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Abstract

The main goal of this paper is to introduce the notion of stabilizers in L-algebras
and develop stabilizer theory in L-algebras. In this paper, we introduced the no-
tions of left and right stabilizers and investigated some related properties of them.
Then, we discussed the relations among stabilizers, ideal and co-annihilators.
Also, we obtained that the set of all ideals of a C' K L-algebra forms a relative
pseudo-complemented lattice. In addition, we proved that right stabilizers in
CK L-algebra are ideals. Then by using the right stabilizers we produced a basis
for a topology on L-algebra. We showed that the generated topology by this
basis is Baire, connected, locally connected and separable and we investigated
the other properties of this topology.
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1. Introduction

L-algebras, which are related to algebraic logic and quantum structures,
were introduced by Rump [8]. Many examples shown that L-algebras are
very useful. Yang and Rump [10], characterized pseudo-MV-algebras and
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Bosbach’s non-commutative bricks as L-algebras. Wu and Yang [13] proved
that orthomodular lattices form a special class of L-algebras in different
ways. It was shown that every lattice-ordered effect algebra has an under-
lying L-algebra structure in Wu et al. [12]. Also, they proved that a basic
algebra which satisfies

(z®-2) ®~(y®—7) = (2 ®~y) ® (v S y),

can be converted into an L-algebra. Conversely, if an L-algebra with 0
and some conditions such that it is an involutive bounded lattice can be
organized into a basic algebra, it must be a lattice-ordered effect algebra.
In addition, Aaly in [1], and Ciung in [5] studied the relationship between
logical algebraic structures and basic algebras with L-algebras, such as
BCK/ BCI-algebras, hoop, residuated lattice, equality and EQ-algebras.

A stabilizer is a part of a monoid acting on a set. Specifically, let
X be a monoid operating on a set X and let H be a subset of X. The
stabilizer of H, sometimes denoted St(H) is the set of elements as a of X
for which a(H) C H. The strict stabilizer is the set of a € X for which
a(H) = H. In the other words, the stabilizer of H is the transporter of H to
itself. In recent years, many mathematicians have studied and investigated
the characteristics of stabilizers in logical algebraic structures. Also, some
of them have used a special type of stabilizers called co-annihilators and
have obtained interesting results in this field, and this concept has been
investigated on different structures, such as BL-algebra, EQ-algebra, hoop
and etc. For more information in this field, we refer the readers to the
references [3, 4, 6, 7, 11].

The main goal of this paper is to introduce the notion of stabilizers in
L-algebras and develop stabilizer theory in L-algebras. In this paper, we
introduce the notions of left and right stabilizers and investigate some re-
lated properties of them. Then, we discuss the relations among stabilizers,
ideal and co-annihilators. Also, we obtain that the set of all ideals in a
C K L-algebra forms a relative pseudo-complemented lattice. In addition,
we prove that right stabilizers in CK L-algebra are ideals. Then by us-
ing the right stabilizers produce a basis for a topology on L-algebra. We
show that the generated topology by this basis is Baire, connected, locally
connected and separable and we investigate the other properties of this
topology.
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2. Preliminaries

In this section, we gather some basic notions relevent to L-algebras which
will need in the next sections.

DEFINITION 2.1 ([8]). An L-algebra is an algebraic structure (L;—, 1) of
type (2,0) satisfying

(L) z—s2z=z—1=1land 1 —» z =z,

(L2) (= y) = (@ = 2)=(y—=z)=(y—2),

(L3) if x > y=y — o =1, then x =y,

for any z,y,z € L. Condition (L1) states that 1 is a logical unit, while
(L2) is related to the quantum Yang-Baxter equation. Note that a logical
unit is always unique. In addition, we can define the relation

x<yifand only if x — y =1,

on L. By (L1) and (Ls), clearly this relation is reflexive and transitive,
respectively and by (L3), untisymmetric is proved. So, (L, <) is a poset.
If L admits a smallest element 0, then it is called a bounded L-algebra.

Let L be bounded. We define a binary operation “” on L by ' =z — 0,
for all z € L. If for any x € L, 2” = x, then the bounded L-algebra L is
called to have the double negation properties.

PropPOSITION 2.2 ([10]). Let L be an L-algebra. Then z < y implies
z—=x < z—y, forany z,y, 2z € L.

PROPOSITION 2.3 ([10]). For an L-algebra L, the following are equivalent:
(i) 2 Sy =,
(i1) if x Sz, then z >y S — vy,
(iid) (z=y) = 2) =225 (@ =2y = 2) = (Y= 2) = 2)
for any z,y, z € L.
DEFINITION 2.4 ([9]). An L-algebra L which satisfies
z = (y =) =1, (K)

for any z,y € L is called a K L-algebra.
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A CK L-algebra is an L-algebra which satisfies
—Wy—=2)=y—=@—=2), (O
for any x,y,z € L (see [9]).

Clearly, every C K L-algebra is a K L-algebra, since for any x,y € L, we

have
r—=(y—oz)=y—>(r—oax)=y—1=1

PROPOSITION 2.5 ([2]). Assume (L, —, 1) is a CK L-algebra. Then for any
x,y, z € L, the following properties hold:

(1) if x Sy, then z 5> 2 <z — g,

(i) v > (y—x)=11e,2 Sy >,
(iii) z S (x = y) = vy,

(iv)  Sy—zifand only if y S — 2z,

(vi

(vit) z =y S (y — ) = (2 = o),

i)
) x
)
(v) ifx Sy, theny — 2 S — 2,
) (z=y)=2) =235 —=y) = 2) = (y—=2) = 2),
)
(viti) z >y S (x—2) = (z—y),
If L has a least element 0, then
(iz) if z Sy, then y' < 2/, where 2’ =z — 0,
() x <2 and o’ =2
(zi) o' Sz —y,
(zit) (z = y) 2y) 2y=x—>y,
(ziii) If L has double negation, then z — y =3’ — .

DEFINITION 2.6 ([8]). An L-algebra L is said to be a semi-regular if the
equation

(z=y)=2) = ((y=22)=22)=(z—=y) = 2) =2

holds in L. Also, L is called a regular L-algebra if in addition, for any
pair element x < y in L, there is an element z 2 x in IL such that z — x = y.
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For a bounded L-algebra with negation, we set
rhy=((z = y) —2), rYy=(2' —9y)— (2.1)

PROPOSITION 2.7 ([10]). Let L be a semi-regular L-algebra with negation.
Then the equations

r=yrlz)=(x -y Az —2)
Yy —wz=(x—2)A(y—2)

—~

hold for any x,y, z € L.

DEFINITION 2.8 ([8]). A subset I of an L-algebra L is called an ideal of L
if it satisfies the following conditions for all z,y € L,

() 1€l

(Ip) ifreland z -y €I, theny €1,

(I3) if x €1, then (z — y) » y €1,

(Iy) ifxel, theny oz €landy — (v — y) € L.
The set of all ideals of L is denoted by Zd(L).

PROPOSITION 2.9 ([2]). Every ideal of L is upset.

If we consider the ideal of C'K L-algebra, the conditions (I3) and (I4)
can be dropped. In fact, for any = € I, by (C) and (I;) we have

z=((z—=y) my=—y) > (@—y =1l

for any y € L. It follows by (I2) that (z — y) — y € I. Thus (I3) holds.
Furthermore, if z € I, then for any y € L, by (K) we have z — (y — z) =
leland by (Iz),y =z €L

For an L-algebra such as L, a binary relation ~ is a congruence relation
[8] on L if it is an equivalence relation such that for any z,y,z € L,

r~ye (z—x)~(z—y) and (x — 2) ~ (y — 2).

THEOREM 2.10 ([8]). Let (L, —,1) be an L-algebra. Then every ideal I of
L defines a congruence relation on 1L, for any x,y € L, where

r~1y & oy, y—cel
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Conversely, every congruence relation ~ defines an ideal
I={xel|x~1}.

DEFINITION 2.11 ([8]). Let L and H be two L-algebras. Then a map f :
L — H is called an L-homomorphism if for any x,y € . we have

flx—=Ly) = f(z) =r f(y).
Obviously, f(1r) = 1.

Note. From now on, we let (L, —, 1) or L, for short, be an L-algebra and
X be a non-empty subset of L.

3. Main results

3.1. Stabilizers on L-algebras

In this section, we introduce the notions of left and right stabilizers on
L-algebras and investigate some properties of them.

DEFINITION 3.1. A left stabilizer and a right stabilizer of X are de-
fined as follows:

S X)={ael|forany z € X, a =z =z}.
S(X)={ael|forany z € X, x = a=a}.

Ezample 3.2. (i) Assume (L = {a,b,¢, 1}, <) is a chain where a < b < ¢ <
1. Then (L, —, 1) is an L-algebra such that

— ‘ a b ¢ 1
a 1 1 1 1
b c 1 1 1
c b ¢ 1 1
1 a b ¢ 1

Clearly, S,({b}) = Si({b}) = {1}.
(#4) Suppose (L = {a,b,c,1},<) is a chain where a < b < ¢ < 1. Then
(L,—,1) is an L-algebra such that
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If X; = {c} and X3 = {a, b, 1}, then §;(X;) = {a,b, 1} and S, (X3) = {¢, 1}.

Note. S,(5/(X)) is called a right-left stabilizer of X and we denote it
by (81(X))., for short. Similarly, (S,(X)); is a left-right stabilizer of X.

PROPOSITION 3.3. For all z,y € L and () # X,Y C L, the following state-
ments hold:

(i) 1 € 8:(X) N Sy(X).
If X C Y, then S,(Y) C S,(X) and Si(Y) C Sy(X).
C (S (X)) N (Si(X))s-
(X)) = (((S-(X))1)r and S;(X) = ((Si(X))r )
(v) T {Xi}ics is a family of non-empty subsets of L, then S,(|JXi) =
N8.(X,) and S(UX:) = N S(Xy). !

(i

(i

(v

i)
) X
) S
)

iel el el
(vi) (L) = &(L) = {1}
(wit) S,({1}) = S({1}) =L
(viii) If z € S, ({2}) N Si({z}), then z = 1.
(iz) If h : L — L is a homomorphism and € L, then h(S,({z})) C

Sr({M(z)}) and h(S({z})) € Si({A(z)}).
(x) If L is a bounded L-algebra with DNP, then S, ({0}) = {1}.

(i) If L is a bounded L-algebra, then S,({0}) = {1} if and only if for
any x,y €L, x = y,y = x € S-({0}) implies = = y.

ProOOF: (i) Clearly, by (L1), since for any z € X, 1 — = = z, we get
1 € §-(X). In addition, by (L1), x — 1 = 1, and so 1 € &§/(X). Hence,
1e S',(X) n SZ(X)
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(73) Assume a € S,(Y). Then for any y € Y, a - y =y. Since X C Y,
clearly, for any z € X, a = z = z and so a € §,(X). Hence, §,(Y) C S, (X).
The proof of the other case is similar.

(#4i) Suppose a € X. Then for any y € S(X), y = a = a, and so a €

(8-(X));. In addition, for any y € §;(X), a —» y = y and so a € (§/(X)),.

Hence, a € (5,(X)); N (Si(X)),. Therefore, X C (S5,(X)); N (Si(X))-.

(iv) By (iii), we have X C (S,(X)); and by (ii), we get ((S-(X));), C

S-(X). Also, by (iii), Y C (§(Y)),. Consider Y = §,(X). Then S, (X)

((Sr(X))1)r. Hence, §-(X) = (((§-(X))1)r. The proof of the other case is

similar.

(v) Since X; C UX;, by (i), Sr(UX;) C S.(X;), and so S-(UX;)
i€l i€l iel

NS (X;). Conversely, assume a € ()S-(X;), then for any i € I, a €

iel i€l

S-(X;), and so for any z; € X;, a = z; = x;. Thus for any z € |JX|,

icT
there exists ¢ € I such that z € X;, and so a - z = z. So, a € S, (JX,).

iel
Therefore, S, (UX;) = N S-(X,).
i€l iel

(vi) Clearly, by (i), {1} C S,(L). Assume 1 # a € S,(L). Then for any
r€l,a—x=z Letx =a Thenl=a — a=a, and soa =1,
which is a contradiction. Hence, S,(L) = {1}. The proof of the other case
is similar.

(vii) Obviously, S,({1}),8;({1}) € L. Suppose a € L. Then by (L1),
a—1=1and 1 — a=a. Thusa € S,.({1})NS;({1}). Hence S, ({1}) =
S({1}) =L

(viii) Straightforward.

(iz) Assume y € h(S;({z})). Then there exists a € S;({z}) such that
y = h(a). Since x — a = a and h is a homomorphism on L, we have

y=h(a) = h(z = a) = h(z) = h(a) = h(z) — y.
Thus y € S;({h(z)}). Hence, h(S;({z})) € Si(h(x)). The proof of the
other case is similar.

() Assume a € S-({0}). Then a — 0 = 0, and so o’ = 0. By hypothesis,
a” =0 =1and so a=1. Thus S, ({0}) = {1}.

(i) f S, ({0}) ={1} and z - y,y = v € S,({0}), thenx -y =y >z =
1, and by (L3), we have x = y. Conversely, by (i), {1} C S,-({0}). Consider

N

N
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a € §({0}). Since 1 - a =a € §;({0}) anda - 1 =1 € S§.({0}), we
get 1 = a, a — 1 € §,({0}). So, by assumption, we have a = 1. Hence,

Sr({0}) = {1}. O

In the following example we show that for any non-empty subset X of
L, §/(X) and &;(X) are not ideals of L, in general.

Ezample 3.4. (i) According to Example 3.2(i), S,({b}) = S;i({d}) = {1}.
So, both are ideals of L.

(#3) According to Example 3.2(ii), S, ({a,b,1}) = {c, 1} is an ideal of L but
Si({c}) = {a,b,1} is not an ideal of L since b — ¢ = 1 € {a,b,1} and
be{a,b,1} but ¢ ¢ {a,b,1}.

(#i1) Suppose (L = {a,b,c,1},<) is a poset where a,¢ < b < 1. Then
(L,—,1) is an L-algebra such that

— ‘ a b ¢ 1
a 1 1 a 1
b a 1 ¢ 1
c b 1 1 1
1 a b ¢ 1

If X = {b}, then §;(X) = {a, ¢, 1} is not an ideal of L, because a - b =1 €
Si(X) and a € §(X), but b ¢ S;(X).

(iv) Suppose (L = {a,b,c,1},S<) is a poset where a < b,c < 1. Then
(L,—,1) is an L-algebra such that

— ‘ a b ¢ 1
a 1 1 1 1
b c 1 ¢ 1
c b b 1 1
1 a b ¢ 1

Assume X = {b}. Then S, (X) = §(X) = {c¢, 1} are ideals of L.

PRrROPOSITION 3.5. If L is a K L-algebra and for any x,y € L, (z — y) —
y = (y = x) — z, then for any X C L, §,(X) = §(X).

PrROOF: Let a € §,(X). Then for any z € X, a - 2 = z. Since L is a
K L-algebra, by Proposition 2.3, a < © — a. By assumption,

(r—=a)—ma=(a—z)mDzr=c—oz=1
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Thus, z — a < a, and so by (L3), we have £ — a = a. Hence, a € §/(X)
and so S,(X) C §;(X). The proof of the other case is similar. O

Ezample 3.6. Assume L is an L-algebra as in Example 3.4(iv). This ex-
ample demonstrates Proposition 3.5.

In the following example we show that the condition (z — y) — y =

(y — z) — x in Proposition 3.5 is necessary.

Ezample 3.7. Let L be an L-algebra as in Example 3.2(ii). Clearly, L is a
K L-algebra but

(a—c)—>c=1—c=c#1l=a—a=(c—a)—a.
As we see in this example, if X = {c}, then §,.(X) = {1} # {a,b, 1} = §(X).
THEOREM 3.8. If L is a CK L-algebra, S,.(X) is an ideal of L, for any
non-empty subset X of L.
ProoOF: By Proposition 3.3(i), 1 € S;(X). Assume a,a — b € S,(X), for

any a,b € L. Then for any z € X, a - = = z and (@ — b) — x = x. Thus,

b—sx<(a—b)— (a—x) by Proposition 2.5(viii)
=a— ((a—b) = x) by (C)
=a—z since a = b € 5,(X)

=z. since a € §,(X)

Thus, b — = < x. By Proposition 2.5(ii), ¢ < b — . Hence, b — = = =z,
and so b € §,(X). Therefore, S,(X) is an ideal of L. O

The next example shows that the condition C'K L-algebra in Theorem
3.8 is necessary.

Ezample 3.9. Suppose (L = {a,b,¢,1}, <) is a poset where a,¢ < b < 1.
Then (L, —, 1) is an L-algebra such that

%

— 0 o
Q20 R
[ R e R
QO = Q2 Q|0
i e R
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But L is not a CK L-algebra, since
a—>b—=c)=a—a=1#c=b—a=b— (a—c).

If X = {a}, then S, (X) = {¢, 1}, which is not an ideal of L, because since
¢ € §(X) by (I3), we have to have b — ¢ € S,(X), but b —» ¢ =a ¢ S, (X).

By the following example we show that in any CK L-algebra, §;(X) is
not an ideal of L.

Ezample 3.10. Suppose (L = {a,b,¢,1}, <) is a chain where a < b < ¢ < 1.
Then (L, —, 1) is a CK L-algebra such that

— ‘ a b ¢ 1
a 1 1 1 1
b a 1 1 1
c a b 1 1
1 a b ¢ 1

Assume X = {b}. Then S§(X) = {a,1} which is not an ideal of L, since
a—b=1¢e5(X) and a € §(X) but b ¢ §(X).

Remark 3.11. If Lis a CK L-algebra with DNP, then by Proposition 2.5(xiii)
and (2.1), we have

zYy=(@' —-9y)—>r=(y—x)—>
PRrROPOSITION 3.12. Assume L is a CK L-algebra with DNP and a € L. If
aY x =1, then for any z € X, a € §,(X) N §(X).

PROOF: Since L is a CK L-algebra, by Proposition 2.5(ii), a < x — a, for
any = € X. By assumption and Remark 3.11, we have

l=aYyz=(d —2)>a=(x—a)—a

~

so a € §(X). By similar discussion, we can prove a € S.(X). Hence,
a € S (X)NS(X). O

So, © = a < a. Thus by Proposition 2.5(ii), we get * — a = a, and

THEOREM 3.13. Let L be a semi-reqular L-algebra with negation. If x Yy €
Sr(X), then z € §,(X) ory € §,(X).
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PRrROOF: Suppose z Yy € S-(X) such that ¢ S.(X) and y ¢ S,(X). Then
foranya € X, (zYy) > a=a,z — a# aand y — a # a. By Proposition
2.3, a <x—aand a <y — a. Thus by Proposition 2.7 we have

a<(x—=a)h(y—a)=(Yy) —a=a,
which is a contradiction. Hence, z € S,.(X) or y € S, (X). O

THEOREM 3.14. Let L be a semi-regular L-algebra with negation. Ifly, 1y €
Zd(X) such that §.(X) =1 N1y, then S$.(X) =1; or §p(X) = Is.

ProOF: By the assumption, S,.(X) = I; NIy. So, clearly, S,.(X) C I; and
S, (X) C I,. Now, suppose Iy,I> € S,(X). Then there exist a € I; \ S, (X)
and b € I \ S-(X). Since I;,T; € Zd(X), by Proposition 2.9, I; and I
are upset. So, a S aYband b < aY b, we get aYb € I} NIy, Thus
aY b e S,.(X). By Theorem 3.13, we obtain a € S,.(X) or b € S,.(X), which
is a contradiction. Hence, I; C S, (X) or Iy C S,.(X). Therefore, S,.(X) =1
or §,(X) =1Is. O

Note. Theset X ={ae€L|aYz=1, foral x € X}, if z Y a exists,
is called a co-annihilator of X. In the following theorem we investigate the
condition showing 1X = S,.(X) N &;(X).

THEOREM 3.15. Consider L. be a CK L-algebra with DNP. Then +X =
ST(X) n Sl(X)

PRrROOF: Assume a €+ X. Then for all 2 € X, a ¥ = 1, and by Remark
3.11 and since z Y a = a Y = we have

l=aYz=(a—z)—>z=(r—a)—a

Thus, (¢ - ) - 2 =1 and (x — a) - a = 1. Hence, a - =z Sz
and © — a < a. Also, by Proposition 2.5(ii), we have ¢ < a — z and
a S o — a. Then a — =z and ¢ — a = a. Therefore, a € S, (X) NS (X).
Conversely, suppose a € S,.(X) N S(X). Then a € S,(X) and a € §/(X).
Thus, for any zr € X, a >z =z and - a =a. So (¢ - z) > 2 =1 and
(x = a) = a = 1. By Remark 3.11, we have

(a—2z)—mr=(x—a) s>a=aYzr=1

Hence, a €1 X. Therefore, X = S,.(X) N §;(X). O
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Stabilizer topology

In this section, we use of the right and left stabilizers of an L-algebra and
produce a basis for a topology on it. Then we show that the generated
topology by this basis is Baire, connected, locally connected and separable
and investigate the other properties of this topology.

DEFINITION 3.16. A map C : P(L) — P(L) is a closure operator if for
any X,Y € P(L) we have

(C1) X C O(X),

(Cy) I X C Y, then C(X) C C(Y),

(Cs) C(C(X)) = C(X).

THEOREM 3.17. Define w : P(L) — P(L) such that w(X) = (5/(X)),, for
all X € P(L). Then

(i) w is a closure map.

(17) X Cw(Y) if and only if w(X) C w(Y), for all Y C L.
(7i1) vo ={X e P(L) | w(X) =X} is a basis for a topology on L.
PROOF: (i) By Proposition 3.3(ii), (iii) and (iv) the proof is clear.
(7i) By (i) is clear.
(i17) Let v, = {X € P(L) | w(X) = X}. Obviously, 0 € 7,. Also, by
Proposition 3.3(vi) and (vii), w(L) = (§(L)), = S.({1}) = L. Thus,
w(l) = L, and so L € 4,. Now, suppose X,Y € v,. Then w(X) = X
and w(Y) = Y. We show XNY € v,. Since XNY C X,Y, by (i),
w(XNY) C w(X) and w(Y). Thus, w(XNY) C w(X) Nw(Y). In addition,
from X,Y € 4, we have w(XNY) C XNY . Moreover, by Proposition
3.3(1ii), XNY C w(XNY). Then w(XNY) =XNY, and so XNY € ~,.
Therefore, 7, is a basis. O

Note. (i) According to the definition 7, clearly, (St;(L)), = L and
(St (0)), =0, so 0,1 € 7, and by Proposition 3.3(i), for any § # X C L,
1 € (St;(X)),, so for any X € ~,, 1 € X. We have to notice that in general
form, X € ~,, is not an ideal of L.

(1) Since (St;(0)), = 0, by Proposition 3.3(vi) and (viz), {0, {1},L} C ..

DEFINITION 3.18. According to Theorem 3.17, the topological space, (L, 7,,)
is called a stabilizer topology.
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Note. Since in any CK L-algebra, S,.(X) € Zd(L), for any X C L, every
element of v, is an ideal of L.

Example 3.19.
(7) In Example 3.2(i), (L, —,1) is an L-algebra. By Proposition 3.3(i)

and (vii), {1} € w(X), for all  # X C L. So, if 1 ¢ X, then
X ¢ v,. By some manipulations, we get v, = {0,L,{1}}. Thus,
7o = {0,L,{1}}. In addition, {1,b} ¢ ., because S;({1,b}) = {1}
and by Proposition 3.3(vii), S,({1}) = L, then w({1,b}) = L, and
so w({1,b}) # {1,b}.

(#4) Assume L is an L-algebra as in Examples 3.2(ii) and 3.10. Then
Yo = {0,{1},{c,1},L}.

(i4i) Consider an L-algebra as in Example 3.4(iii). Then v, = {0, {1},
{b,1},L}.

(iv) According to Example 3.4(iv), v, = {0, {1}, {b,1},{c, 1}, L}.

THEOREM 3.20. The stabilizer topology (L, 7.,) is

(i) connected.
(#i) locally connected.
(i41) Hausdorff space if and only if L = {1}.

THEOREM 3.21. Let (L, 7,) be a stabilizer topology. If § # X C L such
that 1 € X, then X = L.

PROOF: Suppose § # X C L such that 1 € X. Consider z € L. If z = 1,
then = € X. Hence, X = L. Now, suppose 1 # 2 € L. Then there exists an
open subset U € v, such that z € U. Since 1 € U, we have UN(X\{z}) # 0.
Hence, z € X, and so X = LL. O

Note. A topological space is called separable if it contains a countable
dense subset.

CoOROLLARY 3.22. (L,7,) is separable.

PrROOF: Since {1} € 7., by Theorem 3.21, {1} = L. Hence, (L,7,) is
separable. O
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THEOREM 3.23. (L, 7,,) is Baire space, where L is a CK L-algebra.

PROOF: Let U € 7,. Since L is a CK L-algebra, by Theorem 3.8, U €
Zd(L) and so 1 € Y. Since 1 € U by Theorem 3.21, & = L. Thus, every
open set of (L, 7,) is dense. On the other side, for each collection of open

set U, 1 € () U,. Thus, by Theorem 3.21, (U, =L, and so (U, is
neN neN neN
dense. Therefore, (L, 7,) is Baire space. O

In the following example, we show that (IL,7,) is not a Ty-space or
T} -space.

Ezample 3.24. In Example 3.2(i), v, = {0,L,{1}}. Since b # ¢, for b,c €
L, there is not U € -, such that b € U and ¢ ¢ U. Therefore, (L, 7,) is not
a Tp-space. Obviously, (L, 7,,) is not a Tj-space.

THEOREM 3.25. Let L be a bounded CK L-algebra. If I has a cover of
U; € 7y, fori € I, then there exists i € I such that U; = L. Particularly,
L is compact.

PROOF: Let L be bounded and {U;};c; be a cover of L such that, for all

iel, U €, and L C |JU;. Since, for all i € I, U; € ~,, by Theorem
i€l
3.8, we have U; € Zd(LL). On the other side, LL is bounded, then 0 € L, and

so 0 € |JUY;. Thus, there exists ¢ € I such that 0 € U;. Since U; € Zd(L)
i€l

and 0 € U;, by Proposition 2.9, U; = .. Hence, there exists a finite family

of {U; }ier such that L C J7_,U,. O

3.2. Generalization of stabilizers on L-algebras

In this section, we introduce the generalization of stabilizers on L-algebra
and investigate their properties and relation of them with stabilizers.

DEFINITION 3.26. Let X, Y be two non-empty subsets of L. Then a right(left)
stabilizer of X with respect to Y are defined by
St,(X,Y)={a€eL|forall z €X,(a = z) >z €Y},
Stu(X,Y)={aeL|forallz e X, (x = a) > a € Y}

Ezample 3.27. According to Example 3.2(i), let X = {a,b} and Y =
{b,¢,1}. Then St.(X,Y) = {b,¢,1} and St;(X,Y) = {b, ¢, 1}.
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ProrosiTiON 3.28. Let X,Y,X;,Y; be non-empty subsets of L and 1 €
Zd(L). Then the following statements hold:

(i) If St,(X,Y) = L or St(X,Y) =L, then X C Y.

(#9) If L is a CK L-algebra and I C Y, then St (I, Y) = L and St;(I,Y) =
L.

(#91) If L is a CK L-algebra, then St,(I,I) = L and St;(I,I) = L.
() S-(X) C St,-(X,T) and §(X) C St;(X, ).
(v) If L is a K L-algebra, then S,(X,{1}) = St (X) and §/(X,{1}) =

St (X).
(UZ) IfXZ g Yl and Xj g Yj, then ST(Y1‘7 X]) g Str(Xi7 Y]) and Sl(Yi7 XJ)
C St(X,,Y5).
(’U?;’L') Str(X, ﬂYz) = ﬂStr(X, Yl) and Stl(X, ﬂYl) = ﬂStl(X, Yl)
i€l el i€l i€l

PROOF: (i) Assume z € X. Since X C L, we get © € L, and so = €
St (X,Y). Thus, for any a € X, (x — a) — a € Y. Consider a = x. Then
by (L1) we have

r=1—=z=(@x—z)—szeY.

Hence, X C Y. The proof of the other case is similar.

(#) Clearly, St.(I,Y) C L. Assume z € L. Then for any a € I, by
Proposition 2.5(iii), a« < (x — a) — a. Thus by Proposition 2.9, (z —
a) - a €1, and so (x — a) — a € Y. Hence, z € St.(I,Y), thus
L C St-(IY). Therefore, L = St,.(I,Y). The proof of the other case is
similar.

(7i7) By (ii) the proof is clear.

() Let a € §(X). Then for any z € X, a - « = z and clearly, (a —
x) = x =1. Since I € Zd(LL), by (1), 1 € I and so (¢« — x) — « € I. Thus,
a € St.(X,I). Hence, S,(X) C St.(X,I). The proof of the other case is
similar.

(v) Since {1} € Zd(L), by (iv), we have S, (X) C St,.(X, {1}). Assume a €
St(X,{1}). Then for any x € X, (¢ > z) = z € {1}, and so a = = < z.
By hypothesis and Proposition 2.3, z < a — z, and so a — = = z. Hence,
x € §q(X). Therefore, S,(X,{1}) = St,(X). The proof of the other case is
similar.



Stabilizers on L-algebras 121

(vi) Assume a € S;(Y;,X;). Then for any z € Y;, (¢« = z) — = € Xj.
By assumption, X; C Y;, thus for z € X, we get (¢ — z) = z € Xj.
In addition, X; C Y, so (a = z) — = € Y,;. Hence, a € St,(X;,Y,).
Therefore, S,(Y;,X;) C St,.(X;,Y;). The proof of the other case is similar.

(vii) Consider a € St (X, Y;). Then for any z € X, we have (a —

iel
z) - x € (Y,;. Thus, for all ¢ € I, we have (¢ — x) - = € Y;. So,
iel
a € St.(X,Y;). Hence, a € (St (X,Y;). Therefore, St,.(X, NY;) C
i€l iel
NSt (X,Y;). The proof of other side is similar. O

iel

In the following example we show that the condition C K L-algebra in
Proposition 3.28(ii) is necessary.

Ezample 3.29. According to Example 3.4(iii), L is not a CK L-algebra,
since
b=(c—=a)=b—ob=1#4b=c—a=c— (b—a).

Consider I = {1}, Y = {¢,1} and X = {a}. Then St (X,Y) = {b,1} # L.

PropPoSITION 3.30. Consider ) # XY C L. If for any z,y € L, (z —
y) = y=(y = z) = x, then St,(X|Y) = St;(X,Y).

ProOF: Let a € St,.(X,Y). Then for any z € X, (a = ) >z € Y. By
assumption, (z — a) — a € Y, and so a € §(X,Y). By the similar way,
Sti(X,Y) C St (X,Y). Hence, St,.(X,Y) = St;(X,Y). O

PROPOSITION 3.31. Consider L be a CK L-algebra and I,J € Zd(L). Then
St (I,J) € Zd(L).

Proor: By (L1), since for any @« € I, (1 — a) - a = 1 € J, we get
1 € St.(I,]). Assume a,a — b € St (I,J). Then for any z € I, (a —
z) =z €Jand ((a - b) - z) — x € J. Since z € I, by assumption and
Proposition 2.5(ii), © < a — x, and by Proposition 2.9 we get a — = € L.
So, ((a = b) = (a — z)) = (a — z) € J. In addition, by Proposition
2.5(viii) we have b — = < (a — b) — (a — z), and by Proposition 2.5(vii),
we have

((a—=b)—=(a—z)—=(a—2)S(b—z)— (a—x),
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Since ((@ = b) = (@ = x)) — (a — z) € J and J € Zd(L), by Proposition
2.9, (b —» z) = (a — z) € J. Moreover, by Proposition 2.5(xii), a — x =
((a - z) = x) = x. Thus

((a—=2z)=2)=(boz)—z)=0b—=2) = ((a—2z) > z) > 1)
=0b—=2)=>(a—>zx)el.

From J € Zd(L) and (a — ) = = € J, by (I2), we have (b = z) =z € J.
Hence, b € St,.(L,J). Therefore, St,(I,J) € Zd(L). O

THEOREM 3.32.
(7) For anyI,J € Zd(L), St,.(I,J) NI C J.

(#4) If L is a CK L-algebra, then St,(I1,J) is the greatest ideal of L such
that St.(LJ)NIC J.

Proor: (i) Let a € St,(I,J)NL. Thena € Tand a € St,-(I,J). Thus for any
z €1, (a—z)—xel. Consider z =a, so by (L1), (a > a) »a=ac].
Thus, St (I,J) NI C J.

(i7) By (i), obviously, St,.(I,J) NI C J. Suppose there exists K € Zd(L),
where KN1T C J. We show that K C St,.(I,J). For this, assume a € K and
2 € I. Thus by Proposition 2.5(i7) and (iii), a,z < (a — ) — x. Since
ILK € Zd(L), by Proposition 2.9, we get (a — z) — = € KNI, and so
(@ - z) - x € J. Thus, a € St (I,]), and so K C St,(I,J). Therefore,
St (L, J) is the greatest ideal of L such that St,.(I,J) NI C J. O

COROLLARY 3.33. Assume LL is a CK L-algebra. Then (Zd(L),M,U, {1}, L)

is a relative pseudo-complement lattice where St,.(I, J) is the relative pseudo-
complement of I with respect to J in Zd(IL) such that IMJ =1INJ and TUJ

is a generated ideal of I contains TU J.

PRrROOF: By Theorem 3.32 and [5, Definition 3.5 and Proposition 3.6], the
proof is straightforward. O

4. Conclusion

The aim of this paper is to introduce the notion of stabilizers in L-algebras
and develop stabilizer theory in L-algebras. In this paper, the notions of
left and right stabilizers are introduced and some properties related to them
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has been investigated. Then, the relations among stabilizers, ideals and co-
annihilators are discussed. Also, it was shown that the set of all ideals in
a CK L-algebra forms a relative pseudo-complemented lattice. Also, it was
proved that all right stabilizers in C' K L-algebra are ideals. Then by using
the right stabilizers, a basis for a topology on L-algebra was produced.
Finally, it was proved that the generated topology by this basis is Baire,
connected, locally connected and separable and the other properties of this
topology are investigated.

In future, we can introduce the notions of fuzzy left and right stabilizers
and investigate their related properties and discuss the relations among
fuzzy stabilizers, fuzzy ideals and fuzzy co-annihilators.
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