX )$


$\y \in \D _\a (\LomX )$


$m\in \mathbb {N}$


$\a \overset {m}{\ri } \y \in \LomX =(\ri _b)^{-1}(\D _\a (\uparrow \x ))$


$k\in \mathbb {N}$


$\x \le \a \overset {k}{\ri }(\b \ri (\a \overset {m}{\ri } \y ))$


$\LomE $


\begin {equation*}\x \le \b \ri (\a \overset {k}{\ri } (\a \overset {m}{\ri } \y ))=\b \ri (\a \overset {m+k}{\ri } \y )=\a \overset {m+k}{\ri }(\b \ri \y ).\end {equation*}


$\y \in \LomX $


$\D _\a (\LomX )\s \LomX $


$\LomX =\D _\a (\LomX )\in \tau _\a $


$(\LomE , \ri , \tau _\a )$


$\relax \square $


$\ri _\b : \LomE \rightarrow \LomE $


$\x \mapsto ( \x \ri \b )$


$(\ri _b)^{-1}(\D _\a (\uparrow \x ))$


$\LomE $


$\tau _\a $


$\LomE $


$\LomE $


$\x \ri (\y \we \z )=(\x \ri \y )\we (\x \ri \z ), \quad \mbox {for any} \quad \x ,\y ,\z \in \LomE $


$(\LomE , \we , \tau _\a )$


$\a \in \LomE $


$\we _\b : \LomE \rightarrow \LomE $


$\x \mapsto ( \b \we \x )$


$\beta _\a $


$\tau _\a $


$\LomB \in \beta _\a $


$(\we _\b )^{-1}(\LomB )\in \tau _\a $


$\x \in \LomE $


$\LomB :=\D _\a (\uparrow \x ) \in \beta _\a $


$\we _\b ^{-1}(\D _\a (\uparrow \x )) \in \tau _\a $


\begin {align}\label {R2} (\we _b)^{-1}(\D _\a (\uparrow \x )) &= \{ \y \! \in \! \LomE \! \mid \! \, \we _\b (\y ) \in \D _\a (\uparrow \x ) \} \nonumber \\ &= \{ \y \! \in \! \LomE \! \mid \! \,(\b \we \y ) \in \D _\a (\uparrow \x ) \}\nonumber \\ &= \{ \y \! \in \! \LomE \! \mid \! \text {there exists } n \in \mathbb {N} \, \, \text {such that}\,\, \a \overset {n}{\ri }(\b \we \y ) \in \uparrow \x \}\nonumber \\ &= \{ \y \! \in \! \LomE \! \mid \! \text {there exists } n \in \mathbb {N} \, \, \text {such that}\,\, \x \le \a \overset {n}{\ri }( \b \we \y ) \}.\end {align}


$\LomX :=(\we _b)^{-1}(\D _\a (\uparrow \x ))$


$\LomX \in \Gamma (\LomE )$


$\y \le \z $


$\y \in \LomX $


$\b \we \y \le \b \we \z $


$\a \ri (\b \we \y )\le \a \ri (\b \we \z )$


$(\a \ri (\b \we \y ))''\le (\a \ri (\b \we \z ))''$


$n\in \mathbb {N}$


$\a \overset {n}{\ri }(\b \we \y )\le \a \overset {n}{\ri }(\b \we \z )$


$\x \le \a \overset {n}{\ri }(\b \we \y )$


$\x \le \a \overset {n}{\ri }(\b \we \z )$


$\z \in \LomX $


$\LomX \in \Gamma (\LomE )$


$\D _\a (\LomX )=\LomX $


$\LomX \s \D _\a (\LomX )$


$\y \in \D _\a (\LomX )$


$m\in \mathbb {N}$


$\a \overset {m}{\ri } \y \in \LomX =(\we _b)^{-1}(\D _\a (\uparrow \x ))$


$k\in \mathbb {N}$


\begin {equation*}\x \le \a \overset {k}{\ri }(\b \we (\a \overset {m}{\ri } \y )).\end {equation*}


\begin {align*}\x \le \a \overset {k}{\ri }(\b \we (\a \overset {m}{\ri } \y ))&=(\a \overset {k}{\ri }\b )\we (\a \overset {k}{\ri }(\a \overset {m}{\ri } \y ))\\ &\le (\a \overset {k+m}{\ri }\b )\we (\a \overset {k+m}{\ri } \y ))\\ &=\a \overset {k+m}{\ri }(\b \we \y )\end {align*}


$\y \in \LomX $


$\D _\a (\LomX )\s \LomX $


$\LomX =\D _\a (\LomX )\in \tau _\a $


$(\LomE , \we , \tau _\a )$


$\relax \square $


$\LomE _1$


$\LomE _2$


$\LomF \in \mathcal {F}(\LomE _2)$


$f:\LomE _1\rightarrow \LomE _2$


$f^{-1}(\D _{f(\a )}(\LomF ))=\D _\a (f^{-1}(\LomF ))$


$\D _\a (\ker (f))=f^{-1}(\D _{f(\a )}(\{1\}))$


$f$


$(\LomE _1,\tau _\a )$


$(\LomE _2,\tau _{f(\a )})$


$f$


$f^{-1}(F)\in \mathcal {F}(\LomE _1)$


\begin {align*}f^{-1}\left (\D _{f(\a )}(\LomF )\right )&=\{\x \in \LomE _1\mid f(\x )\in \D _{f(\a )}(\LomF )\}\\ &=\{\x \in \LomE _1\mid \exists \ n\in \mathbb {N},\ s.t. \ f(\a )\overset {n}{\ri } f(\x )\in \LomF \}\\ &=\{\x \in \LomE _1\mid \exists \ n\in \mathbb {N},\ s.t. \ f(\a \overset {n}{\ri } \x )\in \LomF \}\\ &=\{\x \in \LomE _1\mid \exists \ n\in \mathbb {N},\ s.t. \ \a \overset {n}{\ri } \x \in f^{-1}(\LomF )\}\\ &=\D _\a (f^{-1}(\LomF )).\end {align*}


$\x \in \LomE _1$


\begin {align*}\x \in \D _\a (\ker (f))&\Leftrightarrow \ \a \overset {n}{\ri } \x \in \ker (f),\ \text {for some}\ n\in \mathbb {N}\\ &\Leftrightarrow \ f\left (\a \overset {n}{\ri } \x \right )=1,\ \text {for some}\ n\in \mathbb {N}\\ &\Leftrightarrow \ f(\a )\overset {n}{\ri } f(\x )=1,\ \text {for some}\ n\in \mathbb {N}\\ &\Leftrightarrow f(\x )\in \D _{f(\a )}(\{1\})\\ &\Leftrightarrow \x \in f^{-1}\left (\D _{f(\a )}(\{1\})\right ).\end {align*}


$f^{-1}\left (\D _{f(\a )}(\LomF )\right )=\D _\a (f^{-1}(\LomF ))\in \tau _\a $


$f$


$(\LomE _1,\tau _\a )$


$(\LomE _2,\tau _{f(\a )})$


$\relax \square $


$\LomF \in \mathcal {F}(\LomE )$


$\pi :\LomE \rightarrow \dfrac {\LomE }{\LomF }$


$\pi (\x )=[\x ]$


$\left (\dfrac {\LomE }{\LomF }, \tau _\a \right )$


$\tau _{[\a ]}=\left \{\D _{[\a ]}\left (\dfrac {\LomX }{\LomF }\right )\mid \LomF \s \LomX \in \Gamma (\LomE )\right \}$


$\dfrac {\LomE }{\LomF }$


$\left \{\D _{[\a ]}\left (\uparrow [\x ]\right )\mid [\x ]\in \dfrac {\LomE }{\LomF }\right \}$


$\tau _{[\a ]}$


$\dfrac {\LomE }{\LomF }$


$\widehat {\tau }_\a =\left \{\left [\D _\a (\LomX )\right ]\mid \LomF \s \LomX \in \Gamma (\LomE )\right \}$


$\dfrac {\LomE }{\LomF }$


$\left (\dfrac {\LomE }{\LomF }, \widehat {\tau }_\a \right )$


$\left \{\left [\D _{\a }\left (\uparrow \x \right )\right ]\mid \x \in {\LomE }\right \}$


$\widehat {\tau }_\a $


$\LomF ,\LomG \in \mathcal {F}(\LomE )$


$\LomF \s \LomG $


$\D _{[\a ]}\left (\dfrac {\LomG }{\LomF }\right )=\dfrac {\D _\a (\LomG )}{\LomF }$


$\x \in \LomE $


\begin {align*}\D _{[\a ]}\left (\dfrac {\LomG }{\LomF }\right )&=\left \{[\x ]\in \dfrac {\LomE }{\LomF }\mid \exists n\in \mathbb {N},\ s.t. \ [\a ]\overset {n}{\ri } [\x ]\in \dfrac {\LomG }{\LomF }\right \}\\ &=\left \{[\x ]\in \dfrac {\LomE }{\LomF }\mid \exists n\in \mathbb {N},\ s.t. \ [\a \overset {n}{\ri } \x ]\in \dfrac {\LomG }{\LomF }\right \}\\ &=\left \{[\x ]\in \dfrac {\LomE }{\LomF }\mid \exists n\in \mathbb {N},\ s.t. \ \a \overset {n}{\ri } \x \in {\LomG }\right \}\\ &=\left \{[\x ]\in \dfrac {\LomE }{\LomF }\mid \x \in \D _{\a }(\LomG )\right \}\\ &=\dfrac {\D _\a (\LomG )}{\LomF }.\end {align*}


$\relax \square $


$\LomF \in \mathcal {F}(\LomE )$


$[\D _\a (\uparrow \x )]\s \D _{[\a ]}(\uparrow [\x ])$


$\x \in \LomE $


$\widehat {\tau }_\a $


$\tau _{[\a ]}$


$[\y ]\in [\D _\a (\uparrow \x )]$


$\z \in \D _\a (\uparrow \x )$


$[\y ]=[\z ]$


$n\in \mathbb {N}$


$\x \ri (\a \overset {n}{\ri } \z )=1$


$[\x ]\ri ([\a ]\overset {n}{\ri } [\z ])=[1]$


$[\y ]=[\z ]$


$[\x ]\ri ([\a ]\overset {n}{\ri } [\y ])=[1]$


$[\y ]\in \D _{[\a ]}(\uparrow [\x ])$


$\relax \square $


$\LomE $


$\LomF \in \mathcal {F}(\LomE )$


$[\D _\a (\uparrow \x )]= \D _{[\a ]}(\uparrow [\x ])$


$\x \in \LomE $


$\widehat {\tau }_\a $


$\tau _{[\a ]}$


$\dfrac {\LomE }{\LomF }$


$\x \in \LomE $


$[\D _\a (\uparrow \x )]\s \D _{[\a ]}(\uparrow [\x ])$


$[\y ]\in \D _{[\a ]}(\uparrow [\x ])$


\begin {align*}\D _{[\a ]}(\uparrow [\x ])&=\left \{[\y ]\in \dfrac {\LomE }{\LomF }\mid \exists n\in \mathbb {N}, \ s.t.\ [\x ]\le [\a ]\overset {n}{\ri } [\y ]\right \} \\ &=\left \{[\y ]\in \dfrac {\LomE }{\LomF }\mid \exists n\in \mathbb {N}, \ s.t.\ \x \ri (\a \overset {n}{\ri } \y )\in \LomF \right \}\end {align*}


$\x \ri (\a \overset {n}{\ri } \y )\in \LomF $


$\t \in \LomF $


$1=\t \ri (\x \ri (\a \overset {n}{\ri } \y ))$


$1=\x \ri (\a \overset {n}{\ri } (\t {\ri } \y ))$


$\t \ri \y \in \D _\a (\uparrow \x )$


$\t \in \LomF $


$[\t ]=[1]$


$[\t \ri \y ]=[\t ]\ri [\y ]=[\y ]$


$[\y ]\in [\D _\a (\uparrow \x )]$


$\D _{[\a ]}(\uparrow [\x ])\s [\D _\a (\uparrow \x )]$


$[\D _\a (\uparrow \x )]= \D _{[\a ]}(\uparrow [\x ])$


$\relax \square $


$\LomE _1$


$\LomE _2$


$\LomG \in \mathcal {F}(\LomE _1\times \LomE _2)$


$\LomF _1\in \mathcal {F}(\LomE _1)$


$\LomF _2\in \mathcal {F}(\LomE _2)$


$\LomG =\LomF _1\times \LomF _2$


$\LomF ,\LomG \in \mathcal {F}(\LomE )$


$\a \in \LomE $


\begin {equation*}\D _\a (\LomF )\times \D _\a (\LomG )=\D _\a (\LomF \times \LomG ).\end {equation*}


$\a \in \LomE $


\begin {align*}\D _\a (\LomF )\!\times \! \D _\a (\LomG )&=\{(\x ,\y )\!\in \! \LomE \times \LomE \mid \x \in \D _\a (\LomF ),\ \y \in \D _\a (\LomG )\}\\ &=\{(\x ,\y )\in \LomE \!\times \! \LomE \mid \exists n,m\!\in \! \mathbb {N}\ s.t. \ \a \overset {n}{\ri } \x \in \LomF , \a \overset {m}{\ri } \y \!\in \!\LomG \}\\ &=\{(\x ,\y )\!\in \! \LomE \!\times \! \LomE \mid \exists \t \in \mathbb {N}\ s.t. \ \t \geq \max \{n,m\}\\[-3pt] &\qquad \qquad \qquad \qquad s.t.\ \a \overset {t}{\ri } \x \in \LomF ,\ \a \overset {t}{\ri } \y \in \LomG \}\\ &=\{(\x ,\y )\!\in \! \LomE \!\times \! \LomE \mid \exists \t \in \mathbb {N}\ s.t. \ \t \geq \max \{n,m\}\\[-3pt] &\qquad \qquad \qquad \qquad s.t.\ (\a ,\a )\overset {t}{\ri } (\x ,\y )\!\in \!\LomF \times \LomG \}\\ &=\D _\a (\LomF \!\times \! \LomG ).\end {align*}


$\relax \square $


$\LomF ,\LomG \in \mathcal {F}(\LomE )$


\begin {equation*}\psi : \dfrac {\LomE \times \LomE }{\D _\a (\LomF \times \LomG )}\rightarrow \dfrac {\LomE }{\D _\a (\LomF )}\times \dfrac {\LomE }{\D _\a (\LomG )}\end {equation*}


$\a \in \LomE $


$\varphi :\LomE \times \LomE \rightarrow \dfrac {\LomE }{\D _\a (\LomF )}\times \dfrac {\LomE }{\D _\a (\LomG )}$


$\varphi (\x ,\y )=\left ([\x ]_{\D _\a (\LomF )},[\y ]_{\D _\a (\LomG )}\right )$


$\varphi $


$(\x ,\y )\in \ker \varphi $


$[\x ]_{\D _\a (\LomF )}=[1]_{\D _\a (\LomF )}$


$[\y ]_{\D _\a (\LomG )}=[1]_{\D _\a (\LomG )}$


$\D _\a (\LomF )\times \D _\a (\LomG )=\D _\a (\LomF \times \LomG )$


$\ker (\varphi )=\D _\a (\LomF )\times \D _\a (\LomG )$


\begin {equation*}\psi :\dfrac {\LomE \times \LomE }{\D _\a (\LomF \times \LomG )}\longrightarrow \dfrac {\LomE }{\D _\a (\LomF )}\times \dfrac {\LomE }{\D _\a (\LomG )}\end {equation*}


$\psi \left ([(\x ,\y )]_{\D _\a (\LomF \times \LomG )}\right )=\left ([\x ]_{\D _\a (\LomF )},[\y ]_{\D _\a (\LomG )}\right )$
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$\LomU $


$\dfrac {\LomE }{\D _\a (\LomF )}\times \dfrac {\LomE }{\D _\a (\LomG )}$
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$\LomU =\dfrac {\LomV }{\D _\a (\LomF )}\times \dfrac {\LomW }{\D _\a (\LomG )}$
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1. Introduction

Algebra and topology are indeed fundamental areas of mathematics that
complement each other in many ways. Algebra deals with the study of
mathematical operations and structures, while topology focuses on proper-
ties that are preserved under continuous transformations, such as bending
and stretching. Together, these two fields provide a powerful toolkit for un-
derstanding and solving mathematical problems. They are used together in
the field of mathematics known as algebraic topology. Algebraic topology
is a branch of mathematics that uses algebraic tools to study topological
spaces. Topological spaces are mathematical structures that capture the
notion of closeness or continuity, while algebraic structures provide a way
to analyze these spaces using algebraic techniques. By combining alge-
braic and topological methods, algebraic topology allows mathematicians
to study properties of spaces that are not easily accessible through purely
topological or algebraic means.

Topology on logical algebraic structures is a fascinating field that ex-
plores the relationship between the algebraic properties of structures like
lattices, Boolean algebras, etc., and their topological properties. It involves
studying concepts like open and closed sets, convergence, continuity, and
compactness within the context of these structures.

The motivation for introducing equality algebras came from EQ-algebras
which are defined by Novédk in [17]. In EQ-algebras, compared to equality
algebras, there is an additional operation ®, called product, which is very
loosely related to the other operations. Therefore, there might not exist
deep algebraic characterizations of EQ-algebras, and intention was to de-
fine a structure similar to EQ-algebras but without the product. This new
logical algebra, the equality algebra, has two connectives, a meet operation
and an equivalence, and a constant. Equality algebra is introduced by Jenei
[8]. Since equality algebra can be a good alternative to possible algebraic
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semantics for fuzzy type theory, the study of equality algebra is very valu-
able. Recently, many mathematicians have studied this algebraic structures
in various fields. For instance, the relation between equality algebra with
other algebraic structure, filters, ideals, annihilators and co-annihilators
are investigated that continued in [11, 12, 13, 5, 6, 20, 15, 18, 19].

Lately a lot of mathematicians have been looking into the idea of
topology on logical algebraic structures specifically BL-algebras. For in-
stance Borzooei in [4] looked at how separation axioms are connected to
(semi)topological quotient BL-algebras. They explored when a (semi)topo-
logical quotient BL-algebra can be a Tj-space or Hausdorff or regular or
normal. In [1], the authors introduced the concept of quasi-filter neighbor-
hoods in (semi)topological BL-algebras and discussed some of their charac-
teristics through statements and proofs. Furthermore by applying the idea
of quasi-filter they discovered certain situations in which a BL-algebra can
be turned into a metrizable structure. To learn more about this topic you
can check out the articles by [9, 10, 2, 3, 7, 21, 22, 23].

In this paper, we introduce a special subset of equality algebra which
is upset and by using these upsets we construct a topology on bounded
equality algebras and we investigate some of their topological properties,
such as some types of topological space (Hausdorff, Ty-space and T}-space)
and disconnected. In addition, we express the relation between closed
and compact sets in this topology. Moreover, by considering the binary
operation — and the constructed topology on the bounded equality algebra
E, we introduce the notion of a semi-topological algebra and we prove that
any involutive equality algebra is a right semi-topological algebra and by
some conditions it can be a semi- A-topological algebra. Also, we show that
it is not necessarily a left semi-topological algebra. Finally, we investigate
converse image, product and quotient topology on equality algebra and
show that under what condition we can make a finer topology.

2. Preliminaries

In this section, we have some basic concepts about equality algebra that
will be used in later sections. We only remind some definitions and results.
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DEFINITION 2.1 ([8]). An algebraic structure (E; A,~,1) of type (2,2,0)
is called an equality algebra if it satisfies the following conditions, for all

Ly 3€E,

(E, A, 1) is a commutative idempotent integral monoid,

p<jimpliesg~j3sp~zandr~3=xr~9,
r~n<s (@A)~ (),
D= (r~3)~(~3)

An equality algebra (E, <) with a binary relation defined by “r < v if
and only if r A y =” is a poset. Also, we define the operation “—” on E
asir—»yn=r~ (rAy).

The set ) # X C E is called a subequality algebra if it is closed under
all operations on E. It means that for any r,p € X, r Ap,r~ne X.

An equality algebra (E,~, A,0,1) is called a bounded equality algebra
if for every ¢ € E, 0 < r. In a bounded equality algebra E, we define the
negation operation “’” by: ¢ =t —» 0 =1 ~ 0, for all ¢t € E. If for any
t € E, " =, then E is called an involutive equality algebra.(See [8])

Note: From now on, let (E; A,~,1) or E be an equality algebra, unless
otherwise stated.

PROPOSITION 2.2 ([8, 24]). The following conditions hold, for anyr, v, 3 € E:
(i) r—»y=1ifand only if r X v,
(i) l»r=rr»1l=Landr—>r=1,

(iii) r<p >,
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(iv) r< (x> 1) >,

V) r>W—>3)=9—>(—>3),

(vi) r<pimpliesy »3<xr—jand; »r<3—>0,
(vii) >y =1 (x AY),

(viii) IfE is alattice, then (xr Y n) — 3 = (x = 3) A (h — 3).

(ix) (x> v) »n) »y=r—>v,

)
(x) r~n=<r—>y,
(xi) r> 9 < (xA3) > (hA3),
(xi) r>9<G—>1) >G>y andr>9=<(y—>3) > (r—3)

DEFINITION 2.3.
(i) A lattice equality algebra is an equality algebra which is lattice.

(ii) If for any r,y € E, 1 is the unique upper bound of the set {r - v, y -
1}, then E is called prelinear. Also, any prelinear equality algebra is a
distributive lattice. ([24, Theorem 3.8])

DEFINITION 2.4 ([8]). Let F be a non-empty subset of E. Then F is called
a filter of E if for all ¢,y € E, we have

(i) re Fandr < yimplyy € F,
(ii) re Fandr ~y € Fimplyy € F.

The set of all filters of E is denoted by F(E).
PrOPOSITION 2.5 ([8]). Let ) # F C E. Then F € F(E) if and only if, for
allzg,ne E; 1 e F,andifre Fandg -y € F, theny € F.

Clearly, for any F € F(E), 1 € F and F is called a proper filter of E if
F #£ E. Clearly, if E is bounded, then F € F(E) is proper if and only if it is
not containing 0.
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Let F € F(E). Define the relation ¢ on E by

(r,9) € 0p ifandonlyif {r—1n,ny—»r} CF.

Let % ={[t]lr € E}, where [t] = {n € E| (z,9) € Or}. Then define the

E
binary relation g on F by:
k] <r [v] ifandonlyif r—yeF,
which is an order relation on ik For any 1,y € E, define
] ~p 9] = [t ~v] and [t] Ap [y] =[x A 0],
Then 7O AF, 1% is called a quotient equality algebra and denoted by

E
B where 1g = [1]g. = F.

DEFINITION 2.6 ([16]). Let ) # A C E. The smallest filter of E containing
A is called the generated filter by A in E which is denoted by (A). Indeed,

(A)= N F

ACFcF(E)
PROPOSITION 2.7 ([16]). Let @ # A C E. Then

(A)={teE[ai» (a2 > (> (ap>p) ) =1
for somen € Nand ay,--- ,a, € A}.

In particular, for any element a € E, we have (a) = {r ¢ E | a =" ¢ =
1, for some n € N}, wheret - p=pandyr ="y =1 —» (r »""1p). If
F ¢ 7(E) and a € E\ F, then

(FU{a})={r€E|a—"r€F, for somen € N}.
IfF,G € F(E), then
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(FUG)={reE| g—»reF, forsomege G}
={reE]| f>»reG, forsomef e F}.

3. Topology on equality algebras

In this section, we introduce a special subset of equality algebra which is
upset and by using this upsets we construct a topology on bounded equality
algebras and investigate their some types of topological space properties,
such as Hausdorff, Tj-space, T1-space and disconnected. (For studying more
details in topology, we refer the reader to [14].)

Note: Let (X; <) be a poset. Then for any Y C X, we define
tY={reX|Iney st y=xr}

The set ) is called upsetif )Y = ). The set of all upsets of X is denoted by
r'x).

An upset ) is called finitely generated if there exists n € N such that
Y =1 {91,92,...,9,}, for some v1,92,...,9, € Y. Obviously, Y C1 Y, for
any Y C X.

PROPOSITION 3.1. Suppose (X; <) is a poset and {V;}ier € P(X). Then
(i) fY; CYj, then t Y €1 Y.
(ii) If {V;}iesr CT(X), then JY; € T(X).
i€l
(iii) If {Vi}ier CT(X), then N Y; € T(X).
iel
(iv) If Y, e T(X), then Y, = U Tr
€Y

ProOF: (i) The proof is clear.
(ii) Obviously, UV €T UYVs. Assume ¢ €1 |JY:;. Then there exists
i€l i€l i€l
y € |JY; such that y < r. Thus, there exists ¢ € I such that y € });. Since
i€l
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Y; is upset, we get r €1 V; = V;. Hence, r € |J Y. Therefore, |JY; € T'(X).
i€l iel

(iii) The proof is similar to the proof of (ii).

(iv) Let y € );. Sincey <y, wehavey €ty C |J tr. Then Y; C U 11

eV €Y
Furthermore, if t € |J 1 r, then thereisy € Y; such that t €1 . Then < t,
€Y
and so t €1 Y;. Since ); € I'(X), we have t € ;. Hence, |J Tt C V.
€Y
Therefore, YV, = | T t. O
€Y

Note: From now on, (E, A,~,0,1) or E for short is a bounded equality
algebra, unless otherwise stated.

DEFINITION 3.2. Let a € E and X € T'(E). Then, we define
DN (X):={r€E|IneN st a->re X},
where
=(a 1",
a—r:=(a—>(a>p")",
=(a—

(e
—_——

n-times

Ezample 3.3. Let E = {0,a,b,1} be a poset with the following Hasse
diagram. Define “~” on E as follows:

1

= o a Ol
o a o ro
a O~ ole
o~ OoOaloc
= o a Ol
— o Q O\L
o a o RO
a a = =la
[ N e e K=
e e e e R
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Then (E, A, Y,~,0,1) is a bounded lattice equality algebra and

DNa({l}) = DNG({G, 1})
= {a’ 1}7
DNa({bv 1}) = DNa({“v b,1})
= DNa(E)
={0,a,b,1}.

PROPOSITION 3.4. Leta,b € Eand @ # X,Y € T'(X). Then

(i) DNy(X) = E and DN, (X) = {r € E | ¢ € X}. Particularly, if E is
involutive, then DN} (X) = X.

(i) DNL(0) = 0 and DNL(E) = E.

(iii) @ € DAG(X).

(iv) DNG(X) € [(E).

(v) It X C Y, then DNL(X) C DNL(Y)

(vi) X C DN (X).

(vii) If a < b, then DNy(X) C DN, (X). Particularly, DNy (X) C

DNy (X).

(viii) If E is involutive, then DN, (X) = (X U {a}). Particularly, if a € X
and X € F(E), then DN, (X) = X.

PRrOOF: The proofs of (i) and (ii) are clear.
(iii) Let a € E. Then a La= (a » a)’ =17 = 1. Since X € I'(E), we
have 1 € X, and so a € DN,(X).

(iv) Suppose ¢ € DN,(X) and b € E such that ¢ < b. Then thereisn € N
such that

(@ (.. (a=1)". .)€ x.
—_——

n-times



228 Mona Aaly Kologani, Sogol Niazian, Rajab Ali Borzooei

Since ¢ < b, by Proposition 2.2(vi), a - ¢ < a = b. Thus, (a > )" < (a —

b)”. By repeating this method, we have

asr=(@—>(..(a>0)"..)) g@a>(..(a>»b"..)) =a>b.
—_——— —_———

n-times n-times

Since a —» r € X and X € T'(E), we conclude a Zbex. Hence, b €
DN, (X). Therefore, DN, (X) € T'(E).

(v) If r € DNL(X), then there is n € N such that a S r e X. Since X C Y,
wehavea €Y, andsor € DNL(Y). Hence, DN, (X) C DNL(D).

(vi) Let r € X. By Proposition 2.2(iii) and (iv), we have

rSa>r<(a>y)’ < Kaor

Since r € X and X € T'(E), we get for any n € N, a 5 r € X and so
¥ € DNL(X). Hence, X C DN, (X).

(vii) If r € DNg(X), then there is n € N such that b Sre X Sincea<b,
by Proposition 2.2(vi), we have b - r < a - r,and so (b - 1)’ < (a > ¢)".
By Proposition 2.2(vi), we have b — (b — )" < b - (a — )”. Since
a < b, by Proposition 2.2(vi), we get b — (a — 1)’ < a — (a — r)”. Thus,
b > (b—>71)"<a—(a—>»p) andsob it r=sa it t. By repeating this
method, we have b 5 r=<a 5 . Since b % r€ X and X € T'(E), we get
a r € X. Hence, r € DN, (X). In addition, by Proposition 2.2(iv), y < v”.

Then the proof is clear.
(viil) Let r € DN,4(X). Then

a»reX < 3neNsuchthat (a— (a— (- (a—>p)--)")") €X.

Since E is involutive, we get (a — (a — (---(a — ¢)---))) € X and by
Proposition 2.7, we have ¢ € (X U{a}). The proof of other case is clear. [

LEMMA 3.5. The sequence {r 5 a}se, is an increasing sequence in E, for
anyr € E.
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ProOOF: By Proposition 2.2(iii), @ < ¢ — a. Then by using two times
Proposition 2.2(vi), & < (r - a)” and so a < (r — a)”. Now, by Proposi-
tion 2.2(vi), we obtainy »a<xr— (r » a)’,andso (z » a)" < (t - (t —

A/ ! 2 F 2 3
a)”)”. Then r — a < ¢ — a. Similarly, we have r — a < ¢ — a. Therefore,

1 2 3 n
rrasroasroas o Sroas O

PROPOSITION 3.6. If {X,}aecr C T'(E), then

(D 11A@ <LJ k@) = LJ IUVLCX&)

acl acl

(ii) DN, <ﬂ Xa> C [ PNa(Xa).

acl acl

(iii) If I is finite, then DN, (ﬂ Xa> = ﬂ DN (Xy).

acl acl

ProoOF: (i) By Propositions 3.1(ii), we have |J,c; Xo € T'(E). If ¢ €

DN, (U Xa>, then there is n € N such that a —» r € U X,. Thus,
acl acl

there exists n € I such that a 5 r € X,, and so r € DNy (X,). Hence,

r € U DN4(X,), and so DN, (U X, | C U DN,y (X,). Now, since

acl ael acl
Xy C U X, for any a € I, by Proposition 3.4(v) we get DNy(X,) C
acl
DN, (U Xa>. So | DNa(Xa) SDNa(| Xa). Hence, DA, (U /’\,’a) -
acl acl acl acl
U DN (X,).
acl

(i) If r € ﬂDNa(Xa), then r € DNy(X,) for any o € I. Then there is



230 Mona Aaly Kologani, Sogol Niazian, Rajab Ali Borzooei

ng € Nfor any « € I such that a % r € X,. We put t = max{ng}acr. By
N t
Lemma 3.5, a % r<a—»gforany a € I. Since X, € T'(E) for o € I,

t t
we obtain a — ¢ € X, for any a € I. Hence, a —» ¢ € ﬂ X, and so
acl

r € DN, (ﬂ Xa> . Hence, DN, (ﬂ Xa> C ﬂ DNL(X,

a€el a€el ael
(iii) If \ I |< o0, then by Propositions 3.1(iii), we get ﬂae[ X, €eT'(E

k
show ﬂ DN, (X,) = DN, (ﬂ Xa>. Ifr € DN, < ), then there is
<

a=1 a=1
k

nGNsuchthataﬂ;G ﬂX Thenaﬂge)( for 1

a=1

a < k. Thus,

k
r € DNG(X,) forl x axkandsor € ﬂ DN, (X,). Conversely, holds by

(ii). Therefore, DNy (m ) ﬂ DN (X, O

acl acl
Remark 3.7. Let a € E. Define

Ta := {DNL(X) | X e T(E)}.

THEOREM 3.8. The structure (E,74) is a topological space.

PROOF: By Proposition 3.4(ii), DNy(#) = 0 and DNL(E) = E. Then
0, E € 74. Furthermore, if {DN,(Xa) }aer is a family of 74, then by Proposi-
tions 3.6(i), we have DN ( U X,) U DN, (X,). Therefore, U DNL(X,) €

ael ael a€el
Ta. Now, if {DNy(Xs)}aer is a finite famlly of 74, then by Propositions

3.6(iii), we get DN ( ﬂ Xy) ﬂ DN,y (X,). Hence, ﬂ DN, (X,) € Ta.
acl acl acl
Therefore, 74 is a topology on E. O

Ezample 3.9. Consider E = {0,a,b,¢,1} be a poset. Define “~” on E as
the following table:
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1 ~ 0O a b ¢ 1 —» 0O a b ¢ 1

0 1 0 0 0 O 0 1 1 1 1 1

a b g 01 ¢ b a a 01 b b 1
] b 0 ¢ 1 a b b 0O a 1 a 1

c 0O b a 1 ¢ c 0O 1 1 1 1

0 1 0 a b ¢ 1 1 0 a b ¢ 1

Then E = (E, A, ~, 1) is a bounded equality algebra. Clearly,
T'(E) = {0, {1},{a,1},{6,1},{a,b,1},{a,b,c, 1}, E}.
Then since DN (X) :={r € E|[3In €N s.t b1 € X}, we get that
DNo(0) = 0, DN (E) = E, DNy ({1}) = DNp({b,1}) = {b, 1},
DNy({a,1}) = DNy({a,b,¢,1}) = DNy ({a,b,1}) = {a, b, ¢, 1}.

Hence, 7, = {0, {b,1},{a,b,¢,1},E}.

Remark 3.10. By Proposition 3.4(ii), DNy(0) = 0. Also, for any 0 # X €
I'(E), we have DN (X) = E. Hence, 1o = {DNy(X) | X e T(E)} = {0, E}.
THEOREM 3.11. Let | E |> 2. If0 # a € E, then 14 is not a discrete
topology on E.

ProOOF: We know that if 7, is a discrete topology on E, then 7, = P(E).
Also, clearly, 7, C P(E). In addition, we have some subsets of E that not
containing 1. On the other hand, for any § # U € 74, U € T'(E) and so
1 € U. Hence, P(E) € 7. Therefore, 74 is not a discrete topology on E. O

ProroSITION 3.12. Leta € E. If
Ba == {DNa(tx) [z € E} U {0},
then 3, is a base for 7.
ProOOF: Let r € E. Since 1 (1 r) =1 1, we have DNy (T t) € 7. Then

Ba is a set of open subsets of E. Furthermore, if () # U € 74, then there is
X € I'(E) such that U = DN,(X). By Propositions 3.1(iv) and 3.6(i) we
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have

U =DNo(X) = DNo(|J 11) = (UDNa(T D).

rex rex

Therefore, 3 is a basis for 7. O
ProrosiTiON 3.13. If a < b, then 7y is finer than 7, for a,b € E.

PrOOF: Lett € Eand t € B € 8, Then B = DN, (1 1) for some
r € E. Sincet €t tand Tt C DNy(1 t), we have t € DNy (1 t). Also,
since a < b, by Proposition 3.4(vii) DNy(T t) € DNL(1 t). Now, we show
DNL(1 t) € DNy(1 ¢). Suppose v € DNy (1 t). Then there is m € N such
that a —» v €1 . Then
t<(a—>»(..(a=v)..)"".
———

m-times

Sincet € B, wehavet € DN, (1 ). Then thereisn € Nsuch that a St etr.
Thus,
r=<(a—»(..(a=t)"...)")".
R U
Since t < (a — (... (a > 1)”...)")"), by Proposition 2.2(vi), we have
R
a—»tga—>»(a—>(..(a>»v)..)""
—_——

m times

By assumption, and by Proposition 2.2(vi),

(@—>0" < (a— (@ (.. (ae).. )"
-times

1 +1 7 +
So,a » txa e Similarly, we conclude a 5t <a s v, and so
m—+n
a — t el Thus, v € DNL(T 1), and so DN,(1 t) € DNL(T 1). Since
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DNp(1t) € DNL(T t), we have DNy (1 t) € DNL(T ¢). Finally, it is enough
to set B’ = DNy (1 t). Then B’ € 3, and t € B’ C B. Thus, 75 is finer than
Tq- O

PROPOSITION 3.14. The singleton {a} is dense in the topological space
(E, 7q), where a € E.

Proor: We prove {a} = E. Let B be a closed subset in E and {a} C B.
Then B¢ is open, and so there is X € I'(E) such that B¢ = DN (X). We
know that, if DNL(X) # 0, then a € DN,(X). Thus, a € B¢ a contra-
diction. Hence, DNG(X) = 0, and so B¢ = . Therefore, B = E i.e.
{a}= [ B=E O
{a}CB=B

PROPOSITION 3.15. The topological space (X, 7) is a Ty space if and only
if {r} # {v} for any distinct pair r,y € X.

PROOF: Let (X, 7) be Ty space and r # v. Consider {r} = {y} andr € U €
7. Then U€ is closed and ¢ ¢ U°. If y € U, then

re @ = @ = m C CU° where C is closed subset of X.
peC

Then ¢ € U¢, and so ¢ ¢ U, a contradiction. Hence, y ¢ U and y € U.
Therefore, {¢} # {n}. Conversely, consider {r} # {y} for any r,ny € X such
that r # v. Then

pe{nt A= ) 6

rep=p

Thus, y ¢ ﬂxeﬁ:B B. So, there exists a closed subset C such that ¢ € C' and
y ¢ C. Now, set V := C° Then, V € 7 such that y € V and ¢ ¢ V. Hence,
(X, ) is Ty space. O

THEOREM 3.16. For any a € E,
(i) (E,7q) s not Hausdorff.
(ii) (E,7q) is not Tp.

(iii) (B, 74) is not T7.
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(iv) The topological space (E,74) is connected.
(v) The topological space (E,1,) is irreducible.

PrOOF: (i) The proof is clear. -

(ii) Let a € E. By Proposition 3.14, {a} is dense. Thus, {a} = {1} = E and
by Proposition 3.15, (E, 1) is not a Ty space.

(iii) By (ii), it is clear.

(iv) For any U € 7,, we have 1 € Y and so (E, 7,) is a connected space.

(v) Suppose E = By U By such that B; and By are proper closed subsets.
Since B§ € 7, there exists A1 € I'(E) such that Bf = DN (X1). Sim-
ilarly, there is Xy € T'(E) such that B§ = DN, (X3). In addition, from
a € DNL(X1) and a € DN,(X>) we obtain, a ¢ By and a ¢ B,. Hence,
a ¢ B; UBsy, and so a ¢ E, a contradiction. Therefore, E is an irreducible
topological space. O

THEOREM 3.17. If () # X C E is finitely generated, then X is compact in
(E,7q), for any a € E.

PROOF: Suppose X =1 {r1,12, - ,tn}, for some r1,r2, -+ ,1, € E. In
addition, let C = {DN,(X;)}icr be an open cover for X. Then X =
UDN.(X;). For every 1 < j < n, there is i; € I such that r; € DNG(A;)).
iel

Then {;17I2, s 7?77,} - DNa(Xil) @] DNa(Xiz) J---u DNa(Xz ) Thus,

{r1,x0, - ytn} C U DNo(Xi,). Ity € X =1 {r1,x2, - ,In}, then there ex-
j=1
ists 1 < t < n such that ¢ < y. Since re € DNG(A;,), we get v € DN(A,).
Thus, X C U DN, (&), and so C has a finite subcover for X'. Therefore,
j=1
X is compact. O
THEOREM 3.18. If X C E is closed, then X is compact in the topological
space (E,14), where a € E.

Proor: Let X C Eisclosed. Then X€is open. In this case, either X¢ = E

or X¢ £ E. If X = E, then X = 0, and so @ is compact. If X° # E, since
X¢ is upset, we get 0 ¢ X¢ and so 0 € X. Let C = {DNy(Va)}aer be an
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open cover for X. Then 0 € U DNu(Ys). Thus, there is a € T such that

ael
0 € DNy(Va). Since DNy(YV,) is upset DNy(YV,) = E. Hence, {E} is a
finite sub-cover for X. Therefore, X' is compact. O

The following example shows that the converse of the above theorem is
not true.

Ezample 3.19. (i) According to Example 3.9, X = {b, 1} is finite and so it
is compact but X¢ = {0,a,c} ¢ 7. Hence, X is not closed.

(ii) According to Example 3.3, 7, = {0, {a,1},E}. Clearly, X = {a,1} is
finite and so it is compact but X¢ = {0,b} ¢ 7,. Hence, X is not closed.

THEOREM 3.20. If E is an involutive equality algebra, then (E,—»,7,) is
a right semi-topological algebra, where a € E

Proor: We have to show that —,: E — E defined by r — (b — 1) is
continuous. It means for any B € ﬁa, (—=6)"1(B) € 74. Let ¢ € E such that
B := DN,(1 1) € Ba- We prove =, (DNy(11)) € 7. Thus, we have

(=) TH(DNu(T1)) = {n € E | >y (v) € DNa(T 1)}
={neE| (b »n) € DNu(T1)}
:{UGE|EnENSuChthatag(bﬁU)ETI}
:{UeE|EinENsuchthatx<alL»(b—»U)}- (3.1)

First, take X := (=) " (DNy(1 1)) and we show that X € T'(E). Let y < 3
and y € X. Thus by Proposition 2.2(vi) and since E is involutive, we have
b—»>9y=<b—>j3 Thena— (b ->9y)<a—(b—3),andso

(@ (b—1)" < (a—(b—>3)"

By repeating this method, for any n € N we have a 5 b—>p)<a 5 (b —

3). Since r = a (b — 1) we get r < a5 (b — 3). Thus, 3 € X, and so
X € T'(E). We claim that DN,(X) = X. By Proposition 3.4(vi), we have
X C DNy(X). For other side of inclusion, consider y € DN, (X). Then

there exists m € N such that a — § € X = (—p) H(DNy(1 1)). Thus there
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k m
is k € Nsuch that r < a - (b - (a — 1)). By Proposition 2.2(v) and since
E is involutive we get,

k m m-+k m-+k
rsb—>(a>(a>»y)=b—>(a—>np=a—> (b—>y).

By (3.1),9 € X and so DA, (X) C X. Hence, X = DN,(X) € 7. Therefore,
(E, —, 7q) is a right semi-topological algebra. O

Remark 3.21. Clearly, -p: E — E defined by ¢ — (r — b) is not continu-
ous, since by Proposition 2.2(vi), (—3) " (DN4 (1 1)) is not upset necessarily.

Open Problem: Is there any example of a finite equality algebra such as
E which 74 is not a left semi-topology on E?

THEOREM 3.22. If E satisfies the following condition
r>(OA3)=@—>9) A>3, forany r.93€E

then (E, A, 74) is a semi-topological algebra, where a € E.

Proor: We have to show that Ay : E — E defined by ¢ — (b A ) is
continuous. For this, we show that the inverse image of every element of 3,
is an open subset in 7, i.e., for any B € 84, (Ap)"1(B) € 74. Let r € E such
that B := DNy (1 1) € Ba. We prove Ay ' (DNy(1 1)) € Ta. Thus, we have

(Ao) "H(DNG(1 1)) = {n€E| Xo(v) € DNG(T 1)}
={yeE| (b Ay) € DN (T1)}

= {y€E |there exists n € N such that a — (b A y) €1 1}

n

= {p€E|there exists n € N such that r < a — (b A 9)}.
(3.2)

First, take X := (Ap) " (DNL(1 1)) and we show that X € T'(E). Let y < 3
andp € X. ThusbAp xbAilzandsoa - (b Ay < a— (bAj3).
Hence (a — (b A 1))” < (a — (b A 3))”. By repeating this method, for
any n € N we have a —» (b Ay = a (b A 3). Sincer = a (b A1)
wegetr < a — (6 A 3). Thus, 3 € X, and so X € I'(E). We claim that
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DN, (X) = X. By Proposition 3.4(vi), we have X C DN, (X). For other
side of inclusion, consider y € DN, (X). Then there exists m € N such that

al e X =(Ap) H(DNy(11)). Thus there is & € N such that

k m
r<a—> (bA(a—>y)).

By assumption we have

r<a (b4 (@)= (a>b)A(a>(ay)

k+m k+m
<(a = b)A(a — v))

k+m
=a" " (b 4y)
By (3.2),9 € X and so DA, (X) C X. Hence, X = DN, (X) € 7,. Therefore,
(E, A, 7q) is a semi-topological algebra. O

Ezxample 3.23. An equality algebra as in Example 3.3, satisfies in conditions
of Theorem 3.22.

THEOREM 3.24. Consider E; and Eo be two bounded equality algebras
and F € F(Eq). If f : E1 — Ey is an equality homomorphism, then

(i) f7H(DNy@o)(F)) = DNo(f7H(F)).
(i) DNa(ker(f)) = f~H(DNj( ({1}))-
(iii) f is continous map from (E1,74) to (B2, T¢(a))-

PRrOOF: (i) Since f is an equality homomorphism, then f~1(F) € F(E;)
and
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7 (DN (F)) = {t € E1 | f(x) € DNjoy(F )}
={reE;|IneN, st f(a) > f()eF}
={reE; |[IneN, s.t.f(a 1) €F}
={r€E|3neN, st.a>re fH(F)}
= DNo(f(F)).

(ii) For ¢ € Eq, we have
t € DN, (ker(f)) < a >t € ker(f), for some n € N
& f(aj»;) =1, for somen € N

& f(a) > f(x) =1, for some n € N
< f(¥) € DNy ({1})
sre fH (DN (1))

(iii) By (i), /! (DN}(a)(F)) = DN (f*(F)) € 7q. Thus, f is continuous
map from (E;, 7,) to (Ez, 7¢(q))- O

E E
Let F € F(E)and 7 : E — ¥ where 7m(r) = [r]. Clearly, F,Ta> is
X
a topological space, where the set 77q = {D/\/[u] (F) |FC X e F(E)}
is a topology on 7 and the set { DNq (T [z]) | [¢] € T2 basis for the
E
topology 7q on B In addition, the set 7, = {[DNL(X)] |F C X € T'(E)}

E E
is a quotient topology on T and 7 5’}) is the quotient topology space.
The set {[DN, (11)] | t € E} is a basis for the quotient topology 7,.
ProposiTION 3.25. Let F,G € F(E) such that F C G. Then

G\ DN.(G)
DNia (F) -~ 7F
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ProOOF: For any r € E, we have

G
F

= Q

DNM< >{[1c]€]s|£|n€N, st [a] > ] €

E n G
—{[x]€F|EIn€N, s.t. [a—»x]eF}

|

E n
z{[x]€F|3n€N, s.t.a—»xEG}

~{Wegireonie)}
DNL(G)

- F O
THEOREM 3.26. Let F € F(E). Then
(i) [DNa(11)] € DN(T [t]), for any r € E.
(ii) The quotient topology T, is finer than the topology ().
ProOF: (i) Consider [§] € [DN4(1 r)]. Then there exists 3 € DNy(T 1)
such that [y] = [3]. Thus there is n € N such that r — (a 5 3) =1, and so

] = ([a] > [5]) = [1]. Since [y] = [5] we get [x] — ([a] = [y]) = [1]. Hence,
9] € DNy (1 []).
(ii) By (i) the proof is clear. d

THEOREM 3.27. Consider E be involutive and F € F(E). Then
(i) [DNa(t )] = DNay(1 [&]), for any r € E.
" ~ E
(i) The topology 7o and the topology T are same on T

ProOOF: (i) By Theorem 3.26(i), for any r € E, we have [DN,(T )] C
DNq)(1 [z]). Conversely, suppose [y] € DNg(1 [z]). Since
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DAyt ) = {l € B |30 €N, s 1] <16 > o}
:{[g]e];anem s.t.;a»(aj»n)eF}

Since r —» (uﬁ»t)) € F, there is t € F such that 1 = t - (r —» (af»l)))
and by Proposition 2.2(v), we have 1 = — (a 5 (t—1)). Thus, t -y €
DNy (T ¢). Since t € F we get [t] = [1], and so [t — y] = [} — [9] = [v].
Hence, o] € [DAa(t ¥)], and so Dy (T ) € [DNa(t r)]. Therefore,

[DNa(1 1)) = DN (1 [¥])-
(ii) By (i) the proof is clear. O

Let E; and E5 be two equality algebras. Then G € F(E; x Es) if and
only if there exist F; € F(E;) and Fy € F(Es) such that G = F; x Fs.

PRrOPOSITION 3.28. Consider F, G € F(E) and a € E. Then
DNL(F) x DNL(G) = DNL(F x G).

PrROOF: Let a € E. Then by Lemma 3.5, we have
DNa(F)xDNo(G) = {(r,n) €EE x E | r € DN4(F), v € DNo(G)}
= {(t,y) €EExE|In,meNst.a»reF,a>yeG}
={(1,9) EExE | 3t € N s.t. t > max{n, m}
s.t.a—t»;eF, a—t»neG}
={(r,9)eExE | 3t € N s.t. t > max{n,m}
s.t. (a,a) 5 (r,9)eF x G}
=DNL(FXG). O
THEOREM 3.29. Consider F,G € F(E). Then

ExE E E

Y DN.Fx G)  DNL(F) * DNL(G)

is a homeomorphism, for any a € E.
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E E
DNo(F)  DN,(G)
¢(x.9) = ([tJon, ¥) DDA (@) Obviously, the map ¢ is onto and (x,y) €
ker p if and only if [t p, (r) = [Upa, (7) and [9]pn, (@) = [Upw, (). Hence,
Proposition 3.28, DN,(F) x DN,(G) = DNL(F x G) and so ker(p) =
DN, (F) x DNo(G).

In addition, suppose
. ExE E E
"DN,(FxG)  DN.(F) « DN,(G)

PROOF: Define the map ¢ : E X E — such that

(4

defined by ¥ ([(x,0)]on, (Fxc)) = ([Eloa, @) (DDA (@)). Thus by the first
isomorphism theorem ) is an isomorphism. Suppose that I/ is an open subset
E E

of SN DNL(G)
gV

. Then there exist open subset V, W € 7, such that

y w B VxW
DNL(F) ~ DNL(G)’ ~ DNL(F x G)
ExE

subset of ———————. Hence, 1 is a continuous map. Therefore, 1 is a

DN,L(F x G)

homeomorphism. O

Clearly, v~ (U)

is an open

4. Conclusion

In this paper, a special subset of equality algebra which is upset is intro-
duced and by using this upsets a topology on a bounded equality algebras is
constructed and some of their topological properties, such as some types of
topological space (Hausdorff, Ty-space and T;-space ) and connectedness are
investigated. In addition, the relation between closed and compact sets in
this topology is expressed. Moreover, by considering the binary operation
— and the constructed topology on the bounded equality algebra E, the
notion of a semi-topological algebra is introduced and it is proved that any
involutive equality algebra is a right semi-topological algebra and a semi- A-
topological algebra but not a left semi-topological algebra. Finally, converse
image, product and quotient topology on equality algebra are studied and
showed that under what condition finer topology can be made.
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