Bulletin of the Section of Logic co
Volume 53/1 (2024), pp. 1-28 P E
https://doi.org/10.18778/0138-0680.2023.30 Member since 2018

Hamzeh Mohammadi

LINEAR ABELIAN MODAL LOGIC

Abstract

A many-valued modal logic, called linear abelian modal logic LK(A) is intro-
duced as an extension of the abelian modal logic K(A). Abelian modal logic
K(A) is the minimal modal extension of the logic of lattice-ordered abelian
groups. The logic LK(A) is axiomatized by extending K(A) with the modal
axiom schemas O(p V ¢) — (Op vV O¢) and (Op AOy) — O(p A ). Complete-
ness theorem with respect to algebraic semantics and a hypersequent calculus
admitting cut-elimination are established. Finally, the correspondence between
hypersequent calculi and axiomatization is investigated.
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1. Introduction

Many-valued modal logics combine the Kripke frame semantics of classical
modal logic with a many-valued semantics at each world. As in the clas-
sical setting, they provide a compromise between the good computational
properties (decidability and low complexity) of propositional logics and
the expressivity of first-order logics. Such logics have been used to model
modal notions such as fuzzy similarity measures [14], fuzzy modal logic for
belief functions (see, e.g., [13, 11]), probabilistic logics (see, e.g., [12, 21]),
many-valued tense logics (see, e.g., [9, 16]), Lukasiewicz p-calculus [22],
continuous propositional modal logic [3], and serve as a basis for defining
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fuzzy description logics (see, e.g., [2, 15, 24]), dealing with fuzzy concepts
and ontologies.

Several many-valued modal logics with propositional connectives inter-
preted in the ordered additive group of real numbers have been studied.
These logics make use of basic operations on the real numbers and have
been studied in a wide range of different contexts.

Recently, monadic logic of ordered abelian groups [19] and abelian
modal logic K(A) [10] are introduced by G. Metcalfe and co-authors.
Monadic logic of ordered abelian groups serves as a modal counterpart
of the one-variable fragment of a (monadic) first-order real-valued logic.
Propositional connectives are interpreted as the usual lattice and group
operations over the real numbers in abelian modal logic K(A).

Abelian modal logic K(A) is the minimal modal extension of the abelian
logic A. Abelian logic A is the logic of lattice-ordered abelian groups,
introduced independently by Meyer and Slaney [20] as a relevance logic,
and Casari [4] as a comparative logic. In both settings, A was defined via
axiom systems that are complete with respect to validity in the variety of
lattice-ordered abelian groups.

As mentioned in [19], there are several advantages to focusing on modal
extensions of Abelian logic, including that the language is rich enough to
interpret other logics (e.g., modal extensions of Lukasiewicz logic), the
semantics are based directly on structures studied in algebra and computer
science, and the logics are naturally separated into the group and lattice
fragments.

In [17], two embeddings of Lukasiewicz logic into Meyer and Slaney’s
Abelian logic and analytic proof systems for abelian logic are presented. In
[10], a tableau calculus for the full logic K(A) and a sequent calculus for the
modal-multiplicative fragment of K(A) as first steps towards addressing
the corresponding (much more challenging) problems for the full logic, and
complexity result are obtained.

The first main contribution of this work is to provide an axiomatization
and algebraic semantics for the full logic K(A), which is addressed as an
open question in the concluding remarks of [10]. The second aim is to
develop a hypersequent calculus for the full logic K(A).

A real-valued modal logic, called linear abelian modal logic LK(A),
as an extension of the minimal normal modal logic K(A) is introduced.
An axiom system and also algebraic semantics for LK(A) are presented.
Indeed, LK(A) is an extension of K(A) with the modal axiom schemas:



Linear Abelian Modal Logic 3

O(e V) = (Op vOy) and (Op AOy) — O(p A ). The converse of the
these axioms, i.e., (Op vV OY) — O(¢ V ¢) and (Op A Oy) — O(e A ©)
is derivable in LK(A). Thus, the modal operator O distributes over the
both operators V and A with an equivalence. It is well known that usually,
necessity doesn’t distribute over disjunction with an equivalence in the
modal logic. So, it may be interesting to study logics like LK(A) in which
necessity distributes over disjunction with an equivalence.

Moreover, completeness of the axiom system with respect to both corre-
sponding appropriate algebras and linearly ordered algebras with a lattice-
ordered abelian groups reduct, using methods of abstract algebraic logic
is investigated. A hypersequent calculus called HLK(A) for LK(A), ex-
tending the sequent calculus for the modal-multiplicative fragment of K(A)
(introduced in [10]) is presented. Finally, the cut-elimination theorem and
the correspondence between the hypersequent calculus and the axiomati-
zation are established.

The paper is structured as follows. In the next section, syntax and se-
mantics of Linear Abelian Modal Logic are introduced. Then, in Section 3
the completeness theorem with respect to both appropriate algebras and
linearly ordered algebras is proved. The cut-elimination theorem as well
as the correspondence between the hypersequent calculus and the axiom-
atization are investigated in Section 4. Finally, Section 5 concludes the

paper.

2. Linear abelian modal logic

In this section, we introduce a many-valued modal logic, namely linear
abelian modal logic LK(A) as an extension of the minimal normal modal
logic K(A) extending Abelian logic A, the logic of lattice-ordered abelian
groups. We provide an axiom system and also algebraic and Kripke seman-
tics for LK(A). Finally, we establish a connection between algebraic and
Kripke semantics.

2.1. Axiomatizations

The language £Y of linear abelian modal logic LK(A) is consisting of the
binary connective A, V, — and unary connective OJ. The formula of LK(A)
is defined inductively by
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p:=ploA|eVele =y |Op,

where p is a propositional variable. To define further connectives, let

O:=p—=p, =020, p+¢:=-p=y, Op:=-ly,

and ¢ <> 1= (p = V) A (Y — ). We also define Op := 0 and (n+1)p :=
v+ (nyp) for each n € N. Let us also denote by Fm the set of formulas of 13%
over a countably infinite set of variables. An axiomatization of the minimal
normal modal logic K(A) is presented in Table 1. An axiom system of

Table 1. An Axiom System for Abelian Modal Logic K(A)

B) (=)= (¥ —=x)—=(¢—=Xx)
M =9
C) (p—=W—=x) = @W—=(p—=x)
A) ((p—=v) =)=
(+1) o=@ —=0+)
(+2) (p—= @ —=x) = ((p+v) = X)
(01) 0
(02) ©—=(0—=)
(A1) (pAY) =
(A2) (pAY) =
(A3) (=)A= x) = (0= W AX))
(V1) ¢ = (pV)
(V2) ¥ = (pV)
(V3) ((p=x)A W —=x) = ((pVe) = x)
(K) O(p =) = (Op — Oy)
(Dn) O(ngp —>an (n >2) . .
b L nec r__ v adi
w (mp) Dw( ) TAD (adj)

linear abelian modal logic LK (A) is defined over £ by extending K(A)
with the following modal axiom schemas:

(Vo) DOle V) = (Op V),

(A) (B AD) = Olp A).
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For a formula ¢ € Fm, we write Frxa) ¢ if there exists a LK(A)-
derivation of ¢, defined as usual as a finite sequence of £3-formulas that

ends with ¢ and is constructed inductively using the axioms and rules of
LK(A).

ProrosITION 2.1. For any ¢, € Fm,
(i) Frx@a) Op Vv Op) = O(p V),
(i) Frka) O(@AY) = (Op AOy),
(iii) Frxa) nOe — O(ne) (n>2).

PROOF: Derivation for (4) is obtained, using the axiom schemas (V1), (K),
and (Vv3), and also rules (nec), (mp) and (adj) as follows:

L. Frxa) ¢ = (V) (V1)
Frka) Ol = (¢ V1))

FLka) O(e = (V) = (Op = O(eVe))  (K)

FLk(a) Uy = O(e V) (2,3 and (mp))

Frka) DY — O(p V) (similarly)

Frx(a) (e = 0@ V) A0y =D Ve)) (4,5 and (adj))

Fuka) (He = O V) A (Op — O(p vV ¢)) — (Oe Vv Oyp) —
Oleve)))  (v3)

8. Frka) (Op VDY) = (O(pVve)) (6,7 and (mp)

Derivation for (i) is obtained, similar to the derivation of (¢), using the
axiom schemas (A1), (K) and (A3), and also rules (nec), (mp) and (adj),
and is omitted here. For derivation of (ii:), observe that nlyp — O(ny)
is derivable in LK(A) for n > 2 using (nec) and (mp) together with the
axioms of LK(A). For instance, (Oy + Op) — (¢ + ¢) is derivable as
follows:

(nec)

NS o N

L Frx@a) v = (= (p+9)) (+1)
2. Frka) O@ = (¢ = (¢ +¢)))  (nec)
3. Fika) Dl = (g = (p+¢9) = Be = O = (p+9)  (K)
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FLka) He = O(@ = (¢ +¢)) (2,3 and (mp))

FLk(a) Ble = (¢ +¢)) = (Op = Dl +¢))  (K)

FLk(a) By = (Op = DO(e+¢))  ((B),4,5 and (mp))

FLk(a) (He = (O = O(p+e))) = (Op+0p = O(pte))  (+2)

® N o e

Fuka) Op +0p = O(e+¢) (6,7 and (mp)) O

2.2. Semantics

In this subsection, algebraic semantics for LK(A) are presented. Appro-
priate class of algebras for LK(A) is defined over lattice-ordered abelian
groups.

DEFINITION 2.2. A lattice-ordered abelian group (abelian ¢-group for short)
is an algebraic structure (A4, A, V, +, —, 0) such that (4, +, =, 0) is an abelian
group, (4, A, V) is a lattice, and a+(bVe) = (a+b)V(a+c) for all a, b, c € A.
In addition, we define a - b=—-a+0b, and a < biff a Vb =0.

Well-known examples of abelian ¢-groups are

the integers Z = (Z, min, max, +, —, 0),
the rationals @ = (Q, min, max, +, —, 0),
and the reals R = (R, min, max, +, —, 0).

In fact, any of them generates the variety of Abelian ¢-groups (see [18] for
more details).

Below we introduce algebras for the logic defined in the previous section,
the idea being to consider particular classes of residuated lattices where
the modal operator is interpreted by a special unary operator I on the
corresponding algebras.

DEFINITION 2.3 (LK(A)-algebra). An LK(A)-algebra is an algebra A =
(A, A, V,+,,0,T), where the reduct (4, A, V, +,—,0) is an abelian ¢-group
and [ is an unary operation satisfying:

L Iz —y) < I(z) — I(y),
2. I(zVvy)=1(z)VI(y),
3. I(x Ay)=I(x) A(y),



Linear Abelian Modal Logic 7

4. Iz +2) = I(x) + I(x),

5. 1(0) = 0.

An A-valuation is a function V : Fm — A satisfying V(p*¢) = V(p)*
V(@) for x € {A,V,—,+}, and V(Oyp) = I(V(g)). Formula ¢ is A-valid if

V(p) > 0 for each A-valuation V. We write =k (a) ¢ iff ¢ is valid in all
LK (A)-algebras.

Ezample 2.4. Consider the real number structure R = (R, min, max, +, —,
0,1), where I is defined as follows:

I:R—R
I(xz) = min{z, 0},

One can easily prove that this structure is an LK (A)-algebra. Note that
min{z + y,0} # min{x,0} + min{y, 0} (consider, for example z = 1 and
y=—1),1e, I(x+y) # I(z)+ I(y). While, min{z + 2,0} = min{z,0} +
min{z, 0}, i.e., I(z + ) = I(z) + I(x).

3. Completeness

In this section, we will establish the completeness theorem with respect to
the corresponding algebraic semantics proceeding in the standard way (see
e.g [18, 5, 8]). Given T' C Fm, the Lindenbaum algebra is defined in the
usual way as Ar = (A, Ar,Vr,+7, 7,07, I7) where Ar = {[¢]r : ¢ €
Fm}, [plr = {¢ € Fm : T brka) ¢ < ¥}, [Qlr *r [Y]r = [p*x )7 for
* € {+,V,A}, =r[e] = [¢lr, 00 = [0]7, and I7[p]r = [Op]r. The next
Lemma follows from various provabilities in LK(A) and the axioms.
LEMMA 3.1. Ar is an LK(A)-algebra.

To show that Agp-validity corresponds to LK (A)-derivability from T,
we make use of a specially defined valuation for this algebra that maps each
formula to its corresponding equivalence class.

LEMMA 3.2. For any T C Fm and ¢ € Fm:
Thka ¢ ff 0<Vr(p),

where Vi is the Mr-valuation defined by Vr(p) = [p|r for each proposi-
tional variable p.
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PRrOOF: We first prove that V() = [p]r for all formulas ¢, by induction
on the complexity of ¢. The case where ¢ is a variable follows by definition.
For the other cases, just note that for any connective x € {+,V, A} (using
the induction hypothesis):

V(o) = Vr(p) x Vr(¢)
= [¢lr * [Y]r
= [px 7

For unary connective [J, we have: Vr(Oyp) (Vr(p)) = Ir([¢lr) =

= IT
[O¢]r. The result then follows because [0]7 < [p]r iff T Frka) 0 = ¢ iff
T Frk(a) ¥ O

THEOREM 3.3 (Completeness). T Frka) ¢ iff T Frk(a) ¢-

PROOF: Soundness proceeds as usual by an induction on the height of
a derivation of ¢ in LK(A), showing that each axiom is valid and each
rule sound in all LK (A)-algebras. For the reverse direction, assume that
T Fri(a) ¥- By the previous lemma, Vp (1)) > 0 for each ¢ € T where
Vr(p) 20. So T ¥ . O

We now turn our attention, following [6, 7, 8], next to completeness with
respect to linearly ordered algebras. First, let us say that a congruence filter
of an LK(A)-algebra A is a set F = {z € A : Jy < z (y00)}, for some
congruence 6 on A. The next Lemma follows from the fact that the reduct
of an LK (A)-algebra is an abelian ¢-group.

LEMMA 3.4. Let A= (A,A,V,+,—,0,1) be an LK(A)-algebra and a, b, c,d
cA Ifa<bandc<d, thena+c<b+d.

COROLLARY 3.5. Let A = (A,A,V,+,-,0,1) be an LK(A)-algebra and
a,b€ A. If a,b <0, then (a+b) < (aVb).

PrOOF: Let a,b <0, then aVvb < 0 and so, by Lemma 3.4, (aVb)+(aVb) <
aVbsince (aVb) < (aVb). Now, a <aVband b < aVb follows that
a+b<(aVbd)+(aVb) <aVb. O

LEMMA 3.6. F is a congruence filter of an LK (A)-algebra A iff (i) 0 € F
(ii) ifa € F anda —b e F, thenb e F (iii) if a € F then I(a) € F.

PRrROOF: That a congruence filter must satisfy (¢), is almost immediate.
We check (i) and (4i¢). If a € F and @ — b € F, then there are u,v € A
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such that v < a, v < a — b and ufa and vf(a — b). So, by Lemma 3.4,
ut+v<a+(a—b)ie, u+v <a+ (—a+b). Therefore, by equations
0+ a = a and —a + a = 0 of the definition of abelian f-group and the
compatibility of congruence with (+) , we have (u+v) < b and (u + v)6b.
Thus, b € F. If a € F, then there is u € A such that u < a and ufa. It
follows that I(u) < I(a) and I(u)0I(a), since u < a i.e., uV a = a follows
that I(uV a) = I(a) so I(u) V I(a) = I(a) ie., I(u) < I(a), and hence
I(a) € F. Conversely, let F' be a subset of A that satisfies the conditions,
and let 6 be defined by afb iff a - b € F and b — a € F. One can easily
show that 0 is a equivalence relation. Thus, we may define equivalence
classes [a]p = {b|afb}. We prove that 6 is compatible with the operations
of LK(A)-algebras.

e 0 is compatible with (+): If afb and cfd, then a — b,b — a € F and
¢ — d,d — ¢ € F, therefore (a — b)+(¢c = d),(b - a)+(d - ¢) € F,
as F' is closed under (+). It follows that (—a + b) + (—c + d), (—b +
a)+ (-d+c) € F,and so =(a+c¢)+ (b+d),~(b+d)+ (a+¢) € F
ie,(a+c¢c)—= (b+d),(b+d) — (a+¢) € F. Thus, (a+c)8(b+ d).

e 0 is compatible with (V): Since 6 is an equivalence relation, we de-
fine equivalence classes [a]lg = {b|abb}. Let A/ be the set of all
equivalence classes. One verifies that
(A/0p,N,U,+F,—Fr,0p,IF), where N,U,+p,p,0p, Ir are defined
component-wise from the ones of A, is an LK(A)-algebra. If afb
and cfd, then [a)g = [b]g and [c]p = [d]o. It follows that [a]g U [c]s =
[blo U [d]g, and so [a V ¢]g = [bV d]g. Therefore, (aV c)8(bV d). The
compatibility of @ with (A) is treated similarly.

e 0 is compatible with (—): If afb , then a — b,b — a € F, ie.,
-a+b,-b+a € F. Therefore, -b + —=(—a),—a + =(-b) € F, ie,
—a — —b,—b — —a € F. Thus —af—b.

e 0 is compatible with (I): If afb , then a — b,b — a € F. Therefore
I(a — b),I(b — a) € F, as F is closed under I. It follows that
I(a) = I(b),I(b) = I(a) € F. Thus, I(a)8I(b). O

Now, by imitating [6], we define Fg(a) be the smallest congruence filter
containing a, and define inductively: Iy(a) = a and I,11(a) = I(I,(a)) A
I,(a) for an LK(A)-algebra A and a € A. Note that I,41(a) < I,(a),
thus, by induction, I,(a) < I, (a) for m < n.
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LEMMA 3.7. Let A= (A,A,V,+,—,0,I) be an LK(A)-algebra and a,b €
A. Ifa <b, then I,(a) < I,(b) for all n € N.

PROOF: We first observe that a < b if and only if I(a) < I(b):
a<biffavb=>ifI(aVvb)=I(b)iff I(a) Vv I(b) = I(b)iff I(a) < I(b).

Let a < b, by induction on n we can easily prove I,(a) < I,,(b). For n =0,
obviously Iy(a) < Iy(b). Suppose I, (a) < I,(b), then I(I,(a)) < I(IL,(b)).
It follows that I(I,(a))AI,(a) < I(I,(b))AL,(b) ie., Ini1(a) < I,yq1(b). O

LEMMA 3.8. Let A= (A,A,V,+,,0,1) be an LK(A)-algebra and a,b €
A. Then I,(aVb) = I,(a)V I,(b) for alln € N.

PROOF: First observe that by induction on n we can easily prove I,,(a) < a
forallm € N: Forn =0, Ip(a) = a < a. Suppose I,(a) < a, then I,,11(a)
I(Iy(a)) AN Ip(a) < Ip(a) < a. Suppose now that I, (aV b) = I,(a) V I,(b
then I(I,(aVb)) =I(I,(a )\/In(b))7 so I(In(aVd)) = I(In(a))VI(I,
follows that I(I,(a Vb)) AT, (aVb) = (I(I,(a)) AL, (a))V (I(I,(D))
ie., In+1(a V b) = n+1( ) vV In+1(b). ]

LEMMA 3.9. Let A= (A,A,V,+,,0,1) be an LK(A)-algebra and a € A.
Then
Fg(a) ={z € A|3In,m € N(mI,(a) < z)},

where 11,,(a) = I,(a) and (n+ 1)I,(a) = L.(a) + nl,(a).

PrOOF: Let G = {x € A|3In,m € N(mlI,(a) < z)}. We show that
G C Fg(a); suppose x € G, then there is n,m € N such that mI,(a) < x.
It follows that = € Fg(a) because a € Fg(a) and Fg(a) is closed upwards
and closed under 1,4, and A. For the opposite direction, since a € G, it
suffices to prove that G is a congruence filter. It is trivial that 0 € G. If
x,x — y € G, then there are my,n1,ma, ny € N such that m (I, (a)) <z
and ma (I, (a)) < x — y. But then easily (m1+mao) (I, 4n,(a)) < z4+(z —
y) = x+ (- +y) = y, and hence y € G. Finally, G is closed under TI.
If © € G, then there are an m,n such that m(I,(a)) < x. It follows that
mlpi1(a) < mI(Iy(a)) = I(mI,(a)) < I(z), and I(z) € G. Thus, by
Lemma 3.6, G is a filter and a € G. It follows that Fg(a) C G. O

THEOREM 3.10. Every subdirectly irreducible LK (A)-algebra A is linearly
ordered.
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PrOOF: Assume for a contradiction that A is a subdirectly irreducible
LK (A)-algebra with minimum non-trivial filter F' and elements a, b such
that @ £ b and b £ a. Then, both Fg(a — b) and Fg(b — a) are non-trivial
filters; hence they both contain F. Let ¢ € F with ¢ < 0. Then, there are
my,n1,me,ny € N such that I,, (mi(a — b)) = mi@,,(a - b) < c <0
and I,,,(ma(b — a)) = mal,, (b — a) < ¢ < 0. It follows, by Lemma 3.7,
that my(a — b) < 0 and ma(b — a) < 0. Let m = max{ms, m2}, then
m(a — b) < 0 and m(b — a) < 0. Therefore, by Lemma 3.5, m(a —
b) + m(b — a) < m(a — b) Vm(b — a). Then, again by Lemma 3.7,
I,(m(a — b) + m( — a)) < I,(m(a — b) Vm(b — a)) for all n. Now,
letting n = max{ni,na}, we have the following contradiction:

0 = 1,(0) = Ln((m(=a) -+ mb) + (m(=b) + ma))

n(m(a — b) + m(b— a))

n(m(a — b))V m(b —a))

I,(m(a — b))V I,(m(b — a))

mIn(a — b))V ml,(b— a)

mil,(a — b)Vmaol,(b— a)

mil,, (@ = b)Vmal,, (b — a)

cVe=c<0. O

<

IAIACIA

Hence, making use of Birkhoff’s subdirect representation theorem, we
have the following Corollary.

COROLLARY 3.11. Every LK (A)-algebra is isomorphic to a subdirect prod-
uct of a family of linearly ordered LK (A)-algebras.

4. A hypersequent calculus for LK(A)

In this section, a proof system for LK(A), called HLK(A) in the frame-
work of hypersequent, is presented. Hypersequent is a generalization of se-
quents introduced independently by Avron [1] and Pottinger [23]. HLK(A)
extends the sequent calculus for the modal multiplicative fragment of
K(A) [10]. Then, the cut elimination theorem is established and finally
it is shown that the axiomatic and hypersequent presentations really char-
acterize the same logics.
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Since in this section we will often be dealing with quite complicated
structures, let us recall some notational conveniences:

o v, ¢, xand I', A, II, ¥ (sometimes with primes or numerical subscripts)
denote arbitrary formulas and finite multisets of formulas, respec-
tively. The multiset union I' W A is often denoted by I'; A. In addi-
tion, nI" or sometimes I'" is used for T',...,T" (n times), and OT for

{Op:pel}.

e a sequent is an ordered pair of finite multisets of formulas I" and
A, written I' = A. A hypersequent is a finite multiset of ordinary
sequents, written 'y = Ay | -+ [T, = A,.

e G,H,G, H (possibly with primes) denote hypersequents, [G;]"_; de-
notes the hypersequent Gy | ... |G,, and also {G;}"_; denotes a set of
hypersequents Gy, . .., G, (perhaps the premises of some rule applica-
tion).

The intended interpretation of the hypersequent H =T'1 = A |...|T,, =
A, is defined as follows:

IH) = T1=> AYV---v (D Tn= > Ay,

where X{©1,...,0m} = @1+...+¢@m and B0 = 0. Axioms and rules of hy-
persequent calculus HLK(A) is presented in Table 2. For a hypersequent
H, we write Fpk(a) H if there is a HLK(A)-derivation of H.

The following rules for other connectives are HLK (A )-derivable:

Loo¢0=AlH I'= o0, A|H
0, P | (L+) 0,9, Al (R+)
T,p+¢v=A|H F'=p+y,AlH
= e, A|H Neo=A|H
oo sl g 2= 210 (re)
I-p=A|H = -p,A|H
LAl o LAl o
r0o=A|H r=0A|H

Ezample 4.1. Below we provide an example of a HLK(A)-derivation to
get more familiar with this calculus.
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Table 2. Hypersequent Calculus HLK(A)
Axiom:
(AX)
'=T|H
Logical rules:
yv=p A|H e=v,A|H
=9 Al (L) e=¢,Al (R —)
Ne—v=A|H F'=sAe—9y|H
Ne=A|T,v=A|H I'=sp,AlH 'y, A|H
T,oAny = A|H F=AoAY|H
Ne=A|H Ty=A|H I'=s e, AIT=¢,A|H
Dpvy=A|H = ApVy|H
Modal rule:
I'=sne|H
(On)
O = nOp | H
Structural rules:
Ne=A|H M= ¢, X |H '=AT=A|H
% | 22 (Cut) | | (EC)
I I= % AH I = AH
'=sA|H nI=3%|H LNI=XA|H .
Mi Split
I = AS|H M) T Ao e SPi
— (AX)
_PV=0Y iy ——(AX)
(AX) e=>vlY=9 p=>Yly =9 (RA)

p=plh=>pAY

p=>U|b =AY

= eAYY =AY
e = oAy |0¢ = DO(pAy)

@

(RA)
1)

O = D(p A9) |00 = O(p A D) ES;))
Op A0y = O(p Ay)
(R—)

= Op ADY — O(e Av)
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We now consider a more complicated family of rules, indexed by k €
N\ {0} and n € N, that is inspired by Denisa Diaconescu et al [10] and will
be very useful in subsequent cut-elimination and completeness proofs:

To= |H Ty=ke|H - DTn= ke, H
A O = Oy, ..., Opp, A | H

(Ok,n)  where kI'=Ty,....T'n

Critically for our later considerations, Oy, is HLK(A)-derivable for all
k € N\ {0},n € N (for £ = 1, omitting the applications of (EC) and
(Split)):

Tpn = kon |H

— = oy
Or, = kOgp | H
——— (Mix)
Ty = ke |H O
o= |H Or, = kOpy |H = F : )
(o) (Mix)
Oro = |H Oy ...,0n) = kOpq, .. ., kOpn | H (M)
1X
OTo,T1...,Tn) = kD1, .. ., kOpn | H
v (To, Ty n) P1 P | (Split), (EC)
A= A|H Or = Oeq,..., Oen | H (Mix)
AOC = Opy,. .., Opn, A H .

In order to prove the cut elimination theorem, we begin by showing that
every cut-free HLK (A)-derivation can be transformed into a derivation in
a restricted calculus HLK(A)" consisting only of the rules (AX), logical
rules, (O »)(k € N\ {0},n € N), (Split) and (EC).

LEMMA 4.2. The following rules are height-preserving HLK (A)" -admissible.

H I'=A|H
— 5 (EW Iw
'=A|H (EW) INO= AT H (W)
PrOOF: By induction on the height of the premises. O

LEMMA 4.3. All logical rules are HLK(A)" -invertible.

PRrROOF: To cope with multiple occurrences of formulas, we will need to
show the invertibility of more general rules. To show that (L —) is
HLK (A)"-invertible, we prove that the following rule is admissible in
HLK(A)"

i, [p = @)™ = A, | H
[Ti, [ = [, Ay | H
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proceeding by induction on the height of a HLK(A)"-derivation of [[';, [p —
PP = A, |H. If A = -« = )\, = 0, then the result follows immedi-
ately, so let us assume without loss of generality that Ay > 1. Then for the
base case, A; = T;W[p — N for j € {1,...,n}, and it suffices to observe
that FarLka)y Iy, [ = [¢]Y,T5, [¢ = ¢]% | H. For the inductive step,
we observe that when the last rule applied is not (Og,,), the claim follows
immediately by applying the induction hypothesis, where necessary twice,
and the relevant rule. Suppose now that the last rule applied is (O, ), so
[¢ — )% must occur also on the right of the sequent as follows:

o= " Ty=ki|H - T, =k]lH
Q[ — P, 00 = Ox1, ..., Oxa, [ — ¥, Q; | H

(Dk,n)

where I'; = Q1o — M WO and A; = Oy W. . .w0x,Wp — )Y WQ,,
and also kIV =T W W... W, Then the claim follows by first applying
the induction hypothesis and then applying the rule (O ) and (R —)
(A; times) as follows: where G is obtained from #H by applying induction
hypothesis.

o= G Ti=kxalg - T, =kxlg
Qi [0), [9]%, 00 = Oxa, - -, Oxn, [@]V, [0V, QG
Qja [¢]Aj7|:|r, = DXla . 'aDX'fH [‘P])\ja [4,0 — 7/’]>"7an |g

(Dk,n)
(R —)(A; times)

The proof of HLK(A)"-invertibility of the rule (R —) is very similar. To
show that (LA) is HLK(A) -invertible, we prove, more generally, that the
following rule is admissible in HLK(A)"

[T [ A = AP | H
[Ty, [p)N = A | Ty, [ = Ay |H

proceeding by induction on the height of a HLK (A )"-derivation of [I';, [ A
PP = A |H. If Ay = -+ = )\, = 0, then the result follows immedi-
ately using (EC), so let us assume without loss of generality that Ay > 1.
For the base case, A; =T'; W [p A]Y for j € {1,...,n} and it suffices to
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observe that T';, [p]* = Ty, [p Av]% [Ty, )N = Ty, [p A] | G is deriv-
able. For example, suppose A\; = 1 for j = 1, first we have the following
derivation:

(AX)
LT b =TTl o
Fe=T9|'¢y=TI,¢|G Fe=T9|l¢Y=TI9|G
Fo=T,¢|T¢Y=T0A0|G.

Then, the conclusion is derived as follows:

Tyo=T,p| 0, =T, oA |G (AX) To=T,¢|T,y=>T0A¢|G
Dp=TpAyY |,y =T,pA0|G
For the inductive step, we observe that when the last rule applied is not
(Ok,n), the claim follows immediately by applying the induction hypothesis,
where necessary twice, and the relevant rule (see e.g. [18] Lemma 5.18 for
more details). Suppose now that the last rule applied is (O ), so [p A]N
must occur also on the right of the sequent as follows:

Ny=|H Ti=kalH - Th=kalH
Q00 [ AY]Y = Oxa, .., Oxn, Q[ A9 | H

(AX)
(RA)

(RA)

(Dk,n)

where I'; = QWOTY, and A; = QW 0x; W -+ W 0x,, W [ A )Y and also

kT =Ty wW...w T’ . Then the conclusion is obtained by first applying

the induction hypothesis to the premises and then applying (g ), (EW),

(Split) and (RA) as required. For example suppose that A; = 1, the claim
is derived as follows:

Dy
ro=16 Ti=kx1lG - Il =>kxnlG Orn)
Q,00, ¢ = Ox1, .-, Oxn, 4, 0| G Fon
Q.00 p = Ox1,-- -, 0xn, Q2,0 Q,00 ¢ = Ox1, ..., 0xn, Q0| G

(EW)

where G is obtained from H = [[;,[p A Y]} = A", | H by applying
induction hypothesis. Similarly, we have
D,
Q.00 ¢ = Ox1, .-, Oxn, Q0| Q00,9 = Ox, ..., Oxn, Q¢ | G.
Then, by applying (RA) we have:

D1 Do
Q,007, ¢ = Ox1,...,0Oxn, Q0| Q,00,¢ = Ox1, ..., Oxn, Qe AY |G

(RA).
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Now, by a similar argument, we have:

Dy
) = |G 2T = 2kx1|G -+ 20, = 2kxa |G (Ooe 2n)
2972DF/7907¢:>2DX1""72DX7’L’2Q7907¢‘Q o .
(Split).

Q, 00, ¢ = Ox1,-- -, Oxn, 2,9 | Q,00, ¢ = Ox1, ..., Oxn, 2,06
And, similar to the derivations D; and D5, we have:
D
Q,007, ¢ = Oxi, - .., Oxn, Q¢ | Q,00,% = Oxa, .- -, Oxn, Q90| G.
Now, by applying (RA) we have:

D Dy
Q7DF,7§0:>Dxlv"'7DX7b7Q7¢|Q7DF,7w:>DX1=--'7DX7L797LP/\¢‘Q'

(RA).

Finally, again by applying (RA) the claim is obtained. The proof of
HLK(A)"-invertibility of the rule (RV) is very similar. To show that (LV)
is HLK(A)"-invertible, we prove that the following rules are admissible in
HLK(A)'
[, [Vl = A, | H Li, o Vol = AL, [ H
[Ts, [e] = Ay | H [Ta, [N = Ay [ H

proceeding by induction on the height of the derivations of the premises.
We only consider the case that the last rule applied in the derivation of
the premise is (O, ); the other cases are treated easily. Suppose that the
last rule applied is (k.), so [p V ¥]* must occur also on the right of
the sequent as follows:

Ip=|H Ti=kalH - T, =kxmnl|lH

Q.01 N = O Oy, Q a3 (en)
O, e VY = Oxa, ..., Oxn, Qo V7Y |

where I'; = QWOIV, and A; = QW Oy W+ W Oy, W p A Y)Y and also
EI" =T(W...wI,. Then, for A; = 1, the conclusion is obtained as follows:

=16 Ti=kxalG - T, =>kxnlG (Oen)
k,
Q,00, ¢ = Ox1,...,0xn, Qe |G " EW)
Q,007, 0 = Ox1,...,0xn, 2,0 Q,00, ¢ = Ox1, ..., Oxn, Q,% |G Ry

Q,00", ¢ = Ox1, ..., Oxn, 2,0 VY| G
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where G is obtained from H = [, [¢ V ¥ = A;]", | H by applying in-
duction hypothesis. The HLK(A)'-invertibility of the rule (RA) is proved
similarly. O

LEMMA 4.4. The rule (Mix) is HLK(A)"-admissible.

ProOOF: To show the HLK(A) -admissibility of (Mix), we prove, more
generally, that the following rule is admissible

[Fi = Ai]?f1 |H [H]‘ = Zj]?il |H

[riyTiy 85,1 = 14 Ay s, D)7y |- 14, T, Siy Him = 74, Ay 84, Bom ]y | H

for all r;,,s;; € NU{0}. Proceeding by induction on the lexicographically
ordered pair consisting of the sum of the modal depth of the formulas in
the premises and the sum of the height of HLK (A )"-derivations D; and Dy
of [y = AL, | H and [II; = ¥,]72, | H, respectively. If D; and Dy have
height 0, then [I'; = A7, | H and [II; = ;] | H are instances of (AX).
ie, Iy = A; for some 1 < i < n, and II; = X, for some 1 < j < m, (in
particular if I';, Ay, IT;, and X; contain only variables), then r;, I';Ws; I1; =
Tiin (] Si; Ej and so [rilI‘i, Sil]-_-[l = rilAi» S“Eﬂ?zl | s HT’imFi, simHm =
i, Ay 8i, S|y | H is an instance of (AX). If the last application of rules
in Dy and Dy are not (k) then the result follows easily by one (or two)
applications of the induction hypothesis and further applications of the
rule. For example, suppose Dy ends with

=% |II'y = % [[II; = Zj];"ZQ\H
H/,(p/\’ll} = le[H] = ZJ];'LZQ‘H

(L/\)7

where II; = II' W [p A ¢]. An application of the induction hypothesis
to the HLK(A)"-derivation of the premise [I'; = A;]"_; together with a
HLK(A)"-derivation of

H/,QD = 21 ‘H/,'IZJ = 21 |[HJ = E]}TZQ‘ H
yields

[ri Ty si I 850 = mig Ay siy Saliey | ey Ty iy IV 55,9 = 1y Ay, 53, D17 |
i Das Sig Hm = 14, Ady 8,y Sy | H.
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It follows then that the following hypersequent is HLK(A)'-derivable
using > ; s;, times applications of the rule (LA):

[riy Ti siy I, 81y (9AY) = 1iy Dy siy Salimy [ |[1i, Ty Si o = 74, A, S Sniy | H.
The case where Dy ends with (RV), (L —), (R —), (EC) or (Split) is
treated by a similar argument. If Dy ends with
H/, © = > |[H] = Z]];n:ﬂ H H/,I/} = X1 HH] = Z]];n:2| H
H/,QO V ’l/} = 21|[H] = Ej];nZQ ‘ H

(LV),

where IT; = II' W [p V ¥]. Then, by the induction hypothesis,

I_HLK(A)[Tz‘le‘, si Uy 81,0 = 1y Agy s, a7y | -
i L, 86 i = 13, A, 83, )iy | H

FaLka) [1aDis 501U, si0 = 14 Ay 86,5174
i Lis 8 i = 75, Ai,y 8, Sa]iey | H

So, the conclusion is derived by >, s;, times applications of (LV). The
case where Dy ends with (RA) is treated by a similar argument. Finally,
let us consider the case where Dy ends with an application of (O ,) as
follows:

Iy = |g F1:>k<,01|HFp:>]€(pp|H
Q00 = Opr, ..., O, Q| H

(Dk7p)7
where I'1 = QWO and Ay = [0y W ... W [Op,] WQ, in addition kI =
Tow...wI', and H = [I'; = A;]?5 | H, and suppose D, ends with

Iy = |H Iy =y |[H-- -1, = | H
0,00 = Ty, ..., gy, OH

(Dl,q)a

where IIy = OWOII" and ¥ = [0y |w. . .W[0y,| WO, in addition I = I
Wil and H = [II; = X570, | H. Then, applying the rule (g, pts1,4)5
we obtain the required HLK (A )" -derivation

1,10, s1,kllg = |G {I0; = klp; | G}, 2 -+ {kIL; = Kl | G} 1Y
7"119, 811@, T11|:|F/, 811DH/ =
1,001, ..., Op, 51,01, .o, 51, 094, 711,92, 51,0 |G

where,
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G = [ri, i, 50,1l = 13, Agy 3, 50 ]| -
[, Tis i, Mo = 13, DG, S5, B 1o | H

and the premises are all HLK (A )'-derivable using the induction hypothe-
sis. For example,
T‘lllFo, SllkHO = |[T¢1Fi, sill_[l = TilAia Silzl]?:ﬂ N
[ri Lis 80 i = 73, Ai, 83, B ]io| H
is derived as follows using the induction hypothesis (note that r;;,s;, €
Nu{0}):
Do= |[Ii= AJfs |H o= |[Il; = 3]0, | H

’/’hlro, Shk‘HO = |[n-11“1-, 81‘11_[1 = ’/‘z‘lAi, Siq 21}?:2| e
i Dis Sig iy = 14, Ai Si,, Zn]ieo| H

THEOREM 4.5. HLK(A) admits cut-elimination.

PROOF: To establish cut-elimination for HLK(A), it suffices to prove that
an uppermost application of (Cut) in a HLK(A)-derivation can be elimi-
nated; that is, we show that cutfree HLK (A )-derivations of the premises of
an instance of (Cut) can be transformed into a cut-free HLK (A )-derivation
of the conclusion. Observe first that the rule (O,,) is HLK(A) -derivable
using (Og,) with & = n,91 = - =, = pand Iy = ... =T, =
I'. Hence, the proof of Lemma 4.4 shows that any cut-free HLK(A)-
derivation can be transformed algorithmically into a HLK (A )"-derivation.
We prove (constructively) that the following rule called “cancellation” rule
is HLK(A)"-admissible:

[Fi> i = Qi Ai]ln:l | H
L= A, | H

(CAN).

Suppose then that there are cut-free HLK (A )-derivations of the premises
o= A|H and II = ¢, X | H of an uppermost application of (Cut). By
(Mix), we obtain a cut-free HLK(A)- derivation of I',II, o = ¢, A, X | H
and hence a HLK(A) -derivation of this sequent. By cancellation rule,
we obtain a HLK(A)"-derivation of T',TI = A, X | H, which also gives the
desired cut-free HLK (A)-derivation. We prove the admissibility of the can-
cellation rule by induction on the lexicographically ordered triple consisting
of the sum of the modal depth of the formulas ¢;, 1 < i < n, sum of the
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complexities of the formulas ;, 1 < i < n, and the height of the deriva-
tion of the premise. For the base case, suppose that the formulas ¢; for
all 1 < ¢ < n are variables. If the premise is an instance of (AX), then
Ti, 0 = @i, A, for some 1 <4 <n,ie,I'; =A; and so [['; = A" is an
instance of (AX). We observe that when the last rule applied is not (Og,»),
the claim follows immediately by applying the induction hypothesis and,
where necessary, the relevant rule. Let us consider some cases; suppose
that the last rule applied is (L —) as follows:

I 01, X = ¥, 01, AL | [T, 00 = @i, Ailfg | H
Y= x, T 01 = 01, A [Ty, 00 = @i, Ailig | H

(L =),

where I’y = ¢ — x,'}. Then, the height of the premise is reduced and so
by applying the induction hypothesis the conclusion is obtained as follows:

F/17<P1’X = '(/)7%017A1 | [Fi,QOi = szaAzBL:Q |H
F/17X = wvAl | [Fi = AZ’];ﬂ=2|]—*[

(IH)
(L —=).

The cases where the last rule applied is (R —) or (Split) are very similar.
Suppose that the last rule applied is (LA) as follows:

W, T, 01 = 01, A1 | x, T, 01 = 01, A1 | [T, 00 = i Ao | H
YAX T 01 = o1, Ar [T, 00 = i, Ailfy | H

(L/\)5

where T'y = ¢ A x,T'}. Then, the height of the premise is reduced and so
by applying the induction hypothesis we have:

¢7F/17<P1 = 8015A1|X)F/1)901 = L)OlaAl | [FiaSOi = SoiaAiM;Q |H
1/)7F'17<P1 = QDlvAl ‘X?F/bé Al ‘ [FZ = Ai]?:2 |H

(TH)

Therefore, the sum of the complexities of the formulas (; is reduced, again
by applying the induction hypothesis the conclusion is obtained as follows:

Y, T, 01 = 01, A x, T, = A [T = A, | H

(IH)
(LA).
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The cases where the last rule applied is (RV) or (EC) are very similar.
Suppose now that the last rules applied is (O ) as follows:

o= |H I = kg |[H - Iy =kt | H
E7|:|H7901j@lamqbly"'aljwﬁwz‘?—l

(Dk,m)a

where H = [y, = @i, Ai] o |H, and kIl = Iy W I W ... W1, in
addition k = ko + k1 + ... + k,,. Thus, the sum of the complexities of
the formulas ¢; is reduced, by applying the induction hypothesis we have
HLK(A)"-derivations of

Iy = |[I; = Ailjes | H
Iy = ki | [Ty = Ai]is | H

Then, by applying the rule (O ), we have a HLK(A)"-derivation of
E,DH,:> |:|1/}1, Ce ,D’L/)m,z | [F, = Ai]?:Q | H

For the inductive step, suppose that ¢; = ¢ — x for some 1 < i < n,
then we use the invertibility of (L —) and (R —) and apply the induction
hypothesis twice. If ¢; has the form i A x for some 1 < i < n, then the
conclusion is obtained as follows:

Ly Ax=yAx, AT, i = 05, Al | H
T, Y =P A, AT, x =Y AX, A1 [Ti, 00 = i, Ai]7y | H
Py =9, A1 T, x = X, A1 [Ty 0 = 0, Ailfy | H

D= A1 Ti= A0 [0i= A0, | H

=2 (EC)
D= A [0 = A, | H

(TH) twice

Note that by applying the invertibility of the logical rules the height and
sum of the complexities of the formulas in the premise can increase, but
the sum of the complexities of the formulas ; is reduced. The cases where
@, for some 1 < i < n has the form ¢ V x are very similar. Lastly, suppose
that p; = Oy for some 1 < i < n, and the derivation ends with

o, kox = |H I kix = kx |H {IL, kix = ki | H},
27DH7DX:>|:|X7Dw27"'7|:|1/)”72|%

(Dk,p)a
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where H = [Ty, ¢0; = @i, Ai]lo|H, and kIl = Iy WII; W ... W II,, in
addition k = ko + k1 + ...+ kp. In this case, the sum of the modal depth of
the formulas ¢; is reduced. By the induction hypothesis, Farxa) 11 =
(k — k1)x |H. By the HLK(A) -admissibility of the rule (mix), we have
HLK(A)"-derivations of

kolly, (k — k1)Ilo, (k — k1)kox = (k — k1)kox | H
kL, (k—k)I, (k—k1)kix = (k—k1)kix, (k—k1)kw; | H for : € {2,...,p}.
So, by the induction hypothesis, we have HLK (A)"-derivations of
kolly, (k — k)Ilg = |G
kL, (K — k)L = (kK — k1)ky; |G for i € {2,...,p},

where G = [I'; = Aj]f_, | H. Now by an application of (O((x—g,)kn—1))s
we have a HLK(A)"-derivation ending with

kolly, (k — ki)llp = |G {kidly, (k — k)L = (k — ky)kes | GH_,
>, O = Od, ... 00, % |G

where (k — k1 )KIT = (ko + ko + - -+ kp) (o W T ... W IL,). 0

We now turn our attention to showing that the axiomatic and hyperse-
quent presentations really characterize the same logics, writing
+{©1,...,¢n} as shorthand for ¢1 + ...+ ¢y

LEMMA 4.6.
(i) Ifraika) Do+ = A H, then Fuika) I o, = A H.
(i) If FaLka) T'= A0+ | H, then Faika) I = A, 0, ¢ | H.

PrOOF: For (Z), since FHLK(A) QD,'L/) = p+ '(/J | H, if FHLK(A) I, Y+ 7/) =
A | H, then by (Cut), FarLka) I', 0, = A|H. The case (ii) is similar.
O

PrROOF: Let H=T1 = Ay|...|T, = A,. If

Faika) Y T1—= Y AV v (O Tu— > A,
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then by invertibility of the rules (RV) and (R —),

Faika) O_T1= Y AN [ T =Y A,).

Hence, by Lemma 4.6, Furka) H. O
THEOREM 4.8. |_HLK(A) H Zﬁ '_LK(A) I(H)

PROOF: For the left-to-right direction we proceed by induction on the
height of the derivation of H in HLK(A). If H is an instance of an axiom
of HLK(A), then it is easy to check that Frk(a) Z(H). For the inductive
step, suppose that H follows by some rule of HLK(A) from Hy,..., H,.
By the induction hypothesis n times, we have Frxa) Z(H1), ..., Lk (A)
Z(H,). For the non-modal rules of HLK(A) (see e.g. [18] for details), it
is easy to check that

FLk(a) Z(H1) = (Z(H2) = (--- = (Z(Hn) = Z(H))) --+)

and that hence, by (mp) n times, Frxa) Z(H). For the modal rule,
suppose that Frxay Z(H) VZ(I' = nyp). By Theorem 3.3, it is sufficient
to show that Z(OT' = nOy | H) is valid in every LK (A)-algebra. Consider
a valuation v for such an algebra. Either v(Z(H)) > 0 and hence v(Z(H) V
Z(Or = nOp) > 0 or v(Z(T' = np)) > 0. If the latter, then I(v(Z(T' =
ne)) > 1(0)). But I(v(Z(T' = nyp))) = v(Z(OT = nly)) so we are done.

For the right-to-left direction, we have (an easy exercise) that the axioms
of LK(A) are derivable in HLK(A). Moreover, (nec) corresponds to (),
(adj) corresponds to (RA), and (mp) can be derived from Fypk(a)= ¢ and
FHLK(A)é @ — 1, by using (Cut) twice with FHLK(A) 0 = Y = 1.
Hence, if Frxa)y Z(H), then Fyrka)= Z(H), and so by Lemma 4.7,
l_HLK(A):> H. O
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5. Concluding remarks

The paper is devoted to a proof-theoretic account of continuous modal
logics: many-valued modal logics with connectives interpreted locally by
continuous functions over sets of real numbers [10]. I have introduced
linear abelian modal logic LK(A), which is an extension of the abelian
modal logic K(A), where propositional connectives are interpreted using
lattice ordered group operations over the real numbers. I have provided
a hypersequent calculus admitting cut-elimination for LK(A). Moreover,
the correspondence between this calculus and the complete axiomatization
with respect to both appropriate algebras and linearly ordered algebras is
established.

I have only focused in this work on the extension of the sequent cal-
culus for the modal multiplicative fragment of K(A) to a hypersequent
calculus for the full logic. Clearly, there are many open questions still to
be addressed. The most pressing issue is to provide a suitable Kripke model
for LK(A) and prove the completeness theorem with respect to it. It seems
that adapting the Kripke semantics and prove completeness with respect to
the Kripke semantics is more tricky. Since the distributivity of box over the
operator “+”, i.e., O(p + 9) — Oy + [y is not derivable in the provided
hypersequent calculus, this formula should not be valid in Kripke models.
Therefore, it seems that we need some conditions on the accessibility rela-
tion in the Kripke models in which the formula O(¢ V ¢) — O Vv O is
valid, while the formula O(p + ¢) — Oy + O is not valid.
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